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Introduction

These notes were compiled by Siyi Zhang from the quantum mechanics lectures of
Prof. Ben Heidenreich. The presentation follows the numbered lecture sequence,
incorporating the accompanying handwritten lectures and supplementary handouts.

Quantum mechanics is developed first as a framework for states, observables,
probabilities, and physical transformations. Wave mechanics then emerges as the
position-space realization of this framework, providing tools for bound states, scattering,
and approximation methods.

Course content

1. Motivation. Experimental foundations, Stern–Gerlach measurements, interfer-
ence, and the need for probability amplitudes.

2. Finite-dimensional Hilbert spaces. Bras and kets, operators, inner products,
spectral decompositions, and changes of basis.

3. The postulates. States and observables, measurement probabilities, state
updates, and closed quantum processes.

4. Time evolution and symmetries. The Hamiltonian, evolution operators,
pictures of dynamics, generators, and conservation laws.

5. Quantum information and entanglement. Uncertainty, mixed states,
composite systems, reduced states, and quantum correlations.

6. Continuous observables. Infinite-dimensional state spaces, the harmonic
oscillator, position and momentum, and wavefunctions.

7. Wave mechanics and bound states. Stationary states, probability flow,
matching conditions, and exactly solvable potentials.

8. Scattering and resonances. Reflection and transmission, scattering ampli-
tudes, bound-state poles, and unstable states.

9. Approximation methods. Variational estimates, semiclassical methods, and
perturbation theory, including degeneracy.

Conventions

The inner product is antilinear in the bra and linear in the ket. States differing by a
nonzero complex scalar represent the same pure state; normalization is stated where
probabilities are evaluated. The Fourier phases and normalization factors are specified
when position and momentum representations are introduced.
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Part I

Motivation and Quantum States
Chapter 1

1 Why quantum mechanics changes the description

of a state

Quantum mechanics is often introduced through Schrödinger’s equation,

iℏ
∂ψ(r, t)

∂t
= − ℏ2

2m
∇2ψ(r, t) + V (r, t)ψ(r, t). (1.1)

Schrödinger proposed this equation in 1926. It gives the dynamics of a particular kind
of quantum system: a nonrelativistic particle with a position-space wavefunction. It
is an important application of quantum mechanics, but it is not the entire framework.

The more fundamental change is in kinematics: what constitutes a state, which
questions can have definite answers, and how the state determines the results of
measurements. In classical particle mechanics, a point in phase space, specified by
position and momentum, supplies the initial data. In quantum mechanics, the state
will instead be represented by a vector in a complex Hilbert space. The same general
rules apply to a two-state spin system, to a particle moving in space, and to quantum
fields, although their Hilbert spaces are very different.

We will therefore develop the state and measurement rules first. A prescription
for constructing a quantum theory from classical variables is a further step, usually
called quantization. Such prescriptions help identify the appropriate Hilbert space
and observables; they do not replace the general quantum postulates.

2 Photons, matter waves, and interference

2.1 Localized detection and a wave-like distribution

Planck’s work on thermal radiation in 1900 and Einstein’s explanation of the photo-
electric effect in 1905 introduced the relation

E = hf = ℏω, h ≃ 6.6× 10−34 J s, ℏ =
h

2π
. (2.1)

An individual photon transfers energy in a localized detection event. Repeating the
experiment produces many such events at apparently random positions. Nevertheless,
the distribution of many detections agrees with the intensity predicted by wave
optics. A localized event and a wave-like statistical distribution are both parts of the
phenomenon that the theory must describe.

Consider monochromatic light of wavelength λ incident on two parallel slits. Let
each slit have width w, let their centres be separated by d, and let the screen be a
distance L beyond the slits. We denote transverse position on the screen by x.
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Figure 1: The original double-slit geometry: slit width w, separation d, and a distant
screen.

In the paraxial, Fraunhofer regime, the intensity takes the form

Itwo(x) ∝ sinc2
(πwx
λL

)
cos2

(
πdx

λL

)
, sincu =

sinu

u
. (2.2)

The continuous definition at the origin is sinc 0 = 1. The broad sinc2 factor is the
single-slit diffraction envelope. The more rapidly varying cosine factor produces the
interference fringes. Fraunhofer propagation requires the quadratic variation of the
propagation phase across the aperture to be negligible; a sufficient far-field condition
is L ≫ a2/λ, where a is the transverse size of the entire aperture. The paraxial
approximation also requires the relevant observation angles to be small.

Covering one slit removes the narrow fringes, leaving the single-slit envelope.
Reducing the intensity does not continuously turn the two-slit pattern into the one-slit
pattern. Even when photons are detected one at a time, the two-slit distribution
builds up after many events. Weak-light experiments already explored this issue in
the early twentieth century; genuine single-photon preparations make its meaning
especially direct.

2.2 Why adding classical path probabilities fails

If a photon is detected at a slit, the detector records one localized outcome. It is
tempting to infer that every photon has a definite slit label even when that label is
not measured, and that opening both slits should therefore give

P (x)
?
= P1(x) + P2(x). (2.3)

This prediction has no interference term and disagrees with the observed fringes.
Indeed, there are positions where opening the second slit reduces the count rate to
zero. Adding nonnegative probabilities for two independent alternatives cannot do
this.
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Figure 2: Blocking one slit leaves the broad diffraction envelope.

Figure 3: The original simulated photon counts: both slits open on the left, and one
slit open on the right. Each localized detection contributes to a distribution.

For equal illumination of two nonoverlapping slits, a convenient idealized normal-
ization is

P1(x) = P2(x) =
w

2λL
sinc2

(πwx
λL

)
, (2.4)

P (x) =
2w

λL
sinc2

(πwx
λL

)
cos2

(
πdx

λL

)
. (2.5)

Here P1 and P2 use the original two-path incident ensemble as the reference: each
integrates to 1/2 in the ideal far-field model. If one conditions on transmission
through a single open slit, the normalized conditional distribution is 2P1 or 2P2. This
distinction between a probability relative to the incident beam and a conditional
probability will also matter in the Stern–Gerlach experiments.

One can try to find which slit a photon traverses by scattering it from an electron.
If the scattering record distinguishes the alternatives, the interference fringes disappear.
A path detector need not absorb the photon to have this effect. The issue is whether
a distinguishable record of the alternative has been produced.

The correct conclusion is operational: a path measurement and an interference
measurement are different experimental arrangements. A definite result of the first
does not justify assigning the same unmeasured result in the second.
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Figure 4: The source’s which-path arrangement for photons, using scattering near the
slits.

2.3 Probability amplitudes and the Born rule

The alternative quantities that add are complex probability amplitudes. For the
double slit, choose

ψ1(x) =

√
w

2λL
eiπdx/(λL) sinc

(πwx
λL

)
, (2.6)

ψ2(x) =

√
w

2λL
e−iπdx/(λL) sinc

(πwx
λL

)
. (2.7)

For coherent alternatives leading to the same final outcome,

ψ(x) = ψ1(x) + ψ2(x) =

√
2w

λL
cos

(
πdx

λL

)
sinc

(πwx
λL

)
. (2.8)

The Born rule gives the probability density as the squared modulus:

P (x) = |ψ(x)|2 = |ψ1|2 + |ψ2|2 + 2Re(ψ∗
1ψ2). (2.9)

The last term can be positive or negative. It accounts for both enhancement and
destructive interference. The phases of the amplitudes contain information that is
absent from the probabilities |ψ1|2 and |ψ2|2 separately.

Multiplying every amplitude by the same constant phase eiϕ leaves all probabilities
unchanged. Multiplying a position-space wavefunction by a position-dependent phase
eiϕ(x) also leaves its position density unchanged, but generally changes other predictions,
such as momentum probabilities. A global phase and a relative phase are therefore
very different kinds of information.

The word coherent specifies that the alternatives retain a definite relative phase
and have no remaining record that distinguishes them in the degrees of freedom
relevant to interference. If the alternatives become correlated with orthogonal detector
states |D1⟩ and |D2⟩, the total amplitude is instead

ψ1(x)|D1⟩+ ψ2(x)|D2⟩.
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Its squared norm is

P (x) = |ψ1|2 + |ψ2|2 + 2Re[ψ∗
1ψ2⟨D1 | D2⟩] . (2.10)

Thus an orthogonal path record eliminates the cross term even if nobody reads the
detector. This expression anticipates the Hilbert-space treatment below.

2.4 Matter waves

The phenomenon is not restricted to light. De Broglie proposed in 1924 that a particle
with momentum magnitude p has wavelength

λ =
h

p
. (2.11)

Electron diffraction, including the Davisson–Germer experiment, supplied direct
evidence for this relation. Electrons can also produce a double-slit interference
distribution through individual localized detections. Calling light a wave and matter
a particle does not remove the need for a common quantum description.

2.5 Deriving the phase difference

Exercise 2.1 (Path lengths and a displaced source). Derive the two-slit interference
phase, first for an on-axis source and then for a source at transverse position x0, a
distance L0 before the slit plane.

Solution. Put the slit centres at s± = ±d/2. For a screen point x, the outgoing path
length is

ℓout(s) =
√
L2 + (x− s)2 ≃ L+

(x− s)2

2L
.

Therefore

ℓout(d/2)− ℓout(−d/2) = −
dx

L
.

Multiplication by k = 2π/λ gives the phase difference −2πdx/(λL). Two equal
amplitudes with phase difference ∆ϕ have a total squared magnitude proportional to∣∣ei∆ϕ/2 + e−i∆ϕ/2

∣∣2 = 4 cos2
∆ϕ

2
,

which yields the cosine factor in (2.2).
For the displaced source, include the incoming distance:

ℓ(s) =
√
L2
0 + (s− x0)2 +

√
L2 + (x− s)2.

Expanding both square roots gives

ℓ(d/2)− ℓ(−d/2) ≃ −d
(
x0
L0

+
x

L

)
.
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The interference factor is consequently

cos2
[
πd

λ

(
x

L
+
x0
L0

)]
. (2.12)

For a narrow slit, integration over its local transverse coordinate u ∈ [−w/2, w/2]
supplies the diffraction envelope. For example, for on-axis illumination,∫ w/2

−w/2
e−ikxu/L du = w sinc

(πwx
λL

)
.

This separates the within-slit diffraction factor from the between-slit interference
factor.

3 Complementarity, uncertainty, and information

3.1 A which-path measurement on an electron

Suppose an electron has longitudinal momentum pe and wavelength λe = h/pe. We
illuminate the slit region with photons of wavelength λγ to determine which slit the
electron passes through.

Figure 5: The original electron which-path thought experiment: photons scatter from
the electron near the slit plane.

A photon carries momentum of order h/λγ. Scattering produces a transverse
electron momentum uncertainty of the same order:

∆pe ∼
h

λγ
. (3.1)

To resolve slits separated by d, the wavelength must be no larger than the relevant
separation, up to optical factors:

λγ ≲ d =⇒ ∆pe ≳
h

d
.
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The subsequent flight time is approximately L/vz. For a small transverse kick, the
uncertainty in the arrival position is

∆x ∼ ∆pe
m

L

vz
=

∆peL

pe
=

∆peLλe
h

(3.2)

≳
Lλe
d
. (3.3)

But Lλe/d is precisely the spacing between adjacent interference maxima. The
localization necessary for this which-path measurement brings in a disturbance large
enough to spoil the fringes.

This is an order-of-magnitude argument, not a derivation of the exact standard-
deviation inequality σxσp ≥ ℏ/2. Its purpose is to show how the two requirements
conflict in a concrete apparatus. More generally, loss of interference is described by
the distinguishability of path records, as in (2.10); it need not always be interpreted
as a classical random kick.

Bohr’s principle of complementarity emphasizes that different experimental arrange-
ments make different aspects of a quantum system accessible. Heisenberg’s uncertainty
principle quantifies restrictions on simultaneous statistical sharpness. Both emerged
in 1927. The Bohr–Einstein thought experiments repeatedly tested whether one could
obtain a path record while preserving a complete interference pattern.

3.2 Can recoil of the source reveal the path?

Exercise 3.1 (Source recoil and the interference phase). In the displaced-source
geometry, try to infer the photon’s slit from the transverse recoil of the emitting source.
Explain why making this recoil sufficiently sharp conflicts with a stable interference
pattern.

Solution. The angular difference between the two outgoing photon directions at the
source is approximately d/L0. Since the photon momentum magnitude is h/λ, the
separation between the two possible transverse recoil momenta is of order

δprecoil ∼
hd

λL0

.

To distinguish these recoils reliably, the initial source momentum spread must be
much smaller:

σp0 ≪
hd

λL0

.

The position–momentum uncertainty relation then implies

σx0 ≥
ℏ

2σp0
≫ λL0

4πd
.

The relative phase in (2.12) varies with source position at rate 2πd/(λL0). Its spread
is therefore

σ∆ϕ ∼
2πd

λL0

σx0 .
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In the limit of a sharply distinguishable recoil record, this spread becomes large.
Averaging over the uncertain source position suppresses the oscillatory interference
term. Equivalently, the two paths become correlated with distinguishable source recoil
states, so that their overlap in (2.10) becomes small. The source itself can serve as
the path detector; it need not be a separately placed instrument at a slit.

3.3 What information is contained in a quantum state?

A classical particle state is often described by (r,v), or equivalently (r,p). A quantum
state cannot assign arbitrarily sharp values to all of these quantities simultaneously.
It supplies probabilities for measurements, including measurements that are mutually
incompatible.

For a pure state, the amplitudes, including their relative phases, determine the
predictions for every allowed measurement. A measurement of position on many
identically prepared systems determines |ψ(x)|2, but does not by itself determine
the phase of ψ(x). Different measurements are needed to recover the additional
information.

The quantum state of an unknown system cannot in general be read out completely
from one specimen. A measurement gives a particular result and generally changes
the state. Repeating the same measurement on that same specimen does not recreate
the original preparation. State tomography instead uses many identically prepared
systems and several measurement settings. In the general case, the object determined
by the statistics is a density operator. Different statistical ensembles of pure states can
give the same density operator, so tomography does not identify a unique ensemble
decomposition.

Quantum mechanics is intrinsically probabilistic in its usual operational formulation:
even an exactly specified pure state need not assign a certain result to a chosen
measurement. Interpretations address what, if anything, underlies this mathematical
description. Interpretations that retain the same preparation, transformation, and
probability rules agree on these experimental predictions. Proposals that modify those
rules are different physical theories and must be judged by their predictions. The
calculations developed here use the operational rules and do not require an additional
interpretive choice.

4 The Stern–Gerlach experiment

4.1 Historical motivation and magnetic moments

Stern and Gerlach performed their experiment in 1922. Its historical setting was the
old quantum theory, including the Bohr atomic model and its extensions. In the Bohr
model, circular electron orbits obey the rule

L = nℏ,
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while differences of orbital energies account for discrete spectral frequencies. For
hydrogen these take the Rydberg form

f = RHc

(
1

n2
f

− 1

n2
i

)
, ni > nf .

Figure 6: The original sketch of the Bohr model, whose quantization ideas motivated
the historical experiment.

A puzzling idea was spatial quantization: how could a projection of angular
momentum have discrete possible values when the axis used to define that projection
is arbitrary? The Stern–Gerlach experiment turns this question into a measurement.

A circulating charge produces a magnetic dipole moment. If a charge q completes
an orbit of period T and oriented area A, its magnetic moment is

µ =
q

T
A.

For a Kepler orbit, conservation of angular momentum gives the areal velocity

dA

dt
=

L

2m
.

Integrating over a period yields A/T = L/(2m), and hence

µ =
q

2m
L ≡ γL. (4.1)

For an electron, q = −e, so its orbital magnetic moment is antiparallel to its orbital
angular momentum. The natural magnitude is the Bohr magneton,

µB =
eℏ
2me

. (4.2)
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Figure 7: The source’s knife-edge magnet geometry and the resulting inhomogeneous
field.

Figure 8: A neutral atomic beam traversing the magnetic field. The beam direction is
+ŷ in the source convention.

4.2 An inhomogeneous magnetic field

The apparatus sends a beam of neutral atoms through an inhomogeneous magnetic
field. Neutrality avoids a net-charge Lorentz force, while the atoms’ magnetic moments
still interact with the field. A sharp pole opposite a broader pole creates the required
gradient.

The interaction energy is
Uint = −µ ·B. (4.3)

There are two effects. First, the torque is

N = µ×B.

Writing µ = γL gives
dL

dt
= γL×B = (−γB)×L.

Thus the moment undergoes Larmor precession with angular-velocity vector

ωL = −γB. (4.4)

For electronic magnetic moments and laboratory fields of order 0.1T, the angular
frequency is of order 1010 s−1. Over many cycles, transverse components average to
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zero, leaving
µ = (µ · B̂)B̂.

Second, the spatial gradient produces a force:

Fi = −
∂Uint

∂xi
= µ · ∂B

∂xi
. (4.5)

Near the middle of the apparatus, symmetry and a predominantly vertical field give

F z ≃ µz
∂Bz

∂z
. (4.6)

In the source geometry, ∂Bz/∂z < 0 and the electronic gyromagnetic ratio is negative.
A positive angular-momentum projection therefore produces an upward deflection.

If the moments were classical vectors of fixed magnitude and random isotropic
orientation, their projections would range continuously from −µ to +µ. More precisely,
isotropy gives a uniform distribution in cos θ, and therefore a uniform projection
distribution

dP

dLz
=

1

2L
, −L ≤ Lz ≤ L.

The corresponding deflections would form a continuous band, broadened further by
the beam profile and instrumental effects.

4.3 The observed two outcomes and electron spin

The silver beam instead splits into two components.

Figure 9: The observed two-beam structure in the original Stern–Gerlach sketch.

The relevant angular momentum in silver is the intrinsic spin of a single unpaired
electron; the net orbital contribution in its ground state vanishes. We therefore write
it as S. Its magnetic moment is

µ = γeS, γe = −ge
e

2me

, ge ≃ 2.0023.

Historically, Stern and Gerlach measured the magnetic moment rather than the
angular momentum directly. The factor ge ≃ 2 makes the moment associated with a
spin projection ℏ/2 approximately equal in magnitude to the old orbital estimate for
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angular momentum ℏ. This compensation is why the angular-momentum factor of
two was not apparent from their magnetic splitting alone.

The magnetic deflection together with the gyromagnetic ratio gives

Sz = +
ℏ
2

or Sz = −
ℏ
2
. (4.7)

These are projections, not the magnitude of the spin vector. For a spin-1/2 system,
S2 = 3ℏ2/4, so the magnitude associated with S2 is

√
3ℏ/2.

Rotating the apparatus changes which component is measured but still produces
two possible results, ±ℏ/2. Discrete projections therefore do not select a preferred
direction in space. Understanding how different measurement axes are related is one
of the main reasons to introduce a Hilbert space.

5 Sequential measurements and coherent recombi-

nation

5.1 Preparing and measuring a spin state

Write SGz for a Stern–Gerlach device oriented to measure Sz. We label the states in
its two output beams by |z,+⟩ and |z,−⟩. The notation is at first just a label for a
reproducible preparation.

Figure 10: The two spin preparations produced by a z-oriented Stern–Gerlach appara-
tus.

Send only the upper output into a second SGz device. All transmitted atoms leave
the second device in its upper output:

P (z,+ | z,+) = 1, P (z,− | z,+) = 0. (5.1)

The first device prepares a definite Sz state, and an immediate repeat of the ideal
measurement reproduces the outcome. An unpolarized input gives equal intensities in
the two outputs. It can be represented as an equal statistical mixture of the two z
states, although this representation is not unique.

Now turn the second apparatus so that it measures Sx. A prepared |z,+⟩ beam
splits equally:

P (x,+ | z,+) = P (x,− | z,+) =
1

2
. (5.2)
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Figure 11: Filtering the z,+ output and repeating the same measurement gives z,+
with certainty.

Figure 12: A definite Sz preparation gives equal probabilities for the two Sx outcomes.

The same holds for a prepared |z,−⟩ beam.
One might imagine that the original beam contains four subpopulations with

predetermined pairs of values (Sz, Sx). This simple model predicts that selecting z,+
and then x,+ leaves only atoms that still have z,+. Test that prediction with a third
device measuring Sz:

|z,+⟩ −→ select x,+ −→ Sz. (5.3)

The final outcomes are again equally likely.

Figure 13: After the intermediate x,+ selection, a final Sz measurement gives both
outcomes.

The naive picture of filtering fixed, undisturbed values of both components fails.
The intermediate measurement prepares a new state and removes the earlier certainty
about Sz.

5.2 Why precession cannot simply be tuned away in a resolved
measurement

The rapid Larmor precession in a Stern–Gerlach magnet suggests a physical mechanism
for changing transverse spin information. Atoms entering at slightly different heights
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experience different fields and accumulate different precession angles. Could one make
the beam so well controlled that every atom executes exactly the same number of
precessions, while still resolving the two spin outcomes?

Exercise 5.1 (Resolving the impulse and the precession angle). Let G = ∂Bz/∂z,
let T be the transit time, and let µ denote the magnitude of the magnetic moment
projection. The two impulses are approximately ±|µGT |. Relate the resolution of
these impulses to the uncertainty in the accumulated precession angle.

Solution. To resolve the outgoing momentum branches sharply, require

σin
pz ≪ |µGT |.

The uncertainty relation implies

σin
z ≥

ℏ
2σin

pz

≫ ℏ
2|µGT |

.

The accumulated Larmor angle is approximately ϕ(z) = −γBz(z)T . A position spread
produces an angle spread

σϕ ≃ |γGT |σin
z ≫

ℏ|γ|
2|µ|

.

For a spin-1/2 moment, |µ| = |γ|ℏ/2, so the last quantity is 1. Sharp separation of the
momentum branches is therefore incompatible with a sharply controlled transverse
precession phase in this arrangement. This gives a concrete consistency check on the
failure of simultaneous sharp spin-component assignments.

5.3 A modified apparatus that splits and recombines

Instead of detecting or blocking a separated beam, we can try to bring the two paths
back together coherently. The modified Stern–Gerlach apparatus uses three magnetic
regions. The first separates the paths; the second has the opposite gradient and
approximately twice the transit time; the last has the original gradient and reunites
them.

Figure 14: The source’s three-region Stern–Gerlach recombiner. Opposite intermediate
forces reverse the separation and allow the two paths to meet again.
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For an idealized branch acceleration a, take successive accelerations a,−a, a for
times T, 2T, T . Starting from zero transverse velocity, the velocities at the boundaries
are

0, aT, −aT, 0.

The transverse displacements in the three regions are

1

2
aT 2, (aT )(2T ) +

1

2
(−a)(2T )2 = 0, −aT 2 +

1

2
aT 2 = −1

2
aT 2.

Both net displacement and net momentum change vanish. The opposite spin branch
follows the reflected trajectory. Thus the apparatus can restore a common outgoing
spatial mode while allowing access to the separated paths in the middle.

Figure 15: An abstract split-and-recombine device. Either internal path can be
blocked, or both can remain open.

Spatial recombination is not by itself sufficient: relative phases must also be
controlled, and no remaining environment or detector record may distinguish the
paths. The ideal device below is tuned so that its two branches recombine with the
required relative phase.

Prepare |z,+⟩, send it through an x-oriented modified device, and measure Sz at
the end. If either internal path is blocked, half the incident atoms are lost. Among
the transmitted atoms, the two final z outcomes are equally probable. Relative to the
beam entering the modified device, each final outcome therefore has probability 1/4.

Figure 16: The fourth thought experiment: a z,+ preparation, an x split-and-
recombine stage with a removable block, and a final z measurement.

With both paths open and the phases properly tuned, all atoms instead emerge as
z,+:

P (z,+) = 1, P (z,−) = 0. (5.4)
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Figure 17: With both coherent paths open, the ideal recombiner restores the initial
z,+ state.

This is a spin version of double-slit interference. It shows why merely separating
the beams does not have the same effect as recording an outcome and then discarding
that record.

5.4 The amplitudes behind the four experiments

Choose phases so that the amplitude for either path to reach final z,+ is 1/2. The
amplitudes for final z,− have opposite signs:

Internal path final z,+ final z,−

x,+ 1/2 1/2
x,− 1/2 −1/2

With a single path open, the squared magnitude of each entry is 1/4. With both paths
open, the amplitudes add to 1 and 0. The two probability distributions are different
because the coherent experiment adds amplitudes before squaring.

This motivates the column vectors

|z,+⟩ ↔
(
1
0

)
, |z,−⟩ ↔

(
0
1

)
, |x,±⟩ ↔ 1√

2

(
1
±1

)
. (5.5)

Each pure state in this display has unit norm. The unnormalized contribution from
one branch of the modified apparatus has an additional factor 1/

√
2 because that

branch contains only half the incident probability.

6 Complex two-state vectors

6.1 Changing between the z and x descriptions

A general normalized two-state vector is

|ψ⟩ = α|z,+⟩+ β|z,−⟩, |α|2 + |β|2 = 1. (6.1)

Its z measurement probabilities are P (z,+) = |α|2 and P (z,−) = |β|2. Using (5.5),

|z,+⟩ = |x,+⟩+ |x,−⟩√
2

, (6.2)

|z,−⟩ = |x,+⟩ − |x,−⟩√
2

, (6.3)
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and therefore

|ψ⟩ = α + β√
2
|x,+⟩+ α− β√

2
|x,−⟩. (6.4)

It follows that

P (x,±) = |α± β|
2

2
. (6.5)

The sum is one because the cross terms cancel:

|α + β|2 + |α− β|2

2
= |α|2 + |β|2.

The change of coordinates is(
ψx,+
ψx,−

)
= H

(
α
β

)
, H =

1√
2

(
1 1
1 −1

)
. (6.6)

Since H2 = 1, the same matrix recovers the z components from the x components.
Neither choice of axis contains more state information.

6.2 Why complex amplitudes are needed

Prepare the y,+ output of an apparatus oriented along ŷ. Measurements along either
z or x give equal probabilities.

Figure 18: The two rotated preparations that determine the relative phase of the y,+
state.

Equal z probabilities imply that, after choosing an overall phase,

|y,+⟩ = 1√
2
|z,+⟩+ eiϕ√

2
|z,−⟩.

Equal x probabilities then require

P (x,± | y,+) =
1

4
|1± eiϕ|2 = 1

2
(1± cosϕ) =

1

2
.

Thus cosϕ = 0, so the relative phase is ϕ = ±π/2. A conventional choice is

|y,±⟩ = 1√
2
(|z,+⟩ ± i|z,−⟩) . (6.7)

The y states cannot be represented by real two-component amplitudes in the same
convention that made the x and z states real. Complex numbers encode the required
relative phase.
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Simultaneously complex-conjugating all state components and all operator matrices
gives an alternative representation with identical predictions. Complex-conjugating
only a state while holding the measurement operators fixed is generally a physical
change: in this convention it exchanges |y,+⟩ and |y,−⟩.

For a general state, the y amplitudes are

ψy,+ =
α− iβ√

2
, ψy,− =

α + iβ√
2

. (6.8)

Equivalently, (
ψy,+
ψy,−

)
= Uy

(
α
β

)
, Uy =

1√
2

(
1 −i
1 i

)
. (6.9)

Exercise 6.1 (Normalization and unitary changes of components). Verify that both
H in (6.6) and Uy in (6.9) preserve the normalization of every state vector.

Solution. Direct multiplication gives

H†H =
1

2

(
1 1
1 −1

)2

= 1,

and

U †
yUy =

1

2

(
1 1
i −i

)(
1 −i
1 i

)
= 1.

Therefore (Uψ)†(Uψ) = ψ†ψ for either change of components. Such matrices are
called unitary. They preserve the complete inner product, not merely the norms of
the displayed basis states.

6.3 Why an unpolarized beam is not a pure state

Exercise 6.2 (No single ket gives an unpolarized spin-1/2 state). Show that there
is no normalized column (α, β)T that gives probabilities 1/2, 1/2 for measurements
along each of x, y, and z.

Solution. Equal z probabilities require |α|2 = |β|2 = 1/2. From (6.5), equal x
probabilities require

Re(α∗β) = 0.

The y probabilities are

P (y,±) = 1

2
|α∓ iβ|2 = 1

2
± Im(α∗β),

so equality also requires Im(α∗β) = 0. Together these conditions give α∗β = 0, in
contradiction with |αβ| = 1/2.

The unpolarized beam is instead a mixed state, represented by

ρ =
1

2
|z,+⟩⟨z,+|+ 1

2
|z,−⟩⟨z,−| = 1

2
1.

It can equally be decomposed as a half-and-half mixture in the x basis or in the y
basis. This is an explicit example of the nonuniqueness of a mixed-state ensemble
decomposition.
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Part II

Finite-Dimensional Hilbert Spaces
Chapter 2

7 Kets, bras, and linear maps

7.1 Complex vector spaces

A complex vector space H has vector addition and multiplication by complex scalars.
In Dirac notation, a vector is a ket, written |ψ⟩. If |ψ⟩, |χ⟩ ∈ H and a, b ∈ C, then

a|ψ⟩+ b|χ⟩ ∈ H.

A basis consists of linearly independent vectors that span the space. In this chapter
dimH = N <∞. A general ket is therefore determined by N complex components
once a basis has been chosen. Infinite-dimensional spaces require an additional
completeness condition and attention to convergence and operator domains; these
issues will be introduced when needed.

The abstract ket and its coordinate column are different objects. The ket does
not depend on a choice of basis, whereas its components do. This distinction is the
same one encountered when a geometric vector is represented by different Cartesian
coordinates.

7.2 The dual space

A bra is a complex-linear map from H to C. The bras form the dual vector space H∗.
If ⟨ω| is a bra, its value on a ket is written

⟨ω|(|ψ⟩) = ⟨ω | ψ⟩.

Linearity means
⟨ω|
(
a|ψ⟩+ b|χ⟩

)
= a⟨ω | ψ⟩+ b⟨ω | χ⟩. (7.1)

At this stage a bra is simply a linear functional. The association of a particular bra
with a particular ket will come from an inner product.

Bras can themselves be added and multiplied by scalars, pointwise:

(a⟨ω|+ b⟨η|)|ψ⟩ = a⟨ω | ψ⟩+ b⟨η | ψ⟩.

Complex scalars commute with bras and kets; for example a|ψ⟩ = |ψ⟩a. This does
not mean that arbitrary products of bras and kets can be reordered. Their order
determines whether the result is a scalar, a vector, a functional, or an operator.

7.3 Operators and their algebra

A linear operator X : H → H obeys

X(a|ψ⟩+ b|χ⟩) = aX|ψ⟩+ bX|χ⟩.
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It acts on a ket from the left. It also induces an action on bras from the right: ⟨ω|X
is the functional satisfying

(⟨ω|X)|ψ⟩ = ⟨ω|(X|ψ⟩).

The identity 1 satisfies 1|ψ⟩ = |ψ⟩ for every ket, and the zero operator sends every
ket to zero. Two operators are equal precisely when they act identically on every
vector; checking a basis is sufficient.

Addition and composition are defined by

(X + Y )|ψ⟩ = X|ψ⟩+ Y |ψ⟩, (XY )|ψ⟩ = X(Y |ψ⟩).

Composition is associative but is generally not commutative. The commutator

[X, Y ] = XY − Y X (7.2)

measures its failure to commute. In a matrix product, the rightmost operator acts
first. The same order convention will be essential for sequential measurements and
time evolution.

7.4 Outer products and rank

A ket followed by a bra defines an outer product:

(|ψ⟩⟨ω|)|χ⟩ = |ψ⟩⟨ω | χ⟩. (7.3)

Every output lies in the one-dimensional space spanned by |ψ⟩. Thus a nonzero outer
product has rank one. By contrast, the reversed product ⟨ω | ψ⟩ is a complex number.

For any operator X, the range is

ranX = {X|ψ⟩ : |ψ⟩ ∈ H},

and its rank is dim ranX. Equivalently, the rank is the minimum number of rank-one
terms needed to express X as a sum of outer products. To see this, suppose

X =
r∑

a=1

|ua⟩⟨ωa|.

Then ranX ⊆ span{|u1⟩, . . . , |ur⟩}, so rankX ≤ r. Conversely, choose a basis |ua⟩ of
the range. The coefficients of X|ψ⟩ in this basis are linear functions of |ψ⟩, hence bras
⟨ωa|, and give such a decomposition with r = rankX. In particular, every operator
on an N -dimensional space has rank at most N .
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8 Inner products and adjoints

8.1 The Hilbert-space inner product

Definition 8.1. A complex inner product assigns a number ⟨ψ | χ⟩ to each pair of
vectors and satisfies

⟨ψ | χ⟩ = ⟨χ | ψ⟩∗, conjugate symmetry, (8.1)

⟨ψ | aχ+ bη⟩ = a⟨ψ | χ⟩+ b⟨ψ | η⟩, linearity in the second slot,
(8.2)

⟨ψ | ψ⟩ ≥ 0, ⟨ψ | ψ⟩ = 0 ⇐⇒ |ψ⟩ = 0, positive definiteness. (8.3)

A finite-dimensional complex vector space equipped with an inner product is a Hilbert
space. Its norm is

∥|ψ⟩∥ =
√
⟨ψ | ψ⟩.

Conjugate symmetry and second-slot linearity imply first-slot antilinearity :

⟨aψ + bχ | η⟩ = a∗⟨ψ | η⟩+ b∗⟨χ | η⟩. (8.4)

Thus the inner product associates a bra ⟨ψ| to each ket |ψ⟩, but the association is
antilinear:

(a|ψ⟩+ b|χ⟩)† = a∗⟨ψ|+ b∗⟨χ|. (8.5)

The dagger notation records this association.

Proposition 8.2 (The ket–bra correspondence). Every bra on a finite-dimensional
Hilbert space is the inner-product bra associated with a unique ket.

Proof. First establish uniqueness. If ⟨ψ| = ⟨χ|, then ⟨ψ − χ| = 0, so evaluating the
zero functional on |ψ − χ⟩ gives

∥|ψ⟩ − |χ⟩∥2 = 0.

Positive definiteness implies |ψ⟩ = |χ⟩.
The association is thus injective. The space of bras has the same finite complex

dimension N as the space of kets: given any basis, a linear functional is determined by
its N values on that basis. An injective antilinear map between equal finite-dimensional
complex spaces is surjective, since its image is a complex subspace of dimension N .
Once an orthonormal basis |i⟩ is chosen, the correspondence is explicit: a bra with
values bi = ⟨ω | i⟩ is associated with

|ω⟩ =
∑
i

b∗i |i⟩.

This finite-dimensional statement is the version of the Riesz representation theorem
needed here. It does not mean that the dual-space definition of a bra was antilinear:
each bra is linear in its ket argument. The antilinearity concerns the map that
constructs a bra from a ket.
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8.2 Adjoints of operators

For a linear operator X, the bra ⟨ψ|X has a unique corresponding ket. This defines
the adjoint X† by

X†|ψ⟩ = (⟨ψ|X)†. (8.6)

Equivalently, for all kets,
⟨ϕ | Xψ⟩ = ⟨X†ϕ | ψ⟩. (8.7)

The adjoint is a linear operator: the two antilinear ket–bra conversions involved in its
definition cancel one another.

Proposition 8.3 (Adjoint identities). For operators X, Y and scalars a, b,

(aX + bY )† = a∗X† + b∗Y †, (8.8)

(XY )† = Y †X†, (8.9)

(X†)† = X, (8.10)

(|ψ⟩⟨ω|)† = |ω⟩⟨ψ|. (8.11)

Furthermore, (
⟨ϕ|X|ψ⟩

)∗
= ⟨ψ|X†|ϕ⟩, (X|ψ⟩)† = ⟨ψ|X†. (8.12)

Proof. For the sum, use antilinearity in the first slot:

⟨ϕ | (aX + bY )ψ⟩ = a⟨X†ϕ | ψ⟩+ b⟨Y †ϕ | ψ⟩
= ⟨(a∗X† + b∗Y †)ϕ | ψ⟩.

Uniqueness of the adjoint proves (8.8). For the product, apply the defining relation
twice:

⟨ϕ | XY ψ⟩ = ⟨X†ϕ | Y ψ⟩ = ⟨Y †X†ϕ | ψ⟩.
This reverses the order, giving (8.9). Conjugate symmetry applied to (8.7) yields the
matrix-element identity. Applying it a second time gives the double-adjoint identity.

Finally, the matrix element of an outer product is

⟨ϕ||ψ⟩⟨ω||χ⟩ = ⟨ϕ | ψ⟩⟨ω | χ⟩.

Its complex conjugate is ⟨χ | ω⟩⟨ψ | ϕ⟩, which is the matrix element of |ω⟩⟨ψ| in the
reversed slots. Hence (8.11). The bra identity in (8.12) follows by evaluating both
sides on an arbitrary ket.

Definition 8.4. An operator is

� self-adjoint or Hermitian if X† = X;

� unitary if U †U = UU † = 1;

� normal if X†X = XX†.

Every self-adjoint operator is normal, and every unitary operator is normal. A
normal operator need be neither self-adjoint nor unitary.
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9 Orthonormal bases and projectors

A vector is normalized if its norm is one. Two vectors are orthogonal if their inner
product is zero. A set {|i⟩} is orthonormal if

⟨i | j⟩ = δij. (9.1)

Such a set is linearly independent: taking the inner product of
∑

i ci|i⟩ = 0 with ⟨j|
gives cj = 0. It therefore contains at most N vectors, and an orthonormal set of N
vectors is a basis.

An orthonormal basis can be built from any basis by Gram–Schmidt. Normalize
the first vector. From the next vector subtract its projections onto all previously
constructed orthonormal vectors, then normalize the nonzero remainder. At step k,
linear independence ensures that the remainder is not zero. In formulas,

|vk⟩ = |uk⟩ −
∑
j<k

|ej⟩⟨ej | uk⟩, |ek⟩ =
|vk⟩
∥|vk⟩∥

.

An orthonormal set can similarly be extended to a complete orthonormal basis.

9.1 Resolution of the identity

In an orthonormal basis, a vector has the expansion

|ψ⟩ =
N∑
i=1

|i⟩⟨i | ψ⟩. (9.2)

Indeed, if |ψ⟩ =
∑

i ci|i⟩, taking ⟨j| gives cj = ⟨j | ψ⟩. Since (9.2) holds for every ket,

1 =
N∑
i=1

|i⟩⟨i|. (9.3)

This is the completeness relation. It is an operator equality, and inserting it
between factors is the basic way to turn abstract operator expressions into component
sums. It also gives

⟨ϕ | ψ⟩ =
∑
i

⟨ϕ | i⟩⟨i | ψ⟩, ∥|ψ⟩∥2 =
∑
i

|⟨i | ψ⟩|2.

9.2 Projectors onto subspaces

A projector is an idempotent operator, Π2 = Π. An orthogonal projector
additionally satisfies Π† = Π. Unless stated otherwise, the projectors used for
measurements below will be orthogonal projectors.

Let |1⟩, . . . , |r⟩ be an orthonormal basis of a subspace V . Then

ΠV =
r∑
i=1

|i⟩⟨i| (9.4)
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is its orthogonal projector. Its adjoint equals itself, while

Π2
V =

∑
i,j

|i⟩⟨i | j⟩⟨j| =
∑
i

|i⟩⟨i| = ΠV .

Every ket has the decomposition

|ψ⟩ = ΠV |ψ⟩+ (1− ΠV )|ψ⟩,

where the first term lies in V and the second is orthogonal to V . Thus ΠV acts as the
identity on V and as zero on V ⊥. These properties characterize it without reference
to a particular orthonormal basis of V .

For a normalized ket |ψ⟩, the rank-one projector is Πψ = |ψ⟩⟨ψ|. If the ket is not
normalized, the corresponding projector is

Πψ =
|ψ⟩⟨ψ|
⟨ψ | ψ⟩

.

Multiplying the ket by a nonzero complex scalar leaves this operator unchanged.

10 Eigenvectors and the spectral theorem

10.1 Self-adjoint eigenvalue properties

An eigenvector of X is a nonzero ket satisfying

X|ψ⟩ = λ|ψ⟩. (10.1)

The number λ is its eigenvalue. The zero vector is excluded because it satisfies this
equation for every λ.

If X is self-adjoint, its eigenvalues are real. To prove this, evaluate the expectation
in an eigenvector:

λ⟨ψ | ψ⟩ = ⟨ψ|X|ψ⟩ =
(
⟨ψ|X|ψ⟩

)∗
= λ∗⟨ψ | ψ⟩.

Since ⟨ψ | ψ⟩ > 0, λ = λ∗. If |ψ⟩ and |χ⟩ have distinct eigenvalues λ and µ, then

λ⟨ψ | χ⟩ = ⟨Xψ | χ⟩ = ⟨ψ | Xχ⟩ = µ⟨ψ | χ⟩.

Therefore ⟨ψ | χ⟩ = 0. Distinct eigenvalues of a self-adjoint operator have orthogonal
eigenspaces.

10.2 The corresponding facts for normal operators

Proposition 10.1. An operator X is normal if and only if

∥X|ψ⟩∥ =
∥∥X†|ψ⟩

∥∥ for every |ψ⟩. (10.2)

For a normal operator, X|ψ⟩ = λ|ψ⟩ implies X†|ψ⟩ = λ∗|ψ⟩. Eigenvectors with
distinct eigenvalues are orthogonal.
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Proof. Subtract the two squared norms:

∥X|ψ⟩∥2 −
∥∥X†|ψ⟩

∥∥2 = ⟨ψ|(X†X −XX†)|ψ⟩.

Normality makes this zero. Conversely, if it vanishes for every ket, the Hermitian
operator A = X†X−XX† has zero quadratic form. In an orthonormal basis, using |i⟩
gives Aii = 0. Using |i⟩+ |j⟩ gives 2ReAij = 0, and using |i⟩+ i|j⟩ gives ImAij = 0.
Hence every matrix element of A is zero and X is normal.

Now Y = X − λ1 is normal whenever X is normal. If Y |ψ⟩ = 0, (10.2) implies
Y †|ψ⟩ = 0, which is the claimed adjoint-eigenvector relation. For X|χ⟩ = µ|χ⟩, it
follows that

µ⟨ψ | χ⟩ = ⟨ψ | Xχ⟩ = ⟨X†ψ | χ⟩ = λ⟨ψ | χ⟩.
If λ ̸= µ, the overlap must vanish.

Normal operators can have complex eigenvalues. Orthogonality of distinct
eigenspaces does not require those eigenvalues to be real.

10.3 Proof of the finite-dimensional spectral theorem

Theorem 10.2 (Spectral theorem). A complex finite-dimensional operator is normal
if and only if it has an orthonormal basis of eigenvectors. In such a basis,

X =
N∑
i=1

λi|i⟩⟨i|. (10.3)

For a self-adjoint operator, all λi are real.

Proof. We prove existence of the eigenbasis by induction on the dimension. Over C,
the characteristic polynomial has a root, so a nonzero eigenvector exists. Normalize
one such vector |1⟩, with eigenvalue λ1.

For any |v⟩ orthogonal to |1⟩, the normal-operator properties give

⟨1 | Xv⟩ = ⟨X†1 | v⟩ = λ1⟨1 | v⟩ = 0.

Similarly, ⟨1 | X†v⟩ = 0. Thus span{|1⟩}⊥ is invariant under both X and X†.
Their restrictions to this (N − 1)-dimensional space are still adjoints of one another
and still commute. The restricted operator is therefore normal. By induction, its
orthogonal complement has an orthonormal eigenbasis. Together with |1⟩, this gives
an orthonormal eigenbasis of all of H.

Insert the completeness relation on the right of X:

X = X1 =
∑
i

X|i⟩⟨i| =
∑
i

λi|i⟩⟨i|,

proving (10.3). Conversely, an operator with this expansion has

X† =
∑
i

λ∗i |i⟩⟨i|, X†X =
∑
i

|λi|2|i⟩⟨i| = XX†,

so it is normal. If X is self-adjoint, the preceding eigenvalue argument makes every λi
real.
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Exercise 10.3 (What is and is not contained in an eigenbasis). Show that an
orthonormal eigenbasis contains every eigenvalue of the operator, but need not contain
every eigenvector.

Solution. Expand any eigenvector |ψ⟩ =
∑

i ci|i⟩ of eigenvalue λ. Then

0 = (X − λ1)|ψ⟩ =
∑
i

(λi − λ)ci|i⟩.

Each coefficient vanishes. Since at least one ci ̸= 0, λ equals at least one λi. Moreover,
|ψ⟩ is a linear combination only of basis vectors with that eigenvalue.

There may be infinitely many different eigenvector directions in a degenerate
eigenspace. For example, every nonzero vector is an eigenvector of 1. A finite
orthonormal basis cannot list all of them.

A normal operator is self-adjoint exactly when its spectrum is real. The forward
direction was already proved; the reverse direction follows by taking the adjoint of
(10.3).

10.4 Positive operators

A self-adjoint operator A is positive semidefinite, written A ≥ 0, if

⟨ψ|A|ψ⟩ ≥ 0 for every |ψ⟩.

It is positive definite if the inequality is strict for every nonzero ket. In an eigenbasis,

⟨ψ|A|ψ⟩ =
∑
i

ai|ci|2,

so positivity is equivalent to ai ≥ 0 for every eigenvalue; positive definiteness is
equivalent to ai > 0 for all of them. In particular,

X†X ≥ 0, ⟨ψ|X†X|ψ⟩ = ∥X|ψ⟩∥2 .

A positive operator has a positive square root

A1/2 =
∑
i

√
ai|i⟩⟨i|, (A1/2)2 = A.

Consequently, for A ≥ 0,

⟨ψ|A|ψ⟩ = 0 ⇐⇒ A1/2|ψ⟩ = 0 ⇐⇒ A|ψ⟩ = 0.

This implication will be useful when a zero measurement probability is converted into
an operator condition.
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11 Degeneracy, simultaneous eigenvectors, and

spectral projectors

11.1 Degenerate eigenspaces

If an eigenvalue occurs more than once in an eigenbasis, its eigenspace has dimension
greater than one and the eigenvalue is degenerate. Any orthonormal basis within
that eigenspace is allowed. Replacing it by a unitary linear combination changes the
eigenbasis without changing the operator.

For distinct eigenvalues λa, let Πa be the orthogonal projector onto the entire
corresponding eigenspace. Then

X =
∑
a

λaΠa, ΠaΠb = δabΠa,
∑
a

Πa = 1. (11.1)

The rank of Πa is the degeneracy of λa. Although basis vectors inside a degenerate
eigenspace are not unique, the eigenspace and its projector are unique. In finite
dimension the latter can also be written as a polynomial in X:

Πa =
∏
b ̸=a

X − λb1
λa − λb

. (11.2)

This polynomial equals one on the λa eigenspace and zero on every other eigenspace.

11.2 Complete orthogonal projector families

A family of orthogonal projectors is complete if its sum is the identity. For such a
family, completeness already forces pairwise orthogonality.

Proposition 11.1. If each Πa is self-adjoint and idempotent and
∑

aΠa = 1, then
ΠaΠb = 0 for a ̸= b.

Proof. Take |v⟩ ∈ ranΠb, so Πb|v⟩ = |v⟩. Completeness gives

∥|v⟩∥2 =
∑
a

⟨v|Πa|v⟩ =
∑
a

∥Πa|v⟩∥2 .

The a = b term already equals ∥|v⟩∥2. Every other term is nonnegative, so every other
term must vanish. Hence Πa|v⟩ = 0 for a ̸= b. Since every vector of the form Πb|ψ⟩
belongs to this range, ΠaΠb = 0.

11.3 Commuting normal operators

Theorem 11.2. A finite family of pairwise commuting normal operators has a com-
mon orthonormal eigenbasis. In particular, commuting self-adjoint operators can be
simultaneously diagonalized.
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Proof. First consider two normal operators X and Y with XY = Y X. By (11.2),
their spectral projectors are polynomials in X and Y , respectively. Polynomials in
commuting operators commute, so

[ΠX
a ,Π

Y
b ] = 0.

Their products
Πab = ΠX

a Π
Y
b (11.3)

are self-adjoint because the factors commute, and idempotent because both factors are
projectors. Their range is the intersection of the two eigenspaces. They are pairwise
orthogonal and complete:

∑
a,b

Πab =

(∑
a

ΠX
a

)(∑
b

ΠY
b

)
= 1.

Choose an orthonormal basis in every nonzero joint range. The union is a common
orthonormal eigenbasis. Repeating the construction with the remaining commuting
operators proves the finite-family statement.

The projector argument also proves the useful equivalence

[X, Y ] = 0 ⇐⇒ [ΠX
a ,Π

Y
b ] = 0 for all a, b (11.4)

for normal X, Y . The reverse implication follows directly by expanding X and Y in
their spectral projectors.

One can also understand the theorem as successive resolution of degeneracy. If
X|ψ⟩ = λ|ψ⟩, then

X(Y |ψ⟩) = Y (X|ψ⟩) = λY |ψ⟩,

so Y preserves the λ eigenspace of X. Diagonalizing Y inside that space provides
additional labels without changing the already assigned value of X.

Example 11.3 (Joint labels remove individual degeneracies). In an orthonormal basis
of a three-dimensional space, let

X = diag(1, 1,−1), Y = diag(1,−1,−1).

Both operators have degeneracies: X has a two-dimensional +1 eigenspace and Y has
a two-dimensional −1 eigenspace. The joint eigenvalue pairs are nevertheless distinct:

(1, 1), (1,−1), (−1,−1).

Thus the joint values identify each basis direction uniquely. Only an arbitrary phase
for each basis ket and a permutation of the ordered list remain. If a joint eigenspace
has dimension greater than one, unitary freedom within it remains as well.
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12 Unitary operators and changes of representation

12.1 Preservation of inner products

An operator U preserves all inner products if

⟨Uϕ | Uψ⟩ = ⟨ϕ | ψ⟩ for all |ϕ⟩, |ψ⟩.

The left side is ⟨ϕ|U †U |ψ⟩, so this condition is equivalent to U †U = 1. In finite
dimension, this already implies UU † = 1: U has trivial kernel and hence is invertible,
and its left inverse U † must equal its inverse. Thus inner-product-preserving operators
are exactly the unitary operators.

A unitary operator maps an orthonormal basis to another orthonormal basis.
Conversely, given two ordered orthonormal bases {|i⟩} and {|i′⟩}, define

U =
∑
i

|i′⟩⟨i|. (12.1)

Then U |i⟩ = |i′⟩, and

U †U =
∑
i,j

|i⟩⟨i′ | j′⟩⟨j| =
∑
i

|i⟩⟨i| = 1.

The same calculation in reverse gives UU † = 1.

12.2 Unitary conjugation of operators

Under a unitary transformation, define

|ψ⟩U = U |ψ⟩, XU = UXU †.

Then
XU |ψ⟩U = UX|ψ⟩,

so the operator action is transformed consistently with the states. Inner products and
matrix elements are unchanged if all objects are transformed together:

⟨ϕU | ψU⟩ = ⟨ϕ | ψ⟩, ⟨ϕU |XU |ψU⟩ = ⟨ϕ|X|ψ⟩.

The transformation preserves the operator algebra:

(aX + bY )U = aXU + bYU , (12.2)

(XY )U = XUYU , (12.3)

(X†)U = (XU)
†, (12.4)

[X, Y ]U = [XU , YU ]. (12.5)

For example, XUYU = UXU †UY U † = UXY U †. Consequently, self-adjointness,
unitarity, and normality are preserved.
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If X|ψ⟩ = λ|ψ⟩, then
XU(U |ψ⟩) = λU |ψ⟩.

Thus eigenvalues and their multiplicities are also preserved. Conversely, two normal
operators with the same eigenvalues and multiplicities are unitarily equivalent: choose
corresponding orthonormal eigenbases and use (12.1) to map one to the other.

An operator is invariant precisely when UXU † = X, or equivalently when [U,X] =
0. A unitary transformation is always a valid change of representation at the kinematic
level. To be a physical symmetry of a particular dynamics, it must also respect the
specified dynamical laws. The distinction will become concrete when a Hamiltonian is
introduced.

13 Components, matrix multiplication, and invari-

ants

13.1 Columns, rows, and operator matrices

Fix an orthonormal basis |i⟩. Define

ψi = ⟨i | ψ⟩, Xij = ⟨i|X|j⟩.

The ket is represented by the column (ψi), while its associated bra is represented by
the conjugate row (ψ∗

i ). Completeness on both sides of X gives

X =
∑
i,j

Xij|i⟩⟨j|. (13.1)

An arbitrary bra can be written ⟨ω| =
∑

i bi⟨i|, where bi = ⟨ω | i⟩. If it is the adjoint
of a ket with components ωi, then bi = ω∗

i .
The components of X|ψ⟩ are

(Xψ)i = ⟨i|X|ψ⟩ =
∑
j

⟨i|X|j⟩⟨j | ψ⟩ =
∑
j

Xijψj.

Similarly, inserting the identity between two operators gives ordinary matrix multipli-
cation:

(XY )ij =
∑
k

XikYkj. (13.2)

The inner product becomes ⟨ϕ | ψ⟩ =
∑

i ϕ
∗
iψi. The adjoint is the conjugate transpose:

(X†)ij = X∗
ji. (13.3)

Thus a self-adjoint operator has a Hermitian matrix in every orthonormal basis, and
a unitary operator has a unitary matrix in every orthonormal basis.
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13.2 Active transformations and passive basis changes

An active transformation changes a vector while the basis is fixed. If |ψ⟩ 7→ U |ψ⟩,
its column changes as ψ 7→ Uψ, using the matrix of U in that basis. An actively
transformed operator has matrix X 7→ UXU †.

A passive transformation changes the basis while the abstract objects remain fixed.
Let

|i′⟩ = V |i⟩
for a unitary V . The components in the primed basis are

ψ′
i = ⟨i′ | ψ⟩ = ⟨i|V †|ψ⟩, ψ′ = V †ψ, (13.4)

X ′
ij = ⟨i′|X|j′⟩ = ⟨i|V †XV |j⟩, X ′ = V †XV. (13.5)

If the basis change is instead parametrized as |i′⟩ = U †|i⟩, these become ψ′ = Uψ
and X ′ = UXU †, the same matrix formulas as the active transformation. The
interpretation is different because different objects were held fixed.

Finally, if both the states and the basis vectors are acted on by the same unitary,
the components stay unchanged because ⟨Ui | Uψ⟩ = ⟨i | ψ⟩. This explains why
coordinate formulas alone do not specify whether a transformation is active or passive.

13.3 Trace and determinant

The trace and determinant of an operator are defined using any matrix representation:

TrX =
∑
i

Xii, detX = det(Xij).

They do not depend on the chosen basis. For the trace, first prove cyclicity:

Tr(XY ) =
∑
i,j

XijYji =
∑
j,i

YjiXij = Tr(Y X). (13.6)

It follows that Tr(V †XV ) = Tr(XV V †) = TrX. For the determinant, multiplicativity
gives

det(V †XV ) = det(V †) det(X) det(V ) = detX,

since det(V †) det(V ) = det1 = 1. More generally these invariants are unchanged
under any invertible similarity transformation.

Exercise 13.1 (Trace of a rank-one operator). Show that Tr(|ψ⟩⟨ω|) = ⟨ω | ψ⟩.

Solution. Insert a complete orthonormal basis:

Tr(|ψ⟩⟨ω|) =
∑
i

⟨i | ψ⟩⟨ω | i⟩ = ⟨ω|

(∑
i

|i⟩⟨i|

)
|ψ⟩ = ⟨ω | ψ⟩.

In particular, a rank-one orthogonal projector has trace one, and a projector onto an
r-dimensional subspace has trace r. For a normal operator, the spectral representation
gives TrX =

∑
i λi and detX =

∏
i λi, with eigenvalues counted with multiplicity.
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Part III

The Postulates of Quantum
Mechanics

Chapter 3
14 Spin measurements in operator language

14.1 State kets and the Stern–Gerlach projectors

A two-dimensional Hilbert space describes a qubit. For the spin example, use the
orthonormal basis |z,+⟩, |z,−⟩ and write

|ψ⟩ = α|z,+⟩+ β|z,−⟩, ⟨ψ | ψ⟩ = |α|2 + |β|2. (14.1)

A z-oriented Stern–Gerlach device separates the input into its two components.

Figure 19: The abstract input ket and its two outgoing spin components.

Define the rank-one orthogonal projectors

Πz,+ = |z,+⟩⟨z,+|, Πz,− = |z,−⟩⟨z,−|. (14.2)

Then the unnormalized branch kets are

|ψ+⟩ = Πz,+|ψ⟩ = α|z,+⟩, |ψ−⟩ = Πz,−|ψ⟩ = β|z,−⟩.

Figure 20: The same Stern–Gerlach device expressed using a complete orthogonal
projector family.

For a normalized input, the squared norm of each branch is the corresponding
probability. If a preceding filter has removed part of an incident beam, an unnormalized
input can instead retain its probability of reaching the apparatus. The sum of its
branch norms then equals that incident probability, rather than one. Conditional
probabilities are obtained by dividing by ⟨ψ | ψ⟩.
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14.2 An observable and its expectation value

Associate the numerical outcomes ±ℏ/2 with the spectral projectors:

Sz =
ℏ
2
Πz,+ −

ℏ
2
Πz,−. (14.3)

This is a self-adjoint operator. Its eigenvalues are the possible measurement values,
and its eigenspaces describe states with definite outcomes.

For repeated trials on identically prepared atoms, the average measured value is

⟨Sz⟩ψ =
ℏ
2
P (z,+)− ℏ

2
P (z,−) (14.4)

=
ℏ
2

|α|2 − |β|2

|α|2 + |β|2
=
⟨ψ|Sz|ψ⟩
⟨ψ | ψ⟩

. (14.5)

The last expression is independent of any nonzero complex rescaling of the ket.
For bookkeeping one may normalize ⟨ψ | ψ⟩ = N , where N is the number of

independently prepared repetitions. Then ∥Πz,±|ψ⟩∥2 is the expected number of
outcomes in the corresponding branch. This is not an N -particle state vector; it is a
convenient rescaling of the one-system ket. Actual counts fluctuate. For independent
repetitions with outcome probability p, the count has mean Np and variance Np(1−p),
so relative fluctuations become small as the number of trials increases.

14.3 The three spin observables

The x eigenstates give projectors

Πx,± = |x,±⟩⟨x,±|, Sx =
ℏ
2
(Πx,+ − Πx,−).

Figure 21: The original x-oriented apparatus represented by its output projectors.

To simplify the following algebra, write |+⟩ = |z,+⟩ and |−⟩ = |z,−⟩. Expanding
the x projectors gives

Πx,+ =
1

2
(|+⟩⟨+|+ |+⟩⟨−|+ |−⟩⟨+|+ |−⟩⟨−|),

Πx,− =
1

2
(|+⟩⟨+| − |+⟩⟨−| − |−⟩⟨+|+ |−⟩⟨−|).

Taking the difference,

Sx =
ℏ
2
(|+⟩⟨−|+ |−⟩⟨+|). (14.6)
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For |y,±⟩ = (|+⟩ ± i|−⟩)/
√
2, the bras contain the conjugate phases. Thus

Πy,+ =
1

2
(|+⟩⟨+| − i|+⟩⟨−|+ i|−⟩⟨+|+ |−⟩⟨−|),

Πy,− =
1

2
(|+⟩⟨+|+ i|+⟩⟨−| − i|−⟩⟨+|+ |−⟩⟨−|),

and

Sy =
ℏ
2i
(|+⟩⟨−| − |−⟩⟨+|). (14.7)

Using ⟨+ | +⟩ = ⟨− | −⟩ = 1 and ⟨+ | −⟩ = 0, multiply the outer products to obtain

[Sz, Sx] =
ℏ2

2
(|+⟩⟨−| − |−⟩⟨+|) = iℏSy, (14.8)

[Sx, Sy] = iℏSz, [Sy, Sz] = iℏSx. (14.9)

These relations are the spin angular-momentum algebra in three dimensions. Since
the observables do not commute, they have no common eigenbasis. Their projective
measurements are incompatible, and changing the order of a sequence can change its
statistics.

14.4 Why distinct measurement states must be orthogonal

Suppose a device separates two normalized states |a⟩, |b⟩ with amplitudes α, β into
distinct, perfectly distinguishable outcomes. Probability conservation would require

∥α|a⟩+ β|b⟩∥2 = |α|2 + |β|2

for every pair of amplitudes. Expanding the left side gives

|α|2 + |β|2 + 2Re(α∗β⟨a | b⟩) .

For this to equal the sum of the outgoing probabilities for all phases and magnitudes,
⟨a | b⟩ must vanish. This yields the orthogonality principle: alternatives that can
be distinguished with certainty correspond to orthogonal states, or more generally to
orthogonal subspaces.

The principle refers to perfect distinguishability, not to the mere existence of
different preparation procedures. Nonorthogonal pure states are physically different
and can give different statistics, but a single measurement cannot distinguish them
without error in every trial.

14.5 Pauli matrices and their algebra

In the ordered z basis,

Sj =
ℏ
2
σj, σx =

(
0 1
1 0

)
, σy =

(
0 −i
i 0

)
, σz =

(
1 0
0 −1

)
. (14.10)
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Direct multiplication gives

σ2
x = σ2

y = σ2
z = 1, (14.11)

σxσy = −σyσx = iσz, (14.12)

σyσz = −σzσy = iσx, (14.13)

σzσx = −σxσz = iσy. (14.14)

These can be written compactly as

σiσj = δij1+ i
∑
k

ϵijkσk, (14.15)

where ϵijk is the completely antisymmetric symbol with ϵxyz = +1. Subtracting the
formula with i and j reversed reproduces (14.9); adding gives

{σi, σj} = 2δij1.

In particular,

S2
x + S2

y + S2
z =

3ℏ2

4
1.

Every Hermitian 2× 2 matrix is a real linear combination of 1 and the three Pauli
matrices. Indeed, writing its general form as

A =

(
a c− id

c+ id b

)
, a, b, c, d ∈ R,

one finds

A =
a+ b

2
1+ cσx + dσy +

a− b
2

σz. (14.16)

The coefficients are real, but the matrix need not have only real entries.

Exercise 14.1 (The spin matrices in the x basis). Find the matrix representations of
Sx, Sy, Sz in the ordered basis |x,+⟩, |x,−⟩.

Solution. The matrix whose columns are the new basis kets expressed in the old
basis is H from (6.6). Therefore the new matrices are H†SjH. Since H = H†, direct
multiplication gives

HσxH = σz, HσyH = −σy, HσzH = σx.

Consequently,

[Sx]x =
ℏ
2

(
1 0
0 −1

)
, (14.17)

[Sy]x =
ℏ
2

(
0 i
−i 0

)
, (14.18)

[Sz]x =
ℏ
2

(
0 1
1 0

)
. (14.19)

The sign change in the matrix representing Sy is required by the chosen phases of the x
basis. The abstract operators and their commutation relations have not changed.
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14.6 Relative phases in a Stern–Gerlach recombiner

Exercise 14.2 (A recombiner with unequal branch phases). Let the two internal x
branches acquire phases eiθ+ and eiθ− . Find the output operator and the probabilities
of a final Sz measurement.

Figure 22: The source’s modified Stern–Gerlach device for studying the relative phase
between its two internal branches.

Solution. The coherent output is the sum of the two branch kets:

|ψout⟩ = eiθ+Πx,+|ψin⟩+ eiθ−Πx,−|ψin⟩ = U |ψin⟩,

where
U = eiθ+Πx,+ + eiθ−Πx,−. (14.20)

The projectors are orthogonal and complete, so

U †U = Πx,+ +Πx,− = 1, UU † = 1.

Thus U is unitary and hence normal. It is self-adjoint only when both eigenphases are
real numbers, eiθ± = ±1.

Put θ̄ = (θ+ + θ−)/2 and δ = (θ+ − θ−)/2. Since Πx,± = (1± σx)/2,

U = eiθ̄ (cos δ 1+ i sin δ σx) . (14.21)

For input |z,+⟩,
|ψout⟩ = eiθ̄ (cos δ|z,+⟩+ i sin δ|z,−⟩) ,

and therefore

P (z,+) = cos2
θ+ − θ−

2
, P (z,−) = sin2 θ+ − θ−

2
. (14.22)

The common phase cancels. Equal branch phases restore z,+ with certainty; a relative
phase of π converts it into z,−.

For a general normalized input α|z,+⟩+ β|z,−⟩, the probabilities are

P (z,+) = |α cos δ + iβ sin δ|2, (14.23)

P (z,−) = |β cos δ + iα sin δ|2. (14.24)

Their sum is one by unitarity. The general operator expression is P (z,±) =
⟨ψ|U †Πz,±U |ψ⟩.
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15 Postulate 1: pure states

Postulate 1. A quantum system has an associated complex Hilbert space
H. A pure state is represented by a nonzero ket |ψ⟩ ∈ H, with kets related
by multiplication by any nonzero complex scalar representing the same
physical pure state.

The equivalence class is a ray. One usually chooses a unit-norm representative, leaving
the freedom |ψ⟩ 7→ eiϕ|ψ⟩.

The vector-space structure is motivated by interference: coherent routes to the same
outcome add amplitudes and, more generally, state vectors. Scaling an unnormalized
vector changes its statistical weight; multiplying it by a phase changes its phase relative
to another coherently combined component. However, the postulate is a physical
assumption about quantum systems, not a consequence of abstract vector-space algebra
alone.

Global phase does not eliminate relative phase. The rays represented by |ψ⟩ and
eiϕ|ψ⟩ are the same, but in general

a|ψ⟩+ b|χ⟩ and a|ψ⟩+ eiϕb|χ⟩

are different rays. For this reason one cannot add rays without first specifying
representative kets and relative phases. A coherent superposition is also different from
randomly preparing one state or another. The latter is a statistical mixture and does
not contain the same controlled phase information.

A filter that transmits a fraction p can be described by an unnormalized branch
vector whose norm is reduced by

√
p. Conditioning on transmission renormalizes

that vector. This bookkeeping should not be confused with replacing an unknown
statistical mixture by a pure-state superposition.

15.1 Why use a complex Hilbert space?

The spin experiments showed why a two-dimensional description using only real
amplitudes is inadequate. There is nevertheless a mathematical way to express a
complex N -dimensional vector space as a real 2N -dimensional one: separate every
component into real and imaginary parts. Multiplication by i is then represented by a
real linear map J satisfying

J2 = −1.
Explicitly,

z = a+ ib ←→
(
a
b

)
, A+ iB ←→

(
A −B
B A

)
, J =

(
0 −1
1 0

)
.

Here a, b are real component columns and A,B are real matrices. A complex-linear
operator becomes a real operator that commutes with J . The complex inner product
can be reconstructed from the real inner product and this additional structure.

Thus a doubled real description with the appropriate complex structure and restric-
tions can encode the same single-system mathematics. Simply replacing CN by RN ,
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or allowing arbitrary real operations on R2N while discarding J , is a different proposal.
Composite systems introduce further structure as well. The complex Hilbert-space
formulation packages the empirically successful rules directly and is the formulation
used throughout these notes.

Postulate 1 alone does not tell us which Hilbert space describes a given physical
system. Spin-1/2 uses C2; a particle moving in space requires an infinite-dimensional
space. Identifying the state space and the operators that correspond to measured
quantities is part of constructing the physical model.

15.2 Orthogonal alternatives in a decaying system

Consider an isolated 210Po atom inside a sealed box. It can decay to 206Pb plus an
alpha particle. The half-life in the example is approximately 138 days, so the mean
lifetime in the exponential approximation is

τ =
138 days

ln 2
≃ 199 days.

The alternatives “undecayed” and “decayed” can be distinguished, and therefore
correspond to orthogonal subspaces of the Hilbert space of the box. At a given time
the state can be decomposed as

|Ψ(t)⟩ = e−t/(2τ)eiϕu(t)|u(t)⟩+
√
1− e−t/τeiϕd(t)|d(t)⟩, (15.1)

where |u(t)⟩ and |d(t)⟩ are normalized vectors in the respective orthogonal subspaces.
Its norm is one, and its two sector probabilities are e−t/τ and 1− e−t/τ .

The decayed sector includes the momenta, positions, and other degrees of freedom
of the daughter products. It is not literally a single fixed second level of a closed
two-dimensional system. The exponential law is an approximation appropriate to
a range of decay times; the notation in (15.1) displays the two alternatives without
suppressing their internal degrees of freedom.

Isolation also means more than concealment from the experimenter. A system
inside a box may still interact with uncontrolled surroundings. If it is genuinely
isolated, checking whether it has decayed is a measurement on that quantum state.
We now formulate the corresponding rules.

16 From interference to linear measurement maps

16.1 Outcomes need not specify complete final states

Consider an apparatus with outcomes labelled i = 1, . . . , n.
A measurement outcome does not necessarily fix every degree of freedom of the

system. Measuring an atom’s spin, for example, need not determine its other internal
degrees of freedom. The output of a given branch must therefore be described by a
ket, rather than by a single scalar amplitude alone.
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Figure 23: A generalized Stern–Gerlach-type apparatus with several possible outcomes.

The generalized interference principle states that if the same outcome can be
reached coherently by several alternatives, the corresponding output kets add:

|ψ⟩ =
∑
a

|ψa⟩, Ptot = ⟨ψ | ψ⟩. (16.1)

The individual route weights are Pa = ⟨ψa | ψa⟩. Expanding the total norm produces
cross terms ⟨ψa | ψb⟩; they vanish when the alternatives carry orthogonal records.

Figure 24: The original diagram for adding state kets associated with coherent routes
to the same outcome.

The distinction between an outcome and a fully specified final state matters. A
detector may supply only one coarse label while leaving a nontrivial output state
within the corresponding sector.

For repeated identical preparations, one may choose ⟨ψ | ψ⟩ = N . Let |ψi⟩ be the
outgoing ket with ⟨ψi | ψi⟩ = Ni, where Ni is the expected count in branch i.

Figure 25: Output branch kets retain both their internal state and their statistical
weight.

We seek maps fi such that
|ψi⟩ = fi(|ψ⟩).
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The following argument shows how the interference rules restrict these maps. It
assumes that the degrees of freedom needed to describe coherent branch outputs are
included.

16.2 Real rescaling and additivity

If the same experiment is repeated λ2 times as often, with λ > 0, all expected counts
scale by λ2. This is represented by scaling every relevant ket by λ, so

fi(λ|ψ⟩) = λfi(|ψ⟩), λ > 0. (16.2)

No new relative phase can depend on this bookkeeping choice. If it did, recombin-
ing branches would change observable probabilities merely because the number of
repetitions had changed.

Next, feed an interferometer into the device. With only path A open, let the input
be |ψA⟩ and the branch-i output be fi(|ψA⟩); define the corresponding quantities for
path B similarly. With both paths open coherently, the input is their sum and the
output is the sum of the two branch outputs.

Figure 26: Directing coherent incoming alternatives into the measurement device
establishes additivity of each branch map.

Thus
fi(|ϕ⟩+ |χ⟩) = fi(|ϕ⟩) + fi(|χ⟩). (16.3)

This implies fi(0) = 0 and fi(−|ψ⟩) = −fi(|ψ⟩). Together with positive homogeneity,
it gives homogeneity for all real scalars.

The input’s overall phase is unobservable. Therefore its output ray and norm must
remain unchanged when |ψ⟩ 7→ eiϕ|ψ⟩:

fi(e
iϕ|ψ⟩) = eiϕ

′
fi(|ψ⟩), (16.4)

where the relation between ϕ′ and ϕ remains to be determined.

16.3 Why these conditions give linearity or antilinearity

Exercise 16.1. Show that additivity, real homogeneity, and phase covariance imply
that a nonzero map f is either complex-linear or complex-antilinear.
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Solution. For any vector with f(|ψ⟩) ̸= 0, phase covariance at ϕ = π/2 gives

f(i|ψ⟩) = c f(|ψ⟩), |c| = 1.

On the one hand, additivity gives

f((1 + i)|ψ⟩) = (1 + c)f(|ψ⟩).

On the other hand, 1 + i =
√
2eiπ/4, so real homogeneity and phase covariance imply

that this output has norm
√
2 ∥f(|ψ⟩)∥. Hence

|1 + c|2 = 2.

Since |c| = 1, this says 2 + 2Re c = 2, and therefore c = +i or c = −i.
The sign cannot vary from one nonzero output to another. Suppose f(i|ψ⟩) = ia

with a = f(|ψ⟩) ̸= 0, but f(i|χ⟩) = −ib with b = f(|χ⟩) ̸= 0. Additivity gives

f(|ψ⟩+ |χ⟩) = a+ b, f(i(|ψ⟩+ |χ⟩)) = i(a− b).

If a+ b ̸= 0, the second expression must equal either +i(a+ b) or −i(a+ b), forcing
b = 0 or a = 0, a contradiction. If a + b = 0, phase covariance requires the second
expression to vanish, but it equals 2ia ̸= 0. Thus one sign applies to all vectors with
nonzero output. A zero output remains zero after multiplication by a phase.

For λ = s+ it, real homogeneity now gives

f(λ|ψ⟩) = sf(|ψ⟩) + tf(i|ψ⟩) =

{
λf(|ψ⟩), with the plus sign,

λ∗f(|ψ⟩), with the minus sign.

Together with additivity, these are complex linearity and complex antilinearity, re-
spectively. Equivalently, the phase transforms as eiϕ 7→ e±iϕ.

16.4 Why a coherent physical branch cannot be antilinear

Now compare a path through the apparatus with a coherent bypass path.

Figure 27: Interfering a branch through the device with a bypass branch tests the
transformation of an overall input phase.
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If the device branch were antilinear, changing the entire input ket by the physically
irrelevant phase eiϕ would change that branch by e−iϕ. The bypass branch, which
undergoes an ordinary linear propagation, would change by eiϕ. Their relative phase
would therefore change by 2ϕ, affecting the recombined probabilities.

This would make the arbitrary overall phase of the incoming state observable,
contrary to the pure-state postulate. The coherent branch maps are consequently
complex-linear:

|ψi⟩ = Oi|ψ⟩, (16.5)

where each operator Oi is independent of the input state.

Figure 28: Each outcome branch is represented by a linear operator acting on the
input ket.

This does not rule out using antilinear maps to represent certain abstract sym-
metries, such as time reversal. It rules out treating an arbitrary antilinear map as a
coherent apparatus branch acting on unknown inputs in the same way as a physical
linear operation.

17 Repeatable measurements and the Born rule

17.1 Probability conservation and repeatability

For the branch maps in (16.5), the branch weight is

Ni = ∥Oi|ψ⟩∥2 = ⟨ψ|O†
iOi|ψ⟩. (17.1)

If every trial produces exactly one of the listed outcomes, then
∑

iNi = ⟨ψ | ψ⟩ for
every input. Equality of these quadratic forms is equivalent to∑

i

O†
iOi = 1. (17.2)

This is the probability-conservation condition.
A measurement is repeatable if an immediate second use of the same device

yields the same outcome with certainty. For a first outcome j, the branch with second
outcome i has ket OiOj|ψ⟩. If i ̸= j, its probability must vanish for every input, so

OiOj = 0 (i ̸= j). (17.3)
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Figure 29: Repeatability: after outcome i, the same apparatus gives outcome i again
with certainty.

Conversely, these operator conditions forbid every different second outcome; probability
conservation then puts all the probability in the repeated outcome.

The next result derives the full structure of these repeatable measurements in finite
dimension, including their possible residual action inside a degenerate outcome sector.

17.2 Deriving the projector form step by step

Theorem 17.1 (Finite-dimensional repeatable measurement maps). Let O1, . . . , On

act on the same finite-dimensional Hilbert space and satisfy (17.2) and (17.3). Then

Oi = UΠi, (17.4)

where U is unitary, the Πi form a complete orthogonal projector family, and [U,Πi] = 0
for every i.

Proof. Step 1: the output ranges are mutually orthogonal. Let |u⟩ = Oi|α⟩ and
|v⟩ = Oj|β⟩ with i ̸= j. Insert (17.2):

⟨u | v⟩ =
∑
k

⟨Oku | Okv⟩.

Repeatability says Ok|u⟩ = 0 unless k = i, and Ok|v⟩ = 0 unless k = j. Since i ̸= j,
every term in the sum is zero. Thus ranOi ⊥ ranOj, or equivalently

O†
iOj = 0 (i ̸= j). (17.5)

Step 2: the sum of the branch maps is unitary. Define

U =
∑
i

Oi.

Using (17.5),

U †U =
∑
i,j

O†
iOj =

∑
i

O†
iOi = 1.

In finite dimension this makes U invertible and U−1 = U †, so also UU † = 1.
Step 3: construct self-adjoint, complete operators. Set

Πi = U †Oi. (17.6)
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Only one term survives in U †Oi =
∑

j O
†
jOi, giving

Πi = O†
iOi. (17.7)

Thus Πi is positive and self-adjoint. Their sum is∑
i

Πi = U †
∑
i

Oi = U †U = 1.

Step 4: show that U commutes with each branch map. From (17.3),

UOi =
∑
j

OjOi = O2
i , OiU =

∑
j

OiOj = O2
i .

Hence [U,Oi] = 0. Since U is invertible, U † = U−1 also commutes with Oi.
Step 5: prove orthogonality and idempotence of the Πi. For i ̸= j,

ΠiΠj = U †OiU
†Oj = (U †)2OiOj = 0.

Using completeness,

Πi = Πi

∑
j

Πj = Π2
i .

Together with self-adjointness this proves that the Πi are orthogonal projectors.
Finally,

UΠi = Oi, ΠiU = U †OiU = Oi,

so U commutes with every Πi and (17.4) follows.

The converse is immediate but useful to check. If Oi = UΠi with U unitary and
commuting with a complete orthogonal projector family, then∑

i

O†
iOi =

∑
i

Πi = 1, OiOj = U2ΠiΠj = 0 (i ̸= j).

Thus the derived form is both necessary and sufficient under the stated finite-
dimensional assumptions.

17.3 Probabilities and the state after an outcome

For a nonzero input ket, (17.7) gives

pi =
⟨ψ|Πi|ψ⟩
⟨ψ | ψ⟩

=
∥Πi|ψ⟩∥2

∥|ψ⟩∥2
. (17.8)

This is the Born rule for a projective measurement. The probabilities are nonnegative
and sum to one. The unnormalized branch is UΠi|ψ⟩, while the normalized conditional
state, for a nonzero-probability outcome, is

|ψcond
i ⟩ = UΠi|ψ⟩√

⟨ψ|Πi|ψ⟩
. (17.9)
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An outcome with zero probability has no conditional state assigned by this formula.
Repeated applications yielding the same outcome have unnormalized state

Om
i |ψ⟩ = (UΠi)

m|ψ⟩ = UmΠi|ψ⟩.

The outcome remains certain after the first measurement, but the state may continue
evolving inside that outcome subspace.

If Πi has rank one, say Πi = |χ⟩⟨χ|, commutation implies that U |χ⟩ lies in the
same one-dimensional subspace. Thus

U |χ⟩ = eiθi |χ⟩,

and the residual action is only an unobservable phase on that branch. For a degenerate
outcome, U may rotate vectors within its subspace. Repeatability of the outcome
therefore need not mean that every detail of the conditional state is unchanged.

An ideal projective measurement takes U = 1, yielding the projection or
Lüders update. A block-dependent phase would give the same conditional rays.
Nontrivial unitary rotations within a degenerate block describe additional disturbance
beyond the ideal update.

18 Postulate 2: observables and ideal measure-

ments

Assign distinct real numerical values ai to a complete projector family and define

A =
∑
i

aiΠi. (18.1)

The operator is self-adjoint, and the Πi are precisely its eigenspace projectors. Con-
versely, the spectral theorem assigns such a family to every self-adjoint operator. This
leads to the standard ideal-measurement postulate.

Postulate 2. An observable is represented by a self-adjoint operator A.
Its possible ideal-measurement outcomes are its eigenvalues. If Πi projects
onto the eigenspace of eigenvalue ai, the probability of that outcome is

pi =
⟨ψ|Πi|ψ⟩
⟨ψ | ψ⟩

.

Conditioned on an outcome of nonzero probability, an ideal measurement
gives the normalized state

|ψi⟩ =
Πi|ψ⟩√
⟨ψ|Πi|ψ⟩

.

For a nondegenerate eigenvalue with normalized eigenket |ai⟩, this reduces to

pi =
|⟨ai | ψ⟩|2

⟨ψ | ψ⟩
.
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For a degenerate eigenspace with orthonormal basis |ai, α⟩,

pi =

∑
α |⟨ai, α | ψ⟩|2

⟨ψ | ψ⟩
.

The basis chosen within the eigenspace does not affect this probability.
The choice to assign real numbers to outcomes is conventional for ordinary observ-

ables. A normal operator can also package complex-valued outcome labels:

N =
∑
i

ziΠi = A+ iB, A =
N +N †

2
, B =

N −N †

2i
.

The operators A and B are self-adjoint. Normality of N is equivalent to [A,B] = 0,
since

NN † −N †N = −2i[A,B].

Thus measuring the complex label zi amounts to a compatible joint measurement of
its real and imaginary parts. It introduces no new probability rule: the same common
spectral projectors determine the outcomes.

18.1 Degeneracy and what an apparatus actually resolves

An ideal measurement of A preserves relative amplitudes within a degenerate
eigenspace. For example, if

|ψ⟩ = c1|a, 1⟩+ c2|a, 2⟩+ d|b⟩, a ̸= b,

then outcome a gives a conditional state proportional to

c1|a, 1⟩+ c2|a, 2⟩.

It does not select one of the two a basis vectors. An apparatus that also measures a
second observable resolving these basis vectors performs a finer measurement. Even if
the experimenter later forgets that extra result, its disturbance need not be the same
as the ideal coarse measurement of A alone.

The expectation of an observable is

⟨A⟩ψ =
∑
i

aipi =
⟨ψ|A|ψ⟩
⟨ψ | ψ⟩

. (18.2)

Its higher moments follow from the same spectral expansion:

⟨Ak⟩ψ =
∑
i

aki pi, (∆A)2 = ⟨A2⟩ψ − ⟨A⟩2ψ.

A state in one eigenspace has zero variance for that observable. This does not imply
zero variance for every observable.
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18.2 Measurements without repeatability

The derivation separates two assumptions: probability conservation and repeatability.
If repeatability is dropped, linear branch operators Mi still obey∑

i

M †
iMi = 1,

but Ei =M †
iMi need not be projectors. They are positive operators satisfying

Ei ≥ 0,
∑
i

Ei = 1, pi =
⟨ψ|Ei|ψ⟩
⟨ψ | ψ⟩

. (18.3)

Such a collection is a positive-operator-valued measure, or POVM, for a finite
outcome set. The conditional branch state is proportional to Mi|ψ⟩. Its probability
operator Ei alone does not completely specify the state disturbance.

If a coarse outcome leaves several unobserved environmental alternatives, more
than one branch operator can be associated with that outcome. The density-operator
formalism handles the resulting mixed conditional states. The projective postulate
describes ideal measurements of observables; the more general measurement language
describes additional apparatuses without changing the probability rule based on
squared norms.

19 Postulate 3: closed-system transformations

An experiment can manipulate a quantum system without producing a measurement
outcome. Examples include controlled magnetic fields acting on a spin or a coherent
apparatus with all paths recombined. The same interference argument makes the
transformation linear:

|ψout⟩ = U |ψin⟩.

Figure 30: The original symbol for a process that manipulates a system without an
outcome selection.

If the process is deterministic and preserves the norm for every input, then

⟨ψ|U †U |ψ⟩ = ⟨ψ | ψ⟩ for all |ψ⟩,

so U †U = 1. In the finite-dimensional setting this implies unitarity.

Postulate 3. The evolution or reversible transformation of a closed
quantum system is represented by a unitary operator. It maps a state ket
to U |ψ⟩ and preserves all inner products and total probability.
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This postulate does not say that every process that goes unobserved is unitary on the
chosen subsystem. A system may interact with an environment and become entangled
with it, even when no human observer looks at either one. The joint closed system
may evolve unitarily while the reduced subsystem requires a density operator and a
more general transformation.

One can often enlarge the Hilbert space to include the relevant apparatus or
environment and recover a closed-system description. Alternatively, one can retain
only the subsystem and explicitly account for its interaction with the discarded degrees
of freedom. A prescribed classical external field is an approximation in which the
source of that field is sufficiently stable that its quantum correlations with the system
can be neglected at the desired accuracy.

19.1 Finite and infinite dimensions

In infinite dimension, U †U = 1 alone makes U an isometry, but need not make it
surjective. For example, on an orthonormal basis |0⟩, |1⟩, . . ., define the unilateral shift

V |n⟩ = |n+ 1⟩.
It satisfies

V †V = 1, V V † = 1− |0⟩⟨0|.
It preserves norms but has no preimage for |0⟩. Reversible closed-system evolution
requires the full unitary condition, including surjectivity. This is automatic for the
finite-dimensional systems developed in these chapters, but must be kept separate
from mere norm preservation in the infinite-dimensional theory.

19.2 Why an arbitrary component norm will not do

The normalization rule must be compatible with the coherent changes of basis observed
in the spin experiments. This already rules out replacing the Hilbert norm by an
arbitrary familiar component norm. For example, consider

∥ψ∥p = (|ψ1|p + |ψ2|p)1/p , 1 ≤ p <∞.

The state (1, 0)T has norm one for every p, but the physically required matrix H of
(6.6) maps it to (1, 1)T/

√
2, whose norm is∥∥∥∥H (10

)∥∥∥∥
p

=
(
2 · 2−p/2

)1/p
= 21/p−1/2.

This equals one only for p = 2. For the maximum-component norm, the output norm
is 1/
√
2, so that choice also fails. This test does not classify every conceivable norm,

but it shows why merely changing the normalization convention while retaining the
observed coherent transformations is not consistent. The Hilbert-space norm and the
amplitude-addition rule work together.

The three postulates specify the state space, measurement probabilities and updates,
and closed-system transformations. They apply well beyond spin systems. To obtain
a dynamical theory, the next step is to characterize the unitary family associated with
time evolution and identify its generator, the Hamiltonian.
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Part IV

Time Evolution and Symmetries
Chapter 4

20 Unitary time evolution and the Hamiltonian

20.1 Closed processes and the propagator

A closed quantum process changes a state by a unitary transformation. The system
may be driven by prescribed external fields; “closed” means that its evolution is
described without discarding entanglement with an unobserved environment. Let
|ψ; t0⟩ be its state at an initial time. Define the time-evolution operator, or propagator,
by

|ψ; t⟩ = U(t, t0)|ψ; t0⟩. (20.1)

The operator must work for every initial state, not only for one chosen ket. Its basic
properties are

U(t, t) = 1, (20.2)

U(t3, t2)U(t2, t1) = U(t3, t1), (20.3)

U(t2, t1)
† = U(t2, t1)

−1 = U(t1, t2). (20.4)

The second relation says that evolving in stages gives the same result as evolving
directly. In particular, evolving forward and then backward returns the original state.
Unitarity preserves every transition amplitude between states that undergo the same
evolution:

⟨ϕ; t | ψ; t⟩ = ⟨ϕ; t0|U †U |ψ; t0⟩ = ⟨ϕ; t0 | ψ; t0⟩.

For an explicitly driven system, the propagator generally depends on both times
separately, rather than only on their difference.

20.2 Defining and identifying the generator

Assume the evolution is differentiable on the states under consideration. Define

H(t) = iℏ
∂U(t, t0)

∂t
U(t, t0)

†. (20.5)

This operator has units of energy. Its role as the generator of time translations follows
from the definition; its physical form is found by specifying the interactions and
comparing with experiment or the appropriate classical limit.

Proposition 20.1 (Properties of the Hamiltonian). The generator in (20.5) is self-
adjoint and is independent of the reference time t0.

Proof. Differentiate UU † = 1:

U̇U † + UU̇ † = 0.
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Taking the adjoint of the definition therefore gives

H† = −iℏUU̇ † = iℏU̇U † = H.

For reference-time independence, choose another initial time s and use U(t, t0) =
U(t, s)U(s, t0). The second factor is independent of t, so

∂tU(t, t0)U(t, t0)
† = ∂tU(t, s)U(s, t0)U(s, t0)

†U(t, s)†

= ∂tU(t, s)U(t, s)
†.

The result depends only on the time at which the generator acts. In infinite-dimensional
problems, these statements are interpreted on appropriate operator domains; unitarity
and differentiability provide the self-adjoint generator under the usual evolution
assumptions.

Multiplying (20.5) on the right by U gives

iℏ∂tU(t, t0) = H(t)U(t, t0), U(t0, t0) = 1. (20.6)

Apply this equation to the initial ket, which is fixed when t varies:

iℏ
∂

∂t
|ψ; t⟩ = H(t)|ψ; t⟩. (20.7)

This is the abstract Schrödinger equation. It applies to spins, finite-state models, and
spatial wave functions alike. The differential wave equation in position space is a
particular representation of it.

Conversely, a self-adjoint Hamiltonian preserves normalization:

d

dt
⟨ψ | ψ⟩ = i

ℏ
⟨ψ|H|ψ⟩ − i

ℏ
⟨ψ|H|ψ⟩ = 0.

The same calculation preserves inner products of any two solutions. Thus the generator
equation and unitary dynamics are mutually consistent.

20.3 Time-independent Hamiltonians and stationary states

Suppose H is time independent and has an orthonormal energy eigenbasis:

H|n⟩ = En|n⟩, H =
∑
n

En|n⟩⟨n|.

Write |ψ; t⟩ =
∑

n cn(t)|n⟩. Because the basis is fixed,∑
n

iℏċn|n⟩ =
∑
n

Encn|n⟩.

Taking the inner product with ⟨m| isolates one scalar equation,

iℏċm = Emcm, cm(t) = e−iEm(t−t0)/ℏcm(t0).
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Therefore

|ψ; t⟩ =
∑
n

e−iEn(t−t0)/ℏ|n⟩⟨n | ψ; t0⟩, (20.8)

U(t, t0) =
∑
n

e−iEn(t−t0)/ℏ|n⟩⟨n| = exp

[
− iH(t− t0)

ℏ

]
. (20.9)

For a function f of a diagonalizable self-adjoint operator, f(H) =
∑

n f(En)|n⟩⟨n|;
the exponential can equivalently be defined by its convergent power series in finite
dimensions. Continuous spectra require the corresponding spectral integrals.

An energy eigenket evolves only by an overall phase. Its ray is fixed, and the
expectation value of every observable with no explicit time dependence remains
constant. Such a state is called stationary. A superposition of different energies
acquires relative phases, giving

⟨X⟩(t) =
∑
m,n

cm(t0)
∗cn(t0)e

i(Em−En)(t−t0)/ℏXmn.

The observable frequencies are energy differences divided by ℏ. Adding a constant C1
to H multiplies every state by the same phase e−iC(t−t0)/ℏ and leaves these frequencies
unchanged.

20.4 When the Hamiltonian depends on time

The formal exponential of an integral is valid if [H(t), H(s)] = 0 at all pairs of times:

U(t, t0) = exp

[
− i

ℏ

∫ t

t0

H(s) ds

]
.

Without this commutativity condition, operator order matters. Integrate (20.6) once
and iterate:

U(t, t0) = 1− i

ℏ

∫ t

t0

H(t1)U(t1, t0) dt1

= 1− i

ℏ

∫ t

t0

H(t1) dt1

+

(
− i

ℏ

)2 ∫ t

t0

dt1

∫ t1

t0

dt2H(t1)H(t2) + · · · .

Later times appear to the left. This time-ordered series is denoted T exp[−(i/ℏ)
∫
H dt].

It explains why instantaneously diagonalizingH(t) does not, by itself, solve an arbitrary
time-dependent problem: its eigenvectors may also change.
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21 Spin precession and driven two-level dynamics

21.1 Precession calculated from the evolving state

Use the Sz eigenbasis |↑⟩, |↓⟩, and let

H =
E0

2
(|↑⟩⟨↑| − |↓⟩⟨↓|) = E0

ℏ
Sz.

For |ψ; 0⟩ = |+x⟩ = (|↑⟩+ |↓⟩)/
√
2,

|ψ; t⟩ = 1√
2

(
e−iE0t/(2ℏ)|↑⟩+ eiE0t/(2ℏ)|↓⟩

)
.

The operators needed to evaluate its spin are

Sx =
ℏ
2
(|↑⟩⟨↓|+ |↓⟩⟨↑|),

Sy =
ℏ
2i
(|↑⟩⟨↓| − |↓⟩⟨↑|),

Sz =
ℏ
2
(|↑⟩⟨↑| − |↓⟩⟨↓|).

Set ω0 = E0/ℏ. Then

⟨Sx⟩ =
ℏ
4

(
eiω0t + e−iω0t

)
=

ℏ
2
cosω0t,

⟨Sy⟩ =
ℏ
4i

(
eiω0t − e−iω0t

)
=

ℏ
2
sinω0t,

⟨Sz⟩ =
ℏ
2

(
1

2
− 1

2

)
= 0.

The spin expectation value rotates about the positive z axis with signed angular
frequency ω0.

Figure 31: Precession of the spin expectation value under a Hamiltonian proportional
to Sz.

For a magnetic moment µ = γS in a static field B = Bz ẑ, the interaction
Hamiltonian is

H = −µ ·B = −γBzSz.

Consequently E0 = −ℏγBz and ω = −γB, the classical Larmor frequency. This
identifies the energy generator with the magnetic interaction energy and uses the same
ℏ that fixes the spin quantum.
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21.2 Exact Rabi oscillations for a rotating field

A useful driven two-level model is

H(t) =
ℏ
2

[
ω0σz + Ω

(
cosωt σx + sinωt σy

)]
. (21.1)

The transverse field rotates at frequency ω. Define R(t) = e−iωtσz/2 and write |ψ; t⟩ =
R(t)|χ; t⟩. Substitution into the Schrödinger equation gives

iℏ|χ̇⟩ =
(
R†HR− iℏR†Ṙ

)
|χ⟩.

Since RσxR
† = cosωt σx + sinωt σy and R†Ṙ = −iωσz/2, the rotating-frame Hamilto-

nian is constant:

Hrot =
ℏ
2
(∆σz + Ωσx), ∆ = ω0 − ω.

Let ΩR =
√
∆2 + Ω2. The Pauli algebra gives (∆σz + Ωσx)

2 = Ω2
R1, so

e−iHrott/ℏ = cos
ΩRt

2
1− i sin

ΩRt

2

∆σz + Ωσx
ΩR

.

Starting from |↑⟩, the down-state amplitude in the rotating frame is

−i Ω
ΩR

sin
ΩRt

2
.

The final factor R(t) only changes its phase, so

P↑→↓(t) =
Ω2

∆2 + Ω2
sin2

(√
∆2 + Ω2 t

2

)
. (21.2)

On resonance, ∆ = 0, complete population transfer occurs at t = π/|Ω|. Detuning
both changes the oscillation frequency and reduces the maximum transfer probability.
Equation (21.2) is exact for the rotating field in (21.1); a linearly oscillating field leads
to this form after an appropriate rotating-wave approximation.

22 The Schrödinger and Heisenberg pictures

22.1 A simultaneous change of states and observables

For a unitary W (t), transform

|ψ⟩ 7−→ W (t)|ψ⟩, X 7−→ W (t)XW (t)†.

Every matrix element is unchanged:

⟨ϕ|W †(WXW †)W |ψ⟩ = ⟨ϕ|X|ψ⟩.
The time dependence can therefore be redistributed between states and operators
without changing predictions. If the original state obeys iℏ|ψ̇⟩ = H|ψ⟩, its transformed
state obeys

iℏ
d

dt
(W |ψ⟩) =

(
WHW † + iℏẆW †

)
W |ψ⟩.

The extra derivative term is necessary whenever W depends on time. It is the general
origin of the rotating-frame correction above.
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22.2 Constructing the Heisenberg picture

Write U(t) = U(t, 0). The Schrödinger-picture state and operator are |ψS(t)⟩ =
U(t)|ψ; 0⟩ and XS(t). Choose W = U †:

|ψH⟩ = U(t)†|ψS(t)⟩ = |ψ; 0⟩, (22.1)

XH(t) = U(t)†XS(t)U(t). (22.2)

Then
⟨X⟩(t) = ⟨ψS(t)|XS(t)|ψS(t)⟩ = ⟨ψH |XH(t)|ψH⟩.

The Heisenberg state is fixed; the operators carry the dynamics. This is an equivalent
description of the same experiment, rather than a modification of the evolution law.

22.3 Derivation of the Heisenberg equation

Use U̇ = −iHSU/ℏ and U̇ † = iU †HS/ℏ to differentiate (22.2):

ẊH = U̇ †XSU + U †ẊSU + U †XSU̇

=
i

ℏ
U †(HSXS −XSHS)U + U †ẊSU

=
i

ℏ
[HH , XH ] + U †ẊSU, HH = U †HSU.

Thus
dXH

dt
=

i

ℏ
[HH(t), XH(t)] +

(
∂XS

∂t

)
H

. (22.3)

The last term means U †(∂tXS)U . It describes explicit time dependence in the definition
of the observable and must not be confused with the total derivative of XH .

IfHS is time independent, U = e−iHSt/ℏ commutes withHS, and thereforeHH = HS.
For a driven Hamiltonian this equality does not generally hold. Taking XS = HS gives
the energy-balance law

d

dt
⟨H⟩ =

〈
∂HS

∂t

〉
.

Only explicit time dependence can change the mean energy of the closed system.

22.4 Solving spin precession as an operator equation

For H = ω0Sz, the spin commutators give

[H,Sx] = iℏω0Sy, [H,Sy] = −iℏω0Sx, [H,Sz] = 0.

Hence Sz,H(t) = Sz. To solve for Sx,H , expand in the fixed Schrödinger operators:

Sx,H(t) = a(t)Sx + b(t)Sy.

Substitution into (22.3) gives

ȧSx + ḃSy = ω0bSx − ω0aSy.
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Linear independence implies ȧ = ω0b, ḃ = −ω0a. The initial condition Sx,H(0) = Sx
gives a(0) = 1, b(0) = 0, so

a(t) = cosω0t, b(t) = − sinω0t.

Repeating the calculation with Sy,H(0) = Sy gives

Sx,H(t) = cosω0t Sx − sinω0t Sy,

Sy,H(t) = sinω0t Sx + cosω0t Sy,

Sz,H(t) = Sz. (22.4)

These operator identities are valid for every initial state. Taking expectation values
yields ⟨Sx⟩t⟨Sy⟩t

⟨Sz⟩t

 =

cosω0t − sinω0t 0
sinω0t cosω0t 0

0 0 1

⟨Sx⟩0⟨Sy⟩0
⟨Sz⟩0

 .

The previous calculation with |+x⟩ is one particular initial condition for this general
rotation law.

Example 22.1 (Time-dependent eigenkets of a Heisenberg operator). Since Sx,H =
U †SxU , an instantaneous positive eigenket is

|+x; t⟩H = U(t)†|+x⟩ = 1√
2

(
eiω0t/2|↑⟩+ e−iω0t/2|↓⟩

)
.

Indeed, Sx,H |+x; t⟩H = U †Sx|+x⟩ = (ℏ/2)|+x; t⟩H . This eigenket is time dependent,
even up to an overall phase for generic t. There is no contradiction with (22.1): it is
the instantaneous eigenvector of a changing measurement operator, not the fixed state
describing one system’s unmeasured evolution. At different times it specifies different
preparations that would make that measurement certain.

23 Canonical quantization and Ehrenfest’s theorem

23.1 Classical evolution as a Poisson bracket

For canonical coordinates qi, pi and a classical observable X(q, p, t), Hamilton’s equa-
tions give

dX

dt
=
∑
i

(
∂X

∂qi
q̇i +

∂X

∂pi
ṗi

)
+
∂X

∂t

=
∑
i

(
∂X

∂qi

∂H

∂pi
− ∂X

∂pi

∂H

∂qi

)
+
∂X

∂t
= {X,H}PB + ∂tX.

The Poisson bracket is

{X, Y }PB =
∑
i

(∂qiX ∂piY − ∂piX ∂qiY ) .
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It is bilinear and antisymmetric, satisfies the product rule, and obeys

{{X, Y }PB, Z}PB + {{Y, Z}PB, X}PB + {{Z,X}PB, Y }PB = 0.

Commutators satisfy the same algebraic identities. This motivates the correspondence

{X, Y }PB ←→ 1

iℏ
[X̂, Ŷ ].

In particular, canonical quantization imposes

[q̂i, p̂j] = iℏδij1, [q̂i, q̂j] = 0, [p̂i, p̂j] = 0. (23.1)

The classical Hamiltonian suggests a quantum Hamiltonian built from these operators,
after operator-ordering and domain choices are made.

23.2 Angular momentum brackets worked out

For a particle, Li = ϵiabqapb. The derivatives are

∂qaLi = ϵiabpb, ∂paLi = ϵibaqb.

A direct example is Lx = ypz − zpy, Ly = zpx − xpz. Only the coordinate z and
momentum pz contribute to their bracket:

{Lx, Ly}PB = (−py)(−x)− y(px)
= xpy − ypx = Lz.

The cyclic cases follow by relabeling coordinates, giving

{Li, Lj}PB = ϵijkLk.

Canonical quantization produces [L̂i, L̂j ] = iℏϵijkL̂k, the same algebra satisfied by spin.
The algebra is shared, although orbital and intrinsic angular momentum need not act
on the same kind of Hilbert space.

23.3 Ordering and the limits of the correspondence

Classically pq = qp, but quantum mechanically p̂q̂ = q̂p̂ − iℏ1. For a real classical
observable pq, a natural self-adjoint choice is

pq 7−→ 1

2
(p̂q̂ + q̂p̂).

Different choices for more complicated observables can differ by terms that vanish in
a classical limit. There is no universal quantization map that preserves the Poisson
bracket exactly for every classical function. The canonical relations and Hamiltonian
specify a quantum model; the bracket correspondence is exact for suitable subalgebras
and provides a leading semiclassical guide more generally.

It is often useful to reverse the viewpoint: start from a quantum model, identify its
canonical variables, and determine the classical behavior to which it reduces. Distinct
quantum theories may share the same leading classical limit.
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23.4 Ehrenfest’s theorem and mean trajectories

Taking the expectation value of (22.3) in the fixed Heisenberg state gives

d

dt
⟨X⟩ = i

ℏ
⟨[H,X]⟩+ ⟨∂tX⟩. (23.2)

The result is picture independent if states and operators are evaluated consistently.
For H = p2/(2m) + V (q),

[p2, q] = p[p, q] + [p, q]p = −2iℏp, [V (q), p] = iℏV ′(q),

so
d⟨q⟩
dt

=
⟨p⟩
m
,

d⟨p⟩
dt

= −⟨V ′(q)⟩. (23.3)

The force is averaged over the quantum state. In general, ⟨V ′(q)⟩ ̸= V ′(⟨q⟩), so the
mean position need not follow an exact classical trajectory. For a narrow packet,
expanding around q̄ = ⟨q⟩ gives

⟨V ′(q)⟩ = V ′(q̄) +
1

2
V ′′′(q̄)⟨(q − q̄)2⟩+ · · · .

The first correction depends on the packet width. For a quadratic potential the force
is linear, the correction vanishes identically, and the first moments satisfy the classical
equations exactly. Larmor precession likewise closes exactly because the spin equations
are linear in the spin components.

24 Ammonia inversion: dynamics determined by

symmetry

24.1 The two-state approximation

In an ammonia molecule, the nitrogen atom prefers a position on either side of the
plane through the three hydrogen atoms. Holding the hydrogen framework fixed gives
two equivalent configurations:

|1⟩ = nitrogen above the plane, |2⟩ = nitrogen below the plane.

These states span an effective two-dimensional Hilbert space. The actual molecule
also has rotational, vibrational, and other degrees of freedom; the model isolates its
inversion coordinate.

Turning the entire molecule over can also interchange the apparent positions of
nitrogen, but this is a different motion from inversion through a fixed hydrogen
framework. To distinguish them, consider a molecule carrying angular momentum
normal to the hydrogen plane. An isolated reversal of its molecular axis would alter
the angular-momentum direction, while inversion of nitrogen through the plane does
not. Reflection in the plane leaves the normal component of angular momentum
invariant because angular momentum is an axial vector. Thus this rotation does not
remove the inversion symmetry.
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Figure 32: The two inversion configurations of ammonia, related by reflection through
the hydrogen plane.

Figure 33: Overall molecular rotation is distinct from the nitrogen inversion coordinate.

24.2 Choosing phases for the reflection operator

A reflection P interchanges the localized configurations, initially with possible phases:

P |1⟩ = eiα|2⟩, P |2⟩ = eiβ|1⟩.

Rephasing |2⟩ relative to |1⟩ makes the two phases equal. The remaining common
phase in P has no effect on its action on rays, and may be removed. We can therefore
choose

P = |1⟩⟨2|+ |2⟩⟨1|, P † = P, P 2 = 1.

This phase convention makes the geometric statement “reflecting twice returns the
original configuration” explicit at the operator level.

24.3 The most general reflection-invariant Hamiltonian

Write an arbitrary self-adjoint two-state Hamiltonian as

H =

(
a b
b∗ d

)
, a, d ∈ R.
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Reflection invariance means PHP † = H, or [P,H] = 0. Since

PHP =

(
d b∗

b a

)
,

the condition forces a = d = E0 and b = b∗ = A. Hence

H = E01+ AP =

(
E0 A
A E0

)
. (24.1)

The common diagonal energy is E0. The off-diagonal amplitude A describes quantum
tunneling between the two configurations. Symmetry fixes the form of the Hamiltonian,
but not the magnitude of the tunneling amplitude. In a high-barrier regime its
magnitude can be exponentially small in the barrier parameters. Its comparison with
an arbitrarily chosen energy zero E0 has no invariant meaning.

The characteristic equation is

det(H − λ1) = (E0 − λ)2 − A2 = 0,

so E± = E0 ± A. Solving the two rows of (H − E±1)(a, b)
T = 0 gives b = ±a, hence

|±⟩ = |1⟩ ± |2⟩√
2

, P |±⟩ = ±|±⟩, H|±⟩ = (E0 ± A)|±⟩. (24.2)

Diagonalizing the symmetry first would have produced the same basis without solving
the characteristic equation.

A simultaneous convention change |2⟩ 7→ −|2⟩ and P 7→ −P preserves the swap
form of P , exchanges the labels “even” and “odd”, and sends A 7→ −A. The splitting
2|A| is unchanged. In the conventional spatial-parity realization, the lowest inversion
wave function is even; choose A < 0 so that |+⟩ is the ground state. Unlike the two
classical minima, the two localized kets are not energy eigenstates. Tunneling lifts
their apparent degeneracy.

24.4 Time evolution from a localized configuration

Prepare |ψ; 0⟩ = |1⟩ = (|+⟩+ |−⟩)/
√
2. Such localization can be achieved using electric

fields that distinguish the two configurations. The subsequent field-free state is

|ψ; t⟩ = 1√
2

(
e−i(E0+A)t/ℏ|+⟩+ e−i(E0−A)t/ℏ|−⟩

)
.

Returning to the localized basis,

|ψ; t⟩ = e−iE0t/ℏ
[
cos

At

ℏ
|1⟩ − i sin

At

ℏ
|2⟩
]
. (24.3)

Therefore

P1(t) = cos2
At

ℏ
=

1

2

[
1 + cos

2|A|t
ℏ

]
,

P2(t) = sin2 At

ℏ
=

1

2

[
1− cos

2|A|t
ℏ

]
. (24.4)
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The inversion oscillates with angular frequency 2|A|/ℏ, the energy splitting divided
by ℏ. Electromagnetic radiation at this frequency can coherently stimulate transitions
between the inversion levels. This is the essential two-level physics behind an ammonia
maser, a microwave-frequency counterpart of a laser.

The example illustrates why classically equivalent configurations need not be
degenerate quantum energy eigenstates. When a tunneling matrix element is allowed,
the energy eigenstates are often superpositions with a nonzero splitting. This is not a
universal prohibition on degeneracy: symmetry, disconnected sectors, or accidental
parameter values can preserve it. In particular, a one-dimensional unitary symmetry
representation does not by itself force an energy degeneracy.

25 Quantum symmetries and selection rules

25.1 Symmetries preserve the equation of motion

Let V be time-independent and unitary. It is a symmetry when V |ψ; t⟩ solves the
same Schrödinger equation whenever |ψ; t⟩ does. Since

iℏ∂t(V |ψ⟩) = V H|ψ⟩,

this condition is equivalent to V H|ψ⟩ = HV |ψ⟩ for every state:

[V,H(t)] = 0 for every t. (25.1)

The symmetry need not arise from a spatial transformation; it may act on internal
degrees of freedom.

If V |ϕ⟩ = v|ϕ⟩, then V (H|ϕ⟩) = H(V |ϕ⟩) = vH|ϕ⟩. Hence each symmetry
eigenspace is invariant under the Hamiltonian and its evolution. More directly,
V U(t, t0) and U(t, t0)V obey the same differential equation and initial condition, so
they are equal. The probabilities of belonging to the symmetry sectors are therefore
conserved. If every sector is one-dimensional, the evolution changes only the phase of
each symmetry eigenket.

25.2 Three equivalent ways to describe a transformation

There are two active descriptions and one passive description:

active state: |ψ⟩ 7→ V |ψ⟩, X 7→ X,

active operator: |ψ⟩ 7→ |ψ⟩, X 7→ V †XV,

passive: |ψ⟩ 7→ V |ψ⟩, X 7→ V XV †.

The first two give the same transformed expectation value, ⟨ψ|V †XV |ψ⟩. The passive
description leaves every matrix element invariant and amounts to changing the repre-
sentation of all states and operators together. These viewpoints are independent of
the choice of Schrödinger or Heisenberg picture.
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In the ammonia model, define a dimensionless inversion-position observable

Z = |1⟩⟨1| − |2⟩⟨2|.

Then P †ZP = −Z: reflection reverses the sign of the measured inversion coordinate.
In contrast, P †HP = H.

25.3 A general Abelian selection rule

Let V |a⟩ = va|a⟩ and V |b⟩ = vb|b⟩, with |va| = |vb| = 1. Suppose an operator
transforms as V †XV = χX. Inserting the symmetry gives

⟨a|V †XV |b⟩ = v∗avb⟨a|X|b⟩ = χ⟨a|X|b⟩.

Thus
(v∗avb − χ)⟨a|X|b⟩ = 0. (25.2)

A matrix element can be nonzero only if the symmetry phases match. For parity
eigenvalues va, vb = ±1, an even operator (χ = +1) connects equal parities, while an
odd operator (χ = −1) connects opposite parities.

For ammonia this immediately gives

⟨+|H|−⟩ = 0, ⟨+|Z|+⟩ = ⟨−|Z|−⟩ = 0.

Indeed, direct calculation shows Z|+⟩ = |−⟩ and Z|−⟩ = |+⟩. The inversion dipole is
odd, so it can drive the transition between the even and odd levels. The selection rule
expresses this without requiring an explicit wave function.

26 Groups, representations, and triangular hop-

ping

26.1 Why symmetry operations form a group

If V1 and V2 commute with H, then

[V1V2, H] = V1[V2, H] + [V1, H]V2 = 0.

Their product is unitary and is another symmetry. Likewise, [V −1, H] =
−V −1[V,H]V −1 = 0. Including the identity, symmetries are therefore closed
under multiplication and inverses. Operator multiplication is associative. These are
precisely the group axioms.

A group is Abelian if every pair of elements commutes. A group generated by a
single element is cyclic. If V n = 1 and no smaller positive power is the identity, its
elements are

1, V, V 2, . . . , V n−1,

and multiplication adds exponents modulo n. This is the abstract cyclic group Zn. If
no nonzero power of T equals the identity, its integer powers form a group isomorphic
to Z under addition. An isomorphism is a bijection that preserves the group law.
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A reflection generates Z2; a fixed translation on an infinite line generates Z; and
a rotation through 2π/n generates Zn. Combining transformations can give a non-
Abelian group. For example, rotating and then translating a lattice does not generally
give the same result as translating and then rotating it.

Figure 34: Geometries with discrete reflection, translation, and rotation symmetries.

Figure 35: A triangular lattice supporting translations, rotations, and reflections.

The geometry may determine the abstract group before the Hilbert space is known.
Crystal point groups describe the corresponding rotations and reflections; space groups
include the translational structure. To implement an abstract group G on a quantum
Hilbert space, specify unitary operators D(g) satisfying

D(g)D(h) = D(gh), D(e) = 1.

This is a unitary representation. The abstract multiplication law and its realization
as operators are separate pieces of information.
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26.2 Three sites and the dihedral group

Consider localized states |1⟩, |2⟩, |3⟩ at the vertices of an equilateral triangle. A cyclic
rotation and the three reflections act as

C = |2⟩⟨1|+ |3⟩⟨2|+ |1⟩⟨3|,
R1 = |1⟩⟨1|+ |3⟩⟨2|+ |2⟩⟨3|,
R2 = |2⟩⟨2|+ |3⟩⟨1|+ |1⟩⟨3|,
R3 = |3⟩⟨3|+ |2⟩⟨1|+ |1⟩⟨2|.

The six group elements are 1, C, C−1, R1, R2, R3. Direct action on the three basis
states verifies

C3 = 1, R2
1 = 1, R1CR1 = C−1, R2 = R1C, R3 = CR1.

Thus the symmetry group is D3, with presentation

D3 = ⟨c, r | c3 = r2 = (cr)2 = e⟩.

Its order is six; conventions that index a dihedral group by its order instead call
this group D6. Here Dn denotes the symmetry group of an n-gon, of order 2n. Two
reflections also generate D3: C = R1R2, C

−1 = R2R1, and R3 = R2R1R2 = R1R2R1.

Figure 36: The rotation and reflection operations on the three-site system.

26.3 Eliminating phases in the site representation

Suppose initially C|j⟩ = eiαj |j+1⟩, with labels understood modulo three. The relation
C3 = 1 requires ei(α1+α2+α3) = 1. Choose a phase for |1⟩ and define the other two basis
states by |2⟩ = C|1⟩ and |3⟩ = C2|1⟩. Then C has exactly the phase-free form above.
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A reflection fixing site one acts there by R1|1⟩ = ρ|1⟩, with ρ = ±1 from R2
1 = 1.

Using R1C = C−1R1 gives

R1|2⟩ = ρ|3⟩, R1|3⟩ = ρ|2⟩.

Multiplying all reflection operators by the common sign ρ leaves the dihedral group
relations intact and gives the displayed permutation representation. Geometrically
this chooses the trivial reflection phase of each localized site state. Additional internal
degrees of freedom can carry their own symmetry representation; they must be included
if present rather than absorbed into this three-state model.

26.4 The invariant Hamiltonian and its eigenvectors

Requiring invariance under all permutations generated by C,R1 forces equal diagonal
entries and equal real off-diagonal entries:

H =

 E0 A/2 A/2
A/2 E0 A/2
A/2 A/2 E0

 = E01+
A

2
(C + C†). (26.1)

The factor 1/2 is a parameter convention. To diagonalize, first use the cyclic symmetry.
Set ζ = e2πi/3 and define

|n⟩C =
1√
3
(|1⟩+ ζ−n|2⟩+ ζ−2n|3⟩), n = 0, 1, 2.

For n ≠ m, 1 + ζn−m + ζ2(n−m) = 0, so these kets are orthonormal. Acting with C
shifts the site labels:

C|n⟩C =
1√
3
(|2⟩+ ζ−n|3⟩+ ζ−2n|1⟩) = ζn|n⟩C .

Equation (26.1) therefore gives

En = E0 +
A

2
(ζn + ζ−n) = E0 + A cos

2πn

3
.

There is one singlet and one doublet:

E0,C = E0 + A, E1,C = E2,C = E0 −
A

2
. (26.2)

For the usual negative hopping amplitude, the fully symmetric singlet is the ground
state. Symmetry-enforced degeneracy need not occur in the ground state; this model
places it in the excited doublet. There is no universal rule that quantum ground states
must be nondegenerate: familiar nodeless-ground-state results require suitable scalar
Hamiltonians and boundary assumptions.
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26.5 Why the doublet is forced to be degenerate

Reflection exchanges the two nontrivial rotation eigenstates:

R1|n⟩C = |−n⟩C .

Since [H,R1] = 0,
H(R1|1⟩C) = R1H|1⟩C = E1,C |2⟩C .

But the left side is E2,C |2⟩C , proving E1,C = E2,C . Rotation alone would allow different
energies for its three eigenvalues; the noncommuting reflection links two of them.

The Hilbert space decomposes as an orthogonal direct sum

H = HA ⊕HB, HA = span{|0⟩C}, HB = span{|1⟩C , |−1⟩C}.

A direct sum means that every ket has a unique expression as a sum of one ket from
each subspace. On HB, the symmetry matrices are

CB =

(
ζ 0
0 ζ−1

)
, (R1)B =

(
0 1
1 0

)
.

The only one-dimensional CB-invariant subspaces are its eigenlines, and reflection
exchanges them. Thus no line is invariant under the whole group: the doublet is
irreducible. The projectors

ΠA = |0⟩C⟨0|C , ΠB = |1⟩C⟨1|C + |−1⟩C⟨−1|C

commute with every symmetry. The Hamiltonian is H = (E0+A)ΠA+(E0−A/2)ΠB.

26.6 A cyclic N-site extension

For N ≥ 3 sites on a ring, let C|j⟩ = |j + 1⟩ modulo N and consider nearest-neighbor
hopping

H = E01+ J(C + C†), J ∈ R.

The discrete Fourier kets are

|kn⟩ =
1√
N

N−1∑
j=0

e−iknj|j⟩, kn =
2πn

N
.

They obey C|kn⟩ = eikn|kn⟩ and have energies En = E0 + 2J cos kn. A localized initial
ket evolves with amplitude

⟨j | ψ(t)⟩ = 1

N

N−1∑
n=0

e−iEnt/ℏe−ikn(j−j0) if |ψ(0)⟩ = |j0⟩. (26.3)

At t = 0, the discrete Fourier identity gives δj,j0 ; unitarity preserves the total probability.
Reflection sends kn → −kn and pairs equal energies. The unpaired sectors are k = 0
and, for even N , k = π. This generalizes the singlet-doublet structure of the triangle.
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27 Irreducible representations and non-Abelian se-

lection rules

27.1 Invariant subspaces and complete reducibility

A subspace V ⊂ H is invariant when D(g)V ⊆ V for every g. If the representation is
unitary, its orthogonal complement is also invariant: for w ⊥ V and v ∈ V ,

⟨v | D(g)w⟩ = ⟨D(g)−1v | w⟩ = 0.

Thus an invariant subspace gives an orthogonal direct-sum decomposition. Iterating
in finite dimensions decomposes the representation into irreducible pieces. Infinite-
dimensional representations may require direct integrals rather than only discrete
sums; the finite-dimensional models here need only direct sums.

For a complex Abelian unitary representation, the symmetry matrices commute
and can be simultaneously diagonalized. Each common eigenline is invariant, so
all finite-dimensional irreducible representations are one-dimensional. Non-Abelian
groups can have higher-dimensional irreps, although a particular representation may
still consist only of singlets.

27.2 Schur’s lemma with proof

An intertwiner T : V → W satisfies TDV (g) = DW (g)T for every g. Its kernel and
image are invariant. If V and W are irreducible and T ̸= 0, irreducibility therefore
forces kerT = {0} and ranT = W . Hence T is an isomorphism; there are no nonzero
intertwiners between inequivalent irreps.

For an endomorphism T : V → V on a finite-dimensional complex irrep, choose an
eigenvalue λ. The operator T − λ1 is also an intertwiner and has a nonzero kernel.
The previous argument forces T − λ1 = 0. Thus

[T,D(g)] = 0 for every g =⇒ T = λ1 on an irreducible space. (27.1)

This proves Schur’s lemma in the form needed for quantum symmetries.

27.3 Equivalent irreps and multiplicity spaces

To state the dynamical consequence accurately, group equivalent copies together:

H =
⊕
α

(Vα ⊗Mα), D(g) =
⊕
α

(Dα(g)⊗ 1Mα).

Here Vα carries an inequivalent irrep of dimension dα, and Mα records how many
equivalent copies occur. A Hamiltonian commuting with the symmetry must have the
form

H(t) =
⊕
α

(1Vα ⊗ hα(t)) . (27.2)

To derive this, write each block between copies of two irreps. Commuting with all
D(g) says that this block is an intertwiner. It vanishes for inequivalent irreps and is a
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scalar on the irrep indices for equivalent ones. Those scalars form the matrix hα on
the multiplicity space.

If an irrep occurs once, the Hamiltonian is a scalar on it, and all its dα states
are degenerate. If it occurs several times, the Hamiltonian may mix the equivalent
copies. Diagonalizing hα gives energy levels each with at least dα-fold degeneracy. An
arbitrary chosen copy need not itself be preserved by the dynamics. The symmetry
type is preserved; multiplicity labels can evolve.

For a symmetry-invariant observable X, the same block rule applies. Thus it
cannot connect inequivalent symmetry types, and within a single multiplicity-free
irrep it is proportional to the identity. This is the non-Abelian counterpart of the
Abelian selection rule. For operators that transform nontrivially, allowed transitions
are determined by whether the final irrep occurs in the product of the operator’s
symmetry type with the initial irrep.

28 Continuous symmetries and conserved genera-

tors

28.1 One-parameter groups

A one-parameter unitary group is a continuous family V (θ) satisfying

V (0) = 1, V (θ1)V (θ2) = V (θ1 + θ2). (28.1)

Consequently V (θ)−1 = V (−θ) = V (θ)†, and all members of this particular family
commute. The parameter can be an angle, a displacement, or a time interval. Periodic
families describe circle subgroups; a general one-parameter group need not be periodic.
We first use differentiable finite-dimensional matrices. For infinite-dimensional systems,
strong continuity gives a self-adjoint generator, and derivative identities hold on its
appropriate domain.

Define

Q = iℏ
dV (θ)

dθ
V (θ)†. (28.2)

There are three properties to establish before calling Q a conserved observable.
First, differentiate V (θ + ϵ) = V (ϵ)V (θ) with respect to ϵ at zero:

V ′(θ) = V ′(0)V (θ).

Multiplying by V (θ)† gives
Q = iℏV ′(0), (28.3)

which is independent of θ. Differentiating the group law with the two factors reversed
also gives V ′ = V V ′(0); therefore Q commutes with the whole one-parameter group it
generates.

Second, differentiating V †V = 1 gives V ′†V + V †V ′ = 0. Equivalently, V V ′† =
−V ′V †, and hence

Q† = −iℏV V ′† = iℏV ′V † = Q.
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Thus the generator is Hermitian.
Third, suppose every V (θ) is a time-independent symmetry: [V (θ), H(t)] = 0 for

all θ, t. Differentiating at zero yields

[V ′(0), H(t)] = 0, [Q,H(t)] = 0.

Because Q has no explicit time dependence, the Heisenberg equation then gives

dQH

dt
=

i

ℏ
[HH , QH ] = 0. (28.4)

This proves the time-independent version of the quantum Noether theorem: a
continuous unitary symmetry has a self-adjoint conserved generator. In particular,
every state’s expectation of Q is constant. The more general case with explicit time
dependence is derived in Section 32.

Conversely, if Q is time independent and commutes with H(t), then every power
of Q commutes with H(t), so its exponential does as well. Solving iℏV ′ = QV with
V (0) = 1 gives

V (θ) = exp

(
− iθQ

ℏ

)
. (28.5)

A conserved generator and its one-parameter symmetry therefore contain the same
information.

28.2 Phase conventions and additive constants

Replacing V (θ) by Ṽ (θ) = eiaθV (θ) preserves its action on rays and its one-parameter
group law. It changes the generator to

Q̃ = Q− ℏa1.

An additive scalar in a generator is thus an overall-phase convention. In a finite-
dimensional space of dimension d, one can set TrQ = 0 by subtracting (TrQ/d)1.
There is generally no finite trace with which to make this prescription in an infinite-
dimensional Hilbert space.

There is also a global qualification. If the parameter describes a circle with a
specified period, an arbitrary rephasing on the real parameter line need not remain
single-valued on that circle. A shift that is harmless for the infinitesimal generator
can change whether we obtain an ordinary or a projective representation of the global
group. Spin rotations provide the central example below.

28.3 Spin generates spatial rotations

For the qubit Hamiltonian proportional to Sz, consider

V0(θ) = |↑⟩⟨↑|+ eiθ|↓⟩⟨↓|.

It commutes with H and obeys the group law. Direct differentiation would give

Q0 = −ℏ|↓⟩⟨↓| = Sz −
ℏ
2
1.
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Remove the scalar part by taking

Vz(θ) = e−iθ/2V0(θ) = e−iθ/2|↑⟩⟨↑|+ eiθ/2|↓⟩⟨↓| = e−iθSz/ℏ. (28.6)

The generator is now exactly Sz.
To identify the spatial action, recall

Sx =
ℏ
2
(|↑⟩⟨↓|+ |↓⟩⟨↑|), Sy =

ℏ
2i
(|↑⟩⟨↓| − |↓⟩⟨↑|).

Conjugation gives

V †
z SxVz =

ℏ
2
(eiθ|↑⟩⟨↓|+ e−iθ|↓⟩⟨↑|) = cos θ Sx − sin θ Sy,

V †
z SyVz =

ℏ
2i
(eiθ|↑⟩⟨↓| − e−iθ|↓⟩⟨↑|) = sin θ Sx + cos θ Sy,

V †
z SzVz = Sz.

In the transformed state Vz|ψ⟩, therefore,⟨Sx⟩′⟨Sy⟩′
⟨Sz⟩′

 =

cos θ − sin θ 0
sin θ cos θ 0
0 0 1

⟨Sx⟩⟨Sy⟩
⟨Sz⟩

 . (28.7)

This is the right-handed active rotation about the positive z axis.

Figure 37: Rotation of the spin expectation value around the z axis.

The same construction in the Sx eigenbasis gives

Vx(θ) = e−iθ/2|+x⟩⟨+x|+ eiθ/2|−x⟩⟨−x|

= cos
θ

2
1− i sin

θ

2
σx =

(
cos(θ/2) −i sin(θ/2)
−i sin(θ/2) cos(θ/2)

)
. (28.8)
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Here we used |±x⟩ = (|↑⟩ ± |↓⟩)/
√
2. The derivative at zero is −iσx/2, so Qx = Sx.

Multiplying the matrices, or using the Pauli product rule, gives

V †
xSxVx = Sx,

V †
xSyVx = cos θ Sy − sin θ Sz,

V †
xSzVx = sin θ Sy + cos θ Sz.

These are exactly the components of a right-handed rotation about x.
Likewise,

Vy(θ) = cos
θ

2
1− sin

θ

2
(|↑⟩⟨↓| − |↓⟩⟨↑|)

= cos
θ

2
1− i sin

θ

2
σy =

(
cos(θ/2) − sin(θ/2)
sin(θ/2) cos(θ/2)

)
, (28.9)

so Qy = Sy, and

V †
y SyVy = Sy,

V †
y SzVy = cos θ Sz − sin θ Sx,

V †
y SxVy = sin θ Sz + cos θ Sx.

All three rotation operators act on the qubit state space. Whether a particular rotation
is a symmetry of its dynamics is a separate question: the corresponding generator
must commute with the actual Hamiltonian. A nonzero fixed field along z preserves
rotations about z, but generally breaks rotations about x and y. With no preferred
direction and a scalar Hamiltonian on the doublet, all rotations are symmetries.

28.4 Energy and time translations

For a time-independent Hamiltonian, H itself is a conserved charge. Its generated
symmetry is

V (∆t) = e−i∆tH/ℏ = U(t+∆t, t).

Acting on an evolving state advances the solution by a fixed amount: V (∆t)|ψ, t⟩ =
|ψ, t + ∆t⟩. Thus energy conservation is the Noether statement associated with
time-translation invariance. Explicitly time-dependent driving usually removes this
symmetry and permits energy exchange with the external apparatus.

28.5 Infinitesimal transformations in the three viewpoints

Expand V (θ) = 1− iθQ/ℏ+O(θ2). In the active state viewpoint,

|ψ⟩ 7−→ |ψ⟩ − iθ

ℏ
Q|ψ⟩, X 7−→ X.

To describe the same change with the state fixed, transform the observable by V †XV :

|ψ⟩ 7−→ |ψ⟩, X 7−→ X +
iθ

ℏ
[Q,X] = X − iθ

ℏ
[X,Q].

84



Finally, a passive change that leaves matrix elements unchanged uses |ψ⟩ 7→ V |ψ⟩ and
X 7→ V XV †:

|ψ⟩ 7−→ |ψ⟩ − iθ

ℏ
Q|ψ⟩, X 7−→ X +

iθ

ℏ
[X,Q].

The opposite signs in the two operator transformations follow from which side carries
V and which carries V †.

29 Lie groups and Lie algebras

29.1 Composing continuous transformations

If Q1, . . . , Qn are conserved Hermitian charges, any real linear combination is also a
conserved Hermitian charge. We can therefore form

V (θ1, . . . , θn) = exp

(
− i

ℏ
∑
a

θaQa

)
.

If the charges commute, multiplication simply adds their parameters. When they do
not commute, the order of transformations matters.

To see the first correction, write eXeY = eZ and compare series through quadratic
order. The left side is

1+X + Y +
X2

2
+XY +

Y 2

2
+O(3).

Putting Z = X + Y + Z2 +O(3) on the right gives

1+X + Y + Z2 +
1
2
(X2 +XY + Y X + Y 2) +O(3).

Equality requires Z2 =
1
2
(XY − Y X). The full Baker–Campbell–Hausdorff expansion

begins

eXeY = exp

(
X + Y +

1

2
[X, Y ] +

1

12
[X, [X, Y ]]− 1

12
[Y, [X, Y ]] + · · ·

)
. (29.1)

With X = −iθ1Q1/ℏ and Y = −iθ2Q2/ℏ, this becomes

e−iθ1Q1/ℏe−iθ2Q2/ℏ = exp

{
− i

ℏ

(
θ1Q1 + θ2Q2 +

θ1θ2
2iℏ

[Q1, Q2] +O(θ3)

)}
. (29.2)

Reversing the order changes the sign of the displayed commutator term. A useful way
to isolate noncommutativity is the small group commutator:

eXeY e−Xe−Y = 1+ [X, Y ] +O(3) = 1− θ1θ2
ℏ2

[Q1, Q2] +O(3).

Thus the Lie bracket records the leading discrepancy between doing one infinitesimal
transformation before or after another.
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29.2 Closure and conservation of commutators

The properly normalized commutator

C =
1

iℏ
[Q1, Q2]

is Hermitian: taking its adjoint changes the sign of both 1/i and the commutator. If
[H,Q1] = [H,Q2] = 0, the derivation identity gives

[H, [Q1, Q2]] = [[H,Q1], Q2] + [Q1, [H,Q2]] = 0.

Hence C is another conserved charge. This identity is equivalent to the Jacobi identity,
so the result does not depend on any particular representation.

A finite list of independent generators describes a closed finite-dimensional Lie
algebra when

[Qi, Qj] = iℏ
∑
k

fij
kQk, fij

k ∈ R. (29.3)

Reality follows because the normalized commutator and the basis charges are
Hermitian. Antisymmetry gives fij

k = −fjik. Substitute this expansion into
[[Qi, Qj], Qk] + [[Qj, Qk], Qi] + [[Qk, Qi], Qj] = 0. The coefficient of the independent
Qm is −ℏ2

∑
l(fij

lflk
m + cdots), so∑

l

(
fij

lflk
m + fjk

lfli
m + fki

lflj
m
)
= 0. (29.4)

The antisymmetry and this quadratic constraint are the algebraic conditions on the
structure constants.

Sometimes closure requires the identity as a central generator, even though its
exponential acts only by an overall phase. The canonical example is the Heisenberg
algebra

[x, p] = iℏ1, [x,1] = [p,1] = 0.

It has no finite-dimensional matrix realization with nonzero ℏ: taking traces would
give 0 = iℏ dimH. More generally, commutators of finite matrices are traceless, and a
basis of traceless Hermitian charges closes without an independent identity component.
The infinite-dimensional canonical operators are unbounded, so the finite-matrix trace
argument does not apply to them.

29.3 The invariant trace inner product

In a finite-dimensional unitary representation, let the Qi be real linearly independent
and define

hij = Tr(QiQj).

Cyclicity shows symmetry, hji = hij, and Hermiticity shows reality:

h∗ij = Tr[(QiQj)
†] = Tr(QjQi) = hij.

86



For any real nonzero vector c, the Hermitian matrix Q(c) =
∑

i ciQi is nonzero.
Diagonalizing it gives real eigenvalues qa, at least one nonzero, and therefore∑

ij

cihijcj = Tr[Q(c)2] =
∑
a

q2a > 0.

Thus h is a positive-definite real inner product on the represented Lie algebra.
The identity

Tr([A,B]C + [A,C]B) = Tr(ABC −BAC + ACB − CAB) = 0

follows by moving the first factor of BAC and CAB around the trace. Taking A = Qi,
B = Qj, and C = Qk, then using the structure constants, gives∑

l

(
fij

lhlk + fik
lhlj
)
= 0. (29.5)

This means the infinitesimal adjoint action preserves the inner product.
Apply ordinary Gram–Schmidt to choose an orthonormal real basis of charges,

so hij = δij. With all indices lowered, (29.5) becomes fijk = −fikj. Together with
fijk = −fjik, this makes fijk completely antisymmetric. A finite-dimensional real Lie
algebra with a positive-definite invariant inner product is of compact reductive type:
it splits into its Abelian center and compact semisimple factors. Here it is the image
of the algebra in the unitary representation that has this property; an abstract algebra
may have a kernel in that representation.

29.4 Local algebra and global group

A Lie group is a smooth manifold with smooth multiplication and inversion. Near its
identity, exponentials of a linearly independent basis of tangent generators give local
coordinates. Translating this patch by any group element gives a coordinate patch
there. The BCH formula expresses the multiplication law near the identity in terms
of the Lie bracket.

These statements are local. A general group element need not be a single exponen-
tial, and distinct global Lie groups can have the same Lie algebra. Nevertheless, the
connected identity component is generated by products of elements in sufficiently small
exponential neighborhoods. The Lie algebra determines the simply connected group
integrating it, while additional discrete identifications distinguish other connected
groups with that algebra.

Abstractly, a real Lie algebra g is a real vector space with a bilinear antisymmetric
bracket satisfying Jacobi. In the Hermitian convention used here, a representation
assigns x 7→ Qx linearly, with

Q[x,y]g =
1

iℏ
[Qx, Qy]. (29.6)

The factor on the right converts the operator commutator of Hermitian charges back to
a Hermitian charge. One could instead use anti-Hermitian generators and remove this
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factor from the representation law. A complex Lie algebra uses a complex vector space
instead; the physical infinitesimal unitary transformations are naturally organized first
as a real Lie algebra.

For rotations, an abstract basis ℓx, ℓy, ℓz obeys

[ℓi, ℓj]g = ϵijkℓk.

Its Hermitian representatives satisfy

[Li, Lj] = iℏϵijkLk.

This is so(3), also isomorphic to su(2). The qubit operators Si = ℏσi/2 give one
representation. The algebra itself does not specify the dimension of the state space,
so we next determine all irreducible unitary rotation multiplets.

30 Classification of spin representations

30.1 The Casimir and ladder algebra

We seek Hermitian operators Lx, Ly, Lz satisfying

[Li, Lj] = iℏϵijkLk (30.1)

on an initially unspecified Hilbert space. An atom in a rotationally invariant environ-
ment must have a state space on which rotations act, but it need not transform like a
qubit. The possible irreducible multiplets follow from the algebra and positivity alone.

Define the total angular momentum

L2 = L2
x + L2

y + L2
z.

Using [AB,C] = A[B,C] + [A,C]B,

[L2, Li] =
∑
j

(
Lj[Lj, Li] + [Lj, Li]Lj

)
= iℏ

∑
jk

ϵjik(LjLk + LkLj) = 0.

The last sum vanishes because the Levi-Civita symbol is antisymmetric under j ↔ k
while the operator factor is symmetric. Thus L2 is a central operator, or Casimir.
It can be diagonalized simultaneously with Lz. Write a normalized simultaneous
eigenvector as

L2|λ,m⟩ = ℏ2λ|λ,m⟩, Lz|λ,m⟩ = ℏm|λ,m⟩. (30.2)

The dimensionless λ is nonnegative because ⟨L2⟩ =
∑

i ∥Li|ψ⟩∥
2 ≥ 0.

Introduce
L+ = Lx + iLy, L− = Lx − iLy = L†

+.
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From the original commutators,

[Lz, L+] = iℏLy + i(−iℏLx) = ℏL+,

[Lz, L−] = iℏLy − i(−iℏLx) = −ℏL−,

[L+, L−] = −i[Lx, Ly] + i[Ly, Lx] = 2ℏLz.

Conversely, these three relations together with Lx = (L+ + L−)/2 and Ly = (L+ −
L−)/(2i) reproduce (30.1). The two descriptions are equivalent.

Since [L2, L±] = 0 and [Lz, L±] = ±ℏL±,

L2L±|λ,m⟩ = ℏ2λL±|λ,m⟩,
LzL±|λ,m⟩ = L±(Lz ± ℏ)|λ,m⟩ = ℏ(m± 1)L±|λ,m⟩.

Whenever it is nonzero, L±|λ,m⟩ is therefore another state with the same λ and with
m shifted by one. This explains the names raising and lowering operators.

30.2 Norms, termination, and quantization

The normalization is determined by multiplying the ladder operators:

L∓L± = (Lx ∓ iLy)(Lx ± iLy)

= L2
x + L2

y ± i[Lx, Ly]

= L2 − L2
z ∓ ℏLz = L2 − Lz(Lz ± ℏ).

Consequently,

∥L±|λ,m⟩∥2 = ⟨λ,m|L∓L±|λ,m⟩ = ℏ2
[
λ−m(m± 1)

]
. (30.3)

A norm cannot be negative. Repeatedly raisingm would eventually makem(m+1) > λ
if the ladder continued forever. Therefore it must terminate at a highest weight m = ℓ
satisfying

L+|λ, ℓ⟩ = 0, λ = ℓ(ℓ+ 1).

At the highest state the lowering norm is ℏ2[ℓ(ℓ + 1) − ℓ(ℓ − 1)] = 2ℏ2ℓ, so ℓ ≥ 0.
Similarly there is a lowest weight m− with

L−|λ,m−⟩ = 0, m−(m− − 1) = ℓ(ℓ+ 1).

Factoring gives
(m− + ℓ)(m− − ℓ− 1) = 0.

Since m− ≤ ℓ, only m− = −ℓ is possible. The number of unit steps between the
endpoints is 2ℓ, so

2ℓ ∈ N ∪ {0}, ℓ = 0,
1

2
, 1,

3

2
, . . . . (30.4)

Thus positivity and the ladder structure force integer or half-integer angular momen-
tum; no separate quantization prescription was inserted.
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Choosing successive ket phases to make the nonzero ladder coefficients positive,
the normalized result is

L2|ℓ,m⟩ = ℏ2ℓ(ℓ+ 1)|ℓ,m⟩,
Lz|ℓ,m⟩ = ℏm|ℓ,m⟩,
L±|ℓ,m⟩ = ℏ

√
ℓ(ℓ+ 1)−m(m± 1)|ℓ,m± 1⟩

= ℏ
√

(ℓ∓m)(ℓ±m+ 1)|ℓ,m± 1⟩. (30.5)

The allowed magnetic quantum numbers are m = −ℓ,−ℓ+ 1, . . . , ℓ. Distinct m have
distinct eigenvalues of the Hermitian Lz, so the normalized kets are orthogonal. Their
span has dimension 2ℓ+ 1 and is preserved by Lz, L±, hence by all three Li.

Conversely, for any allowed ℓ, define operators by (30.5) on an orthonormal basis
of this size. Their adjoints have the required relation, and

(L+L− − L−L+)|ℓ,m⟩ = ℏ2
[
ℓ(ℓ+ 1)−m(m− 1)

− ℓ(ℓ+ 1) +m(m+ 1)
]
|ℓ,m⟩

= 2ℏ2m|ℓ,m⟩ = 2ℏLz|ℓ,m⟩.

The other ladder commutators follow directly from the shift in m. Every nonnegative
integer or half-integer ℓ therefore produces an actual unitary representation.

30.3 Irreducibility and completeness of the classification

Let O commute with Lz, L+, L−. In the single ladder just built, each Lz eigenspace is
one dimensional, so

O|ℓ,m⟩ = om|ℓ,m⟩.

For m < ℓ, apply [O,L+] = 0 to the ket. Because the raising coefficient is nonzero,

om+1 = om.

It follows that every om is the same and O = c1.
If the representation were reducible, a nonzero proper invariant subspace would have

an invariant orthogonal complement because the Li are Hermitian. The orthogonal
projector onto that subspace would then commute with all Li but would not be
scalar, contradicting the result just proved. The ladder representation is therefore
irreducible. Conversely, in any irreducible unitary rotation representation, the invariant
ladder generated from a simultaneous eigenvector must fill the whole space. This
yields precisely the spin-ℓ representations. For a general unitary representation of
the compact rotation or spin group, one decomposes into these finite-dimensional
irreducible multiplets, possibly with repeated copies.

The first few cases are immediate. For ℓ = 0, all generators vanish and the
representation is a singlet. For ℓ = 1

2
, the ordered basis |1

2
, 1
2
⟩, |1

2
,−1

2
⟩ gives Li = ℏσi/2.
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For ℓ = 1, using the ordered basis m = 1, 0,−1 gives

Lz = ℏ

1 0 0
0 0 0
0 0 −1

 ,

Lx =
ℏ√
2

0 1 0
1 0 1
0 1 0

 , Ly =
ℏ√
2

0 −i 0
i 0 −i
0 i 0

 .

30.4 Ordinary vectors are spin one

An ordinary three-component vector transforms by a real rotation matrix. Complexify
this vector space and use its usual Hermitian inner product. A rotation about z has

Rz(θ) =

cos θ − sin θ 0
sin θ cos θ 0
0 0 1

 = e−iθLz/ℏ,

so Lz = iℏR′
z(0). More generally,

(Li)jk = −iℏϵijk. (30.6)

These matrices are Hermitian because the real antisymmetric Levi-Civita matrices are
multiplied by −i. Explicitly,

Lx = ℏ

0 0 0
0 0 −i
0 i 0

 , Ly = ℏ

 0 0 i
0 0 0
−i 0 0

 , Lz = ℏ

0 −i 0
i 0 0
0 0 0

 .

Direct multiplication gives [Lx, Ly] = iℏLz and its cyclic partners. Also L2
x+L

2
y+L

2
z =

2ℏ21, identifying ℓ(ℓ+ 1) = 2, hence ℓ = 1.
The spherical basis

|1, 1⟩ = − x̂+ iŷ√
2
, |1, 0⟩ = ẑ, |1,−1⟩ = x̂− iŷ√

2

has Lz eigenvalues ℏ, 0,−ℏ and the positive ladder coefficients in (30.5). For example,

L−|1, 1⟩ =
√
2ℏ|1, 0⟩, L−|1, 0⟩ =

√
2ℏ|1,−1⟩.

Thus the familiar vector representation is unitarily equivalent to the abstract spin-one
ladder representation.

30.5 How far must a state rotate to become orthogonal?

Fix a unit vector n̂ and a normalized spin-ℓ state. Choose the eigenbasis of Ln = n̂ ·L
and write

|ψ⟩ =
ℓ∑

m=−ℓ

cm|ℓ,m⟩n, pm = |cm|2,
∑
m

pm = 1.
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The overlap with its rotated image is

A(θ) = ⟨ψ|e−iθLn/ℏ|ψ⟩ =
ℓ∑

m=−ℓ

pme
−imθ. (30.7)

Only the probabilities in the rotation-axis basis enter; the phases of the cm cancel.
For ℓ > 0 and |θ| < π/(2ℓ), every term obeys |mθ| < π/2, hence cos(mθ) > 0.

Therefore
ℜA(θ) =

∑
m

pm cos(mθ) > 0,

and the overlap cannot vanish. At |θ| = θmin = π/(2ℓ), all cosines remain strictly
positive except at m = ±ℓ, where they are zero. Vanishing real part then forces
pm = 0 for every interior weight. The imaginary part vanishes only if the two endpoint
probabilities are equal. Consequently,

θmin =
π

2ℓ
, |ψ⟩ = 1√

2

(
eiα|ℓ, ℓ⟩n + eiβ|ℓ,−ℓ⟩n

)
(30.8)

are exactly the states attaining this universal minimum. For these statesA(θ) = cos(ℓθ).
A particular other state may require a larger angle or may never become orthogonal
under this one-axis rotation. For ℓ = 0, rotations leave every state unchanged, so no
orthogonal image exists.

There is a second question: can one generate an entire orthonormal basis by
rotating one state about this same axis? Put d = 2ℓ+ 1 and suppose

|ψj⟩ = e−iθjLn/ℏ|ψ⟩, θ0 = 0 < θ1 < · · · < θd−1 < 2π.

In the m basis, the matrix whose columns are these kets is Mmj = cme
−imθj . If its d

columns are orthonormal, then the square matrix M is unitary, so its rows also have
unit norm. The norm of row m is d|cm|2, implying

|cm|2 =
1

d
for every m. (30.9)

With these uniform probabilities, orthogonality to the initial ket requires, for each
j > 0,

0 = ⟨ψ0 | ψj⟩ =
eiℓθj

d

d−1∑
r=0

e−irθj =
eiℓθj

d

1− e−idθj

1− e−iθj
.

The denominator is nonzero because 0 < θj < 2π. Thus each θj is a nonzero multiple
of 2π/d. There are exactly d− 1 such distinct angles in the required interval, so their
ordering fixes

θj =
2πj

d
, j = 0, . . . , d− 1. (30.10)

These conditions are also sufficient: for j ̸= k, the inner product is a phase times
d−1

∑d−1
r=0 e

−2πir(j−k)/d = 0. Hence a complete family of examples is

|ψ⟩ = 1√
2ℓ+ 1

ℓ∑
m=−ℓ

eiαm|ℓ,m⟩n,

with arbitrary coefficient phases, rotated through the equally spaced angles in (30.10).
The discrete Fourier orthogonality identity is the reason this construction works.
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31 Half-integer spin, topology, and projective rep-

resentations

31.1 The sign under a full rotation

In a spin-ℓ multiplet,
e−2πiLz/ℏ|ℓ,m⟩ = e−2πim|ℓ,m⟩.

All the m values differ by integers, so the phase is the same across the entire multiplet:

U(2π) = (−1)2ℓ1. (31.1)

Integer spins return to the same ket after 2π; half-integer spins return to its negative
and require 4π to return to the same ket. Conjugating by a rotation that takes z to
another axis proves the same statement for a full turn about any axis.

The sign is invisible on a single ray, but it prevents the half-integer-spin matrices
from forming an ordinary representation of SO(3): the identity rotation must be
represented by 1, not by −1. Rephasing the matrices along one chosen axis can
remove that axis’s sign, but no globally consistent choice preserves the multiplication
law for all spatial rotations at once. The obstruction is encoded in the global topology
of the rotation group.

31.2 The group SU(2) and its double cover

For spin one half,

U(n̂, θ) = exp

(
− iθ

2
n̂ · σ

)
= cos

θ

2
1− i sin

θ

2
n̂ · σ. (31.2)

The final equality follows from (n̂ · σ)2 = 1, which separates the exponential into its
even and odd powers. These matrices are unitary with determinant one. Conversely
every 2× 2 special unitary matrix has the form

U =

(
α β
−β∗ α∗

)
, |α|2 + |β|2 = 1. (31.3)

Indeed, the orthogonal unit vector to a first row (α, β) is (−β∗, α∗) up to phase, and
determinant one fixes that phase. The four real components of α, β therefore satisfy

(ℜα)2 + (ℑα)2 + (ℜβ)2 + (ℑβ)2 = 1.

As a manifold, SU(2) is the unit three-sphere S3 in R4. All spin-ℓ multiplets, including
half-integer ones, are ordinary representations of this group.

The map from SU(2) to spatial rotations can be made explicit. Associate a real
vector x with the traceless Hermitian matrix X = x · σ. Conjugation by U preserves
Hermiticity and trace, so

UXU † = (R(U)x) · σ
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for a real linear map R(U). It preserves the Euclidean inner product because
1
2
Tr(XY ) = x · y is unchanged by conjugation. Thus R(U) is orthogonal; conti-

nuity from U = 1 gives detR(U) = 1. The product rule for conjugations gives
R(UV ) = R(U)R(V ).

To identify the angle, set N = n̂ · σ and use

NX = (n̂ · x)1+ i(n̂× x) · σ, NXN = 2(n̂ · x)N −X.

Expanding (c1− isN)X(c1+ isN) with c = cos(θ/2), s = sin(θ/2) gives Rodrigues’
formula

R(U)x = cos θx+ sin θ n̂× x+ (1− cos θ)n̂(n̂ · x). (31.4)

Every spatial rotation has such an axis-angle form, so the map is onto. Its kernel
consists of matrices commuting with every Pauli matrix, hence scalar matrices. Within
SU(2) these are precisely ±1. Therefore

SO(3) ∼= SU(2)/{1,−1}. (31.5)

Each rotation has two lifts, U and −U , to the spin group.

31.3 A geometric picture of the two groups

Let θ = θn̂ range over the closed ball of radius 2π in R3 and use (31.2). At its center
U = 1; at every point on its outer sphere U = −1. All outer boundary points therefore
represent one point of SU(2). In the interior 0 < θ < 2π, the parametrization is
unique. Consequently the ball with its boundary sphere collapsed is

B3/S2 ∼= S3 ∼= SU(2).

The center and the collapsed boundary are distinct points at this stage. The lower-
dimensional analogy is a disk with its boundary circle collapsed to one point, giving a
two-sphere B2/S1 ∼= S2.

Figure 38: A three-ball with its entire boundary identified to one point describes the
three-sphere.

To obtain SO(3), identify U with −U . In axis-angle coordinates, this pairs

(θ, n̂) ∼ (2π − θ,−n̂).
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Figure 39: The analogous construction in one lower dimension: collapsing a disk
boundary gives a two-sphere.

It also identifies the center with the collapsed outer boundary. On the four-dimensional
coordinates of the unit S3, it is the antipodal identification x ∼ −x. Thus

SO(3) ∼= S3/Z2 = RP3. (31.6)

An equivalent smaller model uses the ball of radius π, identifying antipodal points
only on its boundary: a rotation by π about n̂ equals one by π about −n̂.

Every closed loop in S3 contracts to a point; SU(2) is simply connected. In SO(3),
the path that rotates from angle zero to 2π around a fixed axis is closed, because
its endpoint is the identity rotation. Its lift to SU(2) runs from 1 to −1, so it is
not closed. If the original loop contracted, its continuously lifted endpoint could not
change from −1 to 1. The loop is therefore noncontractible. Traversing it twice lifts
to a closed loop in S3, which does contract. This is the origin of

π1(SO(3)) = Z2.

Figure 40: The path from the center to the outer boundary becomes a closed, noncon-
tractible loop after the additional identification defining SO(3).

The simply connected double cover is called Spin(3) = SU(2). More generally,
Spin(n) is the simply connected double cover of SO(n) for n ≥ 3. The circle U(1) ∼= S1

and SU(2) ∼= S3 are the positive-dimensional spheres that admit a Lie group structure.
The shared rotation Lie algebra captures the local generators; the distinction between
SO(3) and its cover is global and determines which spin representations descend to
ordinary representations of the rotation group.
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31.4 Projective multiplication and relative phases

Physical pure states are rays, so symmetry representatives may obey

UgUh = eiϕ(g,h)Ugh. (31.7)

This is a projective unitary representation. The phases are not completely arbitrary:
associativity of three operators requires

ϕ(g, h) + ϕ(gh, k) = ϕ(h, k) + ϕ(g, hk) (mod 2π).

Rephasing Ug 7→ eia(g)Ug changes the multiplier by

ϕ(g, h) 7→ ϕ(g, h) + a(g) + a(h)− a(gh).

A projective representation is equivalent to an ordinary one only when such a rephasing
removes the multiplier globally.

Half-integer spin gives a projective representation of SO(3), or equivalently an
ordinary representation of SU(2). More generally, projective representations may
require a central extension, and a universal cover alone does not remove every possible
projective multiplier. For a covering group G̃ with discrete kernel K, the quotient is
G = G̃/K. A representation of G̃ descends to a projective representation of G when
every element of K acts as a scalar on the whole Hilbert space. For rotations, the
kernel is {±1} and this condition is immediate in each irreducible spin multiplet.

The word “whole” matters. In the ammonia example, P |+⟩ = |+⟩ and P |−⟩ =
−|−⟩. On each one-dimensional sector separately, P acts by a scalar phase. But on
a|+⟩ + b|−⟩ it changes a relative phase, so P is not projectively trivial on the full
two-dimensional space. One cannot independently discard the phases in separate
sectors when coherent superpositions between them are allowed.

For a fixed projective multiplier, finite-dimensional unitary representations can
still be decomposed into invariant orthogonal subspaces: the invariant-complement
argument is unchanged. The care needed is that all blocks share a consistent multiplier
and that relative phases between the blocks retain their meaning. It is often simplest
to work first with an ordinary representation of a suitable cover or central extension,
decompose it there, and only then identify which phases are common to the full
physical state.

For example, on a direct sum of integer- and half-integer-spin sectors, a 2π rotation
is +1 on the former and −1 on the latter. It is not one scalar on that direct sum.
In a field theory with fermions this is the operator (−1)F , which distinguishes even
and odd fermion number, and the spin group remains the relevant group on the full
Hilbert space.

Ordinary classical spatial vectors and tensors transform in integer-spin represen-
tations of SO(3). Half-integer spin describes a different transformation law, familiar
from quantum states. Spinor fields can also be used in classical field formulations;
in fermionic formulations they involve anticommuting Grassmann variables and do
not describe ordinary classical particle coordinates. The representation-theoretic
statement is the precise one: half-integer spin is an ordinary representation of the spin
group, and a projective representation of the spatial rotation group.
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32 Time-dependent symmetries and time reversal

32.1 Explicitly time-dependent unitary symmetries

A symmetry transformation need not be represented by a constant Schrödinger-picture
matrix. Let V (t) be unitary and ask whether

|ψ′(t)⟩ = V (t)|ψ(t)⟩

is a solution of the same Schrödinger equation whenever |ψ(t)⟩ is. Differentiating
carefully gives

iℏ
d

dt
|ψ′⟩ = iℏV̇ |ψ⟩+ V iℏ

d

dt
|ψ⟩

= (iℏV̇ + V H)|ψ⟩.

For this to equal H|ψ′⟩ = HV |ψ⟩ for every initial state, we require

iℏV̇ + [V,H] = 0, equivalently V̇ +
i

ℏ
[H, V ] = 0. (32.1)

The condition [V,H] = 0 is recovered when V̇ = 0.
Its meaning is particularly simple in the Heisenberg picture. Put VH(t) =

U(t, t0)
†V (t)U(t, t0). The derivative is

dVH
dt

= U †
(
V̇ +

i

ℏ
[H,V ]

)
U = 0.

Thus a unitary symmetry is a unitary operator constant in the Heisenberg picture.
For any prescribed unitary V0 at t0, the solution is

V (t) = U(t, t0)V0U(t, t0)
†. (32.2)

This shows that formally many time-dependent symmetries always exist. Most do not
simplify the problem, because finding them by this formula already requires solving
the evolution. The useful symmetries are usually those identifiable directly from the
physical setup, before solving its dynamics.

32.2 Quantum Noether theorem with explicit time depen-
dence

Suppose Vθ(t) is a differentiable one-parameter group for each t, with generator Q(t)
and

Vθ(t) = e−iθQ(t)/ℏ.

Insert Vθ = 1− iθQ/ℏ+O(θ2) into (32.1). At first order in θ this gives

∂Q

∂t
+

i

ℏ
[H,Q] = 0 ⇐⇒ dQH

dt
= 0. (32.3)

97



Conversely, if the Hermitian Q(t) obeys this equation, then Q(t) = UQ(t0)U
†. Expo-

nentiating yields Vθ(t) = Ue−iθQ(t0)/ℏU †, which satisfies the full symmetry equation.
Thus conserved Hermitian charges, including those with explicit time dependence,
correspond to continuous unitary symmetries.

Example 32.1 (A conserved boost charge). For a free particle in one dimension,
H = p2/(2m), consider

G(t) = mx− tp.

Although G explicitly depends on time, it is conserved. Indeed, ∂G/∂t = −p, and

[H,G] =
1

2
[p2, x] =

1

2

(
p[p, x] + [p, x]p

)
= −iℏp.

Hence (i/ℏ)[H,G] = p, exactly canceling the explicit derivative. The associated family
e−ivG(t)/ℏ implements a Galilean boost, with the sign of the velocity shift fixed by
this chosen convention. In fact, its active operator action gives V †pV = p−mv and
V †xV = x− vt; the mean velocity therefore changes by −v. This example illustrates
how a spacetime symmetry can have a time-dependent generator while its Heisenberg
charge remains constant.

32.3 Antiunitary maps

An antilinear operator Θ obeys

Θ(a|ψ⟩+ b|χ⟩) = a∗Θ|ψ⟩+ b∗Θ|χ⟩.

It is antiunitary if it is invertible and

⟨Θψ | Θχ⟩ = ⟨ψ | χ⟩∗ = ⟨χ | ψ⟩. (32.4)

This preserves norms and transition probabilities because the modulus squared of an
inner product is unaffected by complex conjugation. A symmetry acts on the entire
state space; we are not attempting to superpose a linear and an antilinear rule as if
together they formed one linear quantum operation.

Choose an orthonormal basis and let K conjugate all coefficients in that basis.
Then K is antiunitary and K2 = 1. For any antiunitary Θ, the composition W = ΘK
is linear and unitary, so

Θ = WK.

This representation is basis dependent, but it makes one crucial rule transparent:

Θi = −iΘ.

One must conjugate scalar coefficients when moving them through Θ; treating it like
an ordinary unitary matrix gives incorrect signs in time-evolution equations.
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32.4 Why time reversal is antiunitary

Let |ψ(t)⟩ solve the Schrödinger equation and define the candidate time-reversed
solution

|ψT (t)⟩ = Θ|ψ(−t)⟩,
where Θ is time independent and antiunitary. Write s = −t. Since ∂s|ψ⟩ =
−iH(s)|ψ⟩/ℏ, antilinearity gives

d

dt
|ψT (t)⟩ = −Θ

d

ds
|ψ(s)⟩

∣∣∣∣
s=−t

= − i

ℏ
ΘH(−t)|ψ(−t)⟩.

Multiplying by iℏ therefore yields

iℏ
d

dt
|ψT (t)⟩ = ΘH(−t)Θ−1|ψT (t)⟩.

The reversed state obeys the original driven problem precisely when

H(t) = ΘH(−t)Θ−1. (32.5)

For a time-independent Hamiltonian this reduces to ΘHΘ−1 = H, or ΘH = HΘ. For
a driven system the reversal must also transform the time dependence of the driving
protocol as indicated by the −t argument.

If instead we used Θ|ψ(t)⟩ without reversing time, an identical calculation would
produce the Hamiltonian −ΘH(t)Θ−1. Requiring this to be the original H would
force ΘH = −HΘ in the stationary case. An energy E would then have a partner −E.
Most physical spectra are bounded below and unbounded above, so such a symmetry
is impossible for them. The sign change of time and the conjugation of i work together
to avoid this problem in genuine time reversal.

Example 32.2 (Spin-one-half time reversal). In the Sz basis choose

Θ = −iσyK =

(
0 −1
1 0

)
K.

It sends |↑⟩ to |↓⟩ and |↓⟩ to −|↑⟩. Because KσxK = σx, KσyK = −σy, and
KσzK = σz, conjugation by the remaining matrix gives

ΘSiΘ
−1 = −Si (i = x, y, z).

Angular momentum reverses, as expected when velocities reverse. Also −iσy is real
and squares to −1, so Θ2 = −1 on this doublet. A scalar change in the phase of Θ
does not change this square: the second application complex-conjugates that phase.

For a fixed magnetic field, H = −γB · S obeys ΘH(B)Θ−1 = H(−B). Thus a
nonzero fixed external field generally breaks time-reversal symmetry; reversing the
whole physical experiment also reverses the magnetic field.

These antiunitary symmetries preserve the probability structure just as unitary
symmetries do, but their antilinearity requires separate care. They extend, rather
than replace, the unitary symmetry and conserved charge framework developed above.
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Part V

Quantum Information and
Entanglement

Chapter 5
33 Uncertainty, superposition, and quantum infor-

mation

A classical state specifies a definite point in phase space. A probability distribution
on phase space can describe incomplete knowledge of that point. A quantum state
plays a different role: even a completely specified state generally gives a probability
distribution for the outcomes of a measurement. Moreover, different observables need
not admit simultaneous sharp values. We begin by making this statement quantitative,
and then distinguish this intrinsic uncertainty from uncertainty about how a system
was prepared.

33.1 Fluctuations and variances

For a normalized state |ψ⟩ and a Hermitian observable A, define

⟨A⟩ = ⟨ψ|A|ψ⟩, ∆A = A− ⟨A⟩1. (33.1)

The expectation of the fluctuation operator vanishes. Its mean square is

σ2
A = ⟨(∆A)2⟩ (33.2)

= ⟨A2 − 2⟨A⟩A+ ⟨A⟩21⟩ = ⟨A2⟩ − ⟨A⟩2. (33.3)

Because ∆A is Hermitian,
σ2
A = ∥∆A|ψ⟩∥2 ≥ 0. (33.4)

Thus σA = 0 precisely when A|ψ⟩ = ⟨A⟩|ψ⟩: a sharp observable corresponds to an
eigenstate. For an unnormalized ket, every expectation is divided by ⟨ψ | ψ⟩. Below,
states are normalized unless stated otherwise. For unbounded operators, the states
under discussion are assumed to lie in the domains of the products that occur and to
have finite variances.

33.2 Cauchy–Schwarz and the uncertainty relation

Lemma 33.1 (Cauchy–Schwarz inequality). For any vectors |u⟩, |v⟩ in an inner-
product space,

|⟨u | v⟩|2 ≤ ⟨u | u⟩⟨v | v⟩. (33.5)

For nonzero vectors, equality holds if and only if they are proportional.
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Proof. If |v⟩ = 0, the statement is immediate. Otherwise positivity gives

0 ≤ ∥|u⟩+ λ|v⟩∥2

= ⟨u | u⟩+ λ⟨u | v⟩+ λ∗⟨v | u⟩+ |λ|2⟨v | v⟩.

Choose λ = −⟨v | u⟩/⟨v | v⟩. Substitution yields

0 ≤ ⟨u | u⟩ − |⟨v | u⟩|
2

⟨v | v⟩
,

which proves the inequality. Equality means that the chosen vector |u⟩+ λ|v⟩ is zero,
giving the stated proportionality condition.

Apply this result to |u⟩ = ∆A|ψ⟩ and |v⟩ = ∆B|ψ⟩. Then

σ2
Aσ

2
B ≥ |⟨∆A∆B⟩|

2 . (33.6)

The product separates into a commutator and an anticommutator:

∆A∆B =
1

2
[A,B] +

1

2
{∆A,∆B}. (33.7)

The first term is anti-Hermitian, so its expectation is purely imaginary; the second is
Hermitian, so its expectation is real. Therefore the absolute square has no cross term.
Define the real, symmetrized covariance

CAB =
1

2
⟨{∆A,∆B}⟩. (33.8)

We obtain the stronger Schrödinger–Robertson inequality

σ2
Aσ

2
B ≥

1

4
|⟨[A,B]⟩|2 + C2

AB. (33.9)

Discarding the nonnegative covariance term gives

σAσB ≥
1

2
|⟨[A,B]⟩| . (33.10)

The stronger bound is saturated when the two fluctuation vectors are proportional. Sat-
urating the weaker bound additionally requires CAB = 0, apart from the corresponding
zero-variance special cases.

Example 33.2 (Position and momentum). Since [x, p] = iℏ1,

σxσp ≥
ℏ
2
.

This bound applies to the spread of outcome distributions in a state. It does not
require modeling an apparatus that disturbs an earlier measurement.

101



Example 33.3 (Spin uncertainty). For spin 1/2, Si = ℏσi/2 and [Sx, Sy] = iℏSz. In
|+z⟩,

⟨Sx⟩ = ⟨Sy⟩ = 0, σ2
Sx

= σ2
Sy

=
ℏ2

4
.

Consequently

σSxσSy =
ℏ2

4
=

ℏ
2
|⟨Sz⟩| ,

so the Robertson bound is saturated. In another state the expectation of Sz can
vanish even though Sx and Sy do not commute. A vanishing lower bound in that state
does not assert that both observables are sharp.

33.3 An alternative proof by positivity

The uncertainty relation can also be derived without first invoking Cauchy–Schwarz.
This gives a useful worked version of the alternate-proof exercise. For every real t,

0 ≤ ∥(∆A+ it∆B)|ψ⟩∥2 (33.11)

= σ2
A + t2σ2

B + it⟨[A,B]⟩. (33.12)

The coefficient c = i⟨[A,B]⟩ is real. If σ2
B > 0, the quadratic has its minimum at

t = −c/(2σ2
B). Positivity at this minimum implies

σ2
A −

c2

4σ2
B

≥ 0,

which is exactly (33.10). If σB = 0, positivity for both positive and negative t forces
c = 0, and the bound again holds. Allowing a general complex coefficient in place of
it recovers Cauchy–Schwarz and the covariance term in (33.9).

33.4 Superposition does not mean classical ignorance

Consider a molecule such as ammonia, with two localized configurations |1⟩ and |2⟩
corresponding approximately to the nitrogen atom on opposite sides of the plane of
the hydrogen atoms. In a two-state description, a symmetric energy eigenstate can
take the form

|+⟩ = |1⟩+ |2⟩√
2

. (33.13)

A measurement that distinguishes the two configurations gives either result with
probability 1/2. This does not make |+⟩ equivalent to preparing |1⟩ on half the trials
and |2⟩ on the other half. The relative phase in a superposition affects measurements
in another basis. The distinction will be explicit in the Stern–Gerlach examples below.

A general normalized qubit, after removing an overall phase, can be written

|ψ⟩ = cos
θ

2
|0⟩+ eiϕ sin

θ

2
|1⟩, 0 ≤ θ ≤ π, 0 ≤ ϕ < 2π. (33.14)

Its pure states form the Bloch sphere. The continuous pair (θ, ϕ) describes a continuum
of possible preparations, but a single projective measurement on one qubit has at most
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two distinguishable outcomes. One cannot determine an arbitrary unknown direction
on the Bloch sphere from a single copy. Repeated measurements on many identically
prepared copies, using different measurement axes, are needed for state tomography.

This distinction persists in higher dimensions. A pure state has complex ampli-
tudes, but one measurement does not reveal those amplitudes. Perfect single-shot
discrimination is possible for mutually orthogonal states; nonorthogonal states cannot
be distinguished with certainty by a measurement. The number of possible math-
ematical state vectors therefore must not be confused with the number of reliably
distinguishable messages carried by a single system.

34 Statistical ensembles and density operators

34.1 Three Stern–Gerlach preparations

Write |0⟩ = |+z⟩ and |1⟩ = |−z⟩. The spin eigenstates along x and y are

|±x⟩ = |0⟩ ± |1⟩√
2

, (34.1)

|±y⟩ = |0⟩ ± i|1⟩√
2

. (34.2)

Consider two preparations:

1. Preparation I: each atom is prepared in |0⟩ with probability 1/2 and in |1⟩ with
probability 1/2.

2. Preparation II: every atom is prepared in |+x⟩ = (|0⟩+ |1⟩)/
√
2.

A Stern–Gerlach apparatus oriented along z gives equal upward and downward
populations for both preparations.

Figure 41: A Stern–Gerlach measurement along z cannot distinguish an equal mixture
of z spins from a coherent +x preparation. Original lecture diagram.

To distinguish them, measure Sx. For Preparation I, all four conditional probabili-
ties are 1/2:

P (±x | +z) = P (±x | −z) = 1

2
. (34.3)

The law of total probability gives

P (+x) = P (+x | +z)P (+z) + P (+x | −z)P (−z) (34.4)

=
1

2

1

2
+

1

2

1

2
=

1

2
, (34.5)
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and similarly P (−x) = 1/2. In Preparation II the input is already an eigenstate of Sx,
so P (+x) = 1 and P (−x) = 0.

Figure 42: The equal incoherent mixture gives equal outcomes when measured along
x. Original lecture diagram.

Figure 43: The coherent +x state gives a definite +x outcome. Original lecture
diagram.

Example 34.1 (A relative phase is experimentally observable). For the state

|ψϕ⟩ =
|0⟩+ eiϕ|1⟩√

2
,

a z measurement always gives probabilities 1/2, 1/2. However,

⟨+x | ψϕ⟩ =
1 + eiϕ

2
, ⟨−x | ψϕ⟩ =

1− eiϕ

2
,

so

P (+x) = cos2
ϕ

2
, P (−x) = sin2 ϕ

2
. (34.6)

The phase is not an additional probability in the z basis: it controls interference between
the two amplitudes. A y measurement additionally gives P (±y) = (1 ± sinϕ)/2,
distinguishing phases with the same cosine.

Example 34.2 (A partially polarized beam). Prepare |+z⟩ with probability f and
|−z⟩ with probability 1− f . Let the measurement axis be

n = (sin θ cosϕ, sin θ sinϕ, cos θ).

The +n eigenket is cos(θ/2)|0⟩+ eiϕ sin(θ/2)|1⟩, so

P (+n) = f cos2
θ

2
+ (1− f) sin2 θ

2
(34.7)

=
1

2

[
1 + (2f − 1) cos θ

]
, (34.8)

P (−n) = 1

2

[
1− (2f − 1) cos θ

]
. (34.9)

For a specified axis, the outcomes are equally likely precisely when (2f − 1) cos θ = 0.
They are equally likely for every axis precisely when f = 1/2. This equal mixture is
an unpolarized beam.
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34.2 The density operator of an ensemble

Suppose the normalized ket |ψi⟩ is prepared with classical probability pi, where pi ≥ 0
and

∑
i pi = 1. Define

ρ =
∑
i

pi|ψi⟩⟨ψi|. (34.10)

The probability of a rank-one outcome |a⟩ is

P (a) =
∑
i

pi|⟨a | ψi⟩|2 (34.11)

=
∑
i

pi⟨a||ψi⟩⟨ψi||a⟩ = ⟨a|ρ|a⟩. (34.12)

Thus the ensemble enters measurement probabilities through the single operator ρ.

Theorem 34.3 (Characterization of density operators). In a finite-dimensional
Hilbert space, an operator is a density operator if and only if it is Hermitian, positive
semidefinite, and has trace one:

ρ† = ρ, ⟨χ|ρ|χ⟩ ≥ 0 for every |χ⟩, Tr ρ = 1. (34.13)

Proof. An ensemble operator is Hermitian because each |ψi⟩⟨ψi| is Hermitian and pi
is real. Positivity follows from

⟨χ|ρ|χ⟩ =
∑
i

pi|⟨χ | ψi⟩|2 ≥ 0.

Using an orthonormal basis {|a⟩},

Tr(|ψ⟩⟨ψ|) =
∑
a

⟨a | ψ⟩⟨ψ | a⟩ = ⟨ψ|
∑
a

|a⟩⟨a||ψ⟩ = 1.

Consequently Tr ρ =
∑

i pi = 1.
Conversely, a Hermitian ρ has an orthonormal eigenbasis:

ρ =
∑
a

ra|a⟩⟨a|.

Positivity applied to each |a⟩ gives ra ≥ 0, and unit trace gives
∑

a ra = 1. This is an
ensemble decomposition, proving sufficiency.

The theorem supplies both a test for proposed density matrices and a way to
prepare any allowed density matrix. For infinite-dimensional systems, density operators
are additionally required to be trace class; the finite-dimensional arguments below
avoid those functional-analytic issues.
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34.3 Coherence and nonunique ensemble decompositions

In the ordered basis (|0⟩, |1⟩), the two beam preparations are

ρI =
1

2
|0⟩⟨0|+ 1

2
|1⟩⟨1| = 1

2

(
1 0
0 1

)
, (34.14)

ρII = |+x⟩⟨+x| =
1

2

(
1 1
1 1

)
. (34.15)

The diagonal elements give the z-basis probabilities. The off-diagonal entries retain the
relative-phase information responsible for the different x-basis statistics. Coherence is
always discussed relative to a chosen basis: a pure-state matrix can be diagonal in its
own eigenbasis.

A third preparation, an equal classical mixture of |+x⟩ and |−x⟩, gives

ρIII =
1

2
|+x⟩⟨+x|+ 1

2
|−x⟩⟨−x| (34.16)

=
1

4

(
1 1
1 1

)
+

1

4

(
1 −1
−1 1

)
=

1

2
1. (34.17)

Thus Preparations I and III have different preparation stories but the same density
operator. No measurement on the spin alone distinguishes them. If a separate classical
register records which preparation was used, measurements involving that register
describe a larger system and can reveal information absent from the spin’s density
matrix.

34.4 Pure states, mixed states, and Bloch vectors

Definition 34.4. A state is pure when ρ = |ψ⟩⟨ψ| for a normalized ket. A density
operator that is not pure is mixed.

The ket of a pure state is only determined up to an overall phase, since
eiα|ψ⟩⟨ψ|e−iα = |ψ⟩⟨ψ|. The following conditions are equivalent:

ρ is pure ⇐⇒ rank ρ = 1 ⇐⇒ ρ2 = ρ ⇐⇒ Tr ρ2 = 1. (34.18)

To see this, let ra be the eigenvalues. They obey 0 ≤ ra ≤ 1 and
∑

a ra = 1. Hence∑
a r

2
a ≤ 1, with equality precisely when each ra is zero or one. Exactly one eigenvalue

must then equal one.
In dimension d, the maximally mixed state is

ρ∗ =
1

d
. (34.19)

It is invariant under every unitary basis change, gives equal probabilities for every
orthonormal-basis measurement, and has the smallest purity:

1 = (
∑
a

ra)
2 ≤ d

∑
a

r2a =⇒ Tr ρ2 ≥ 1

d
.
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Equality holds exactly when all eigenvalues equal 1/d.
For a qubit, every Hermitian trace-one matrix has the expansion

ρ =
1

2
(1+ r · σ) = 1

2

(
1 + rz rx − iry
rx + iry 1− rz

)
, (34.20)

where ri = Tr(ρσi) is real. Because (r · σ)2 = |r|21, the eigenvalues are (1± |r|)/2.
Positivity is therefore equivalent to |r| ≤ 1. The Bloch sphere is the surface of the
Bloch ball: pure states have |r| = 1, mixed states have |r| < 1, and the unpolarized
state is its center. Furthermore,

Tr ρ2 =
1 + |r|2

2
, P (±n) = 1± r · n

2
. (34.21)

Measuring σx, σy, σz on separate subensembles determines rx, ry, rz and hence recon-
structs ρ.

34.5 The measurement rules in density-operator form

Let the observable be A =
∑

λ λΠλ, where the orthogonal projectors satisfy

Π†
λ = Πλ, ΠλΠµ = δλµΠλ,

∑
λ

Πλ = 1.

A projector may have rank greater than one when the outcome is degenerate.

Theorem 34.5 (Born rule and selective state update). The probability of outcome λ
is

pλ = Tr(ρΠλ). (34.22)

For an ideal projective measurement, conditional on an outcome of nonzero probability,
the resulting state is

ρλ =
ΠλρΠλ

Tr(ρΠλ)
. (34.23)

Proof. For ensemble member i, write qλ|i = ⟨ψi|Πλ|ψi⟩. Then

pλ =
∑
i

piqλ|i = Tr

(∑
i

pi|ψi⟩⟨ψi|Πλ

)
= Tr(ρΠλ).

When qλ|i > 0, that ensemble member becomes Πλ|ψi⟩/
√
qλ|i. Bayes’ rule gives its

conditional ensemble weight pi|λ = piqλ|i/pλ. Therefore

ρλ =
∑

i:qλ|i>0

piqλ|i
pλ

Πλ|ψi⟩⟨ψi|Πλ

qλ|i

=
ΠλρΠλ

pλ
.

Terms with qλ|i = 0 contribute zero. The denominator normalizes the result because
Tr(ΠλρΠλ) = Tr(ρΠλ).
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For any observable, the expectation is consequently

⟨A⟩ =
∑
λ

λpλ = Tr

(
ρ
∑
λ

λΠλ

)
= Tr(ρA) . (34.24)

All moments follow by replacing A with An.

34.6 A measurement whose result is forgotten

If the measurement is performed but its outcome is not retained, average over the
conditional states:

ρ′ =
∑
λ

pλρλ =
∑
λ

ΠλρΠλ. (34.25)

This is distinct from doing nothing. Before measurement,

ρ =
∑
λ,µ

ΠλρΠµ.

The nonselective measurement removes the blocks with λ ̸= µ, while leaving coherence
inside a degenerate eigenspace intact. It leaves ρ unchanged if and only if ρ is block
diagonal in these eigenspaces, equivalently [ρ,Πλ] = 0 for every λ.

For example, forgetting a z-measurement outcome on |+x⟩ gives

|+x⟩⟨+x| 7−→ 1

2
|0⟩⟨0|+ 1

2
|1⟩⟨1|. (34.26)

A subsequent x measurement now gives both outcomes equally often, whereas it would
have given +x with certainty without the intervening measurement. A measurement
can therefore convert a pure reduced description to a mixed one when its classical
record is discarded.

The density operator is sufficient even for a sequence of operations. For a first
projector Πλ, a unitary U , and a later projector Qµ, the joint probability is

P (λ, µ) = Tr
(
QµUΠλρΠλU

†Qµ

)
. (34.27)

The normalization in the intermediate conditional state cancels its outcome probability.
Thus different ensembles producing the same ρ remain indistinguishable under such
experiments on the system.

34.7 Unitary evolution and the von Neumann equation

If every ensemble member evolves by |ψ′
i⟩ = U |ψi⟩, with fixed preparation probabilities,

then
ρ′ =

∑
i

piU |ψi⟩⟨ψi|U † = UρU † . (34.28)

This proves the unitary-evolution rule. It preserves Hermiticity, positivity, trace,
eigenvalues, rank, and purity.
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To obtain a differential equation, use iℏ∂t|ψi⟩ = H|ψi⟩ and its adjoint:

iℏρ̇ =
∑
i

pi (H|ψi⟩⟨ψi| − |ψi⟩⟨ψi|H) (34.29)

= [H, ρ] . (34.30)

Equivalently, ρ̇ + (1/iℏ)[ρ,H] = 0. These equations hold for a time-dependent
Hamiltonian as well.

Let ρS(t) = U(t)ρS(0)U(t)
†. The Heisenberg-picture density operator is

ρH(t) = U(t)†ρS(t)U(t) = ρS(0). (34.31)

The cancellation can be checked directly. Since U̇ = −iHU/ℏ and U̇ † = iU †H/ℏ,

ρ̇H =
i

ℏ
U †HρSU −

i

ℏ
U †(HρS − ρSH)U − i

ℏ
U †ρSHU = 0.

Expectations are picture independent:

Tr(ρSAS) = Tr(ρHAH), AH = U †ASU. (34.32)

The density operator describes the state; it is not an extra fixed observable whose
one-shot measurement reveals an unknown state. Its matrix elements are reconstructed
statistically from a sufficient set of observables. A specified density matrix is Hermitian
and can of course also be used mathematically as an observable, but that is a different
use of the same operator.

34.8 Comparison with classical Liouville evolution

For a classical phase-space probability density f(q, p, t), conservation of probability
under Hamiltonian flow gives

∂f

∂t
+ {f,H}PB = 0, {f,H}PB =

∑
a

(
∂f

∂qa

∂H

∂pa
− ∂f

∂pa

∂H

∂qa

)
. (34.33)

The formal correspondence { , }PB ↔ [ , ]/(iℏ) relates this equation to (34.30).
In fixed phase-space coordinates the density evolves, just as ρS evolves. Along the
Hamiltonian trajectories it is constant, analogous to moving the evolution into the
operators while keeping ρH fixed. This is a structural comparison, not a prescription
that maps every classical probability density to a quantum density operator.

There is also an important difference in interpretation. A classical mixture can
represent ignorance of a definite phase-space point. A quantum density operator can
describe either an ensemble of preparations or a subsystem of an entangled pure state,
even when the full state is completely known. To understand the latter possibility we
must first describe composite systems.
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35 Composite systems and tensor products

35.1 The Hilbert space of two subsystems

If distinguishable subsystems A and B have Hilbert spaces HA and HB, the composite
system has Hilbert space

HAB = HA ⊗HB. (35.1)

This is the composition postulate. A product ket |ψ⟩A ⊗ |χ⟩B specifies the two
subsystem states independently. A general composite ket is a linear combination of
product kets and need not itself be a product.

The tensor product is bilinear:

(a|ψ⟩+ b|ϕ⟩)⊗ |χ⟩ = a|ψ⟩ ⊗ |χ⟩+ b|ϕ⟩ ⊗ |χ⟩, (35.2)

|ψ⟩ ⊗ (a|χ⟩+ b|η⟩) = a|ψ⟩ ⊗ |χ⟩+ b|ψ⟩ ⊗ |η⟩. (35.3)

A scalar can be moved between factors: (a|ψ⟩)⊗|χ⟩ = |ψ⟩⊗ (a|χ⟩). The inner product
on product vectors is(

⟨ψ|A ⊗ ⟨χ|B
)(
|ϕ⟩A ⊗ |η⟩B

)
= ⟨ψ | ϕ⟩A⟨χ | η⟩B, (35.4)

and extends by sesquilinearity to sums. In particular, products of normalized kets are
normalized.

If {|a⟩A}dAa=1 and {|b⟩B}
dB
b=1 are orthonormal bases, their products form an orthonor-

mal basis:
|a, b⟩ = |a⟩A ⊗ |b⟩B, ⟨a, b | a′, b′⟩ = δaa′δbb′ . (35.5)

It follows that

dimHAB = dAdB, |Ψ⟩ =
∑
a,b

cab|a⟩A ⊗ |b⟩B,
∑
a,b

|cab|2 = 1. (35.6)

The tensor-product symbol is often suppressed, but subsystem labels remain important.
The adjoint in a fixed factor order is

(|ψ⟩A ⊗ |χ⟩B)† = ⟨ψ|A ⊗ ⟨χ|B.

Changing A⊗B to B⊗A requires the specified swap map |ψ⟩A⊗|χ⟩B 7→ |χ⟩B⊗|ψ⟩A;
it is not an equality of vectors in a fixed ordered tensor product.

For spatially separated distinguishable systems, the tensor-product description
expresses their independent local degrees of freedom. Identical particles and quantum
fields require additional care in identifying subsystems; the spin and detector models
used here have explicitly distinguished factors.

35.2 Operators on a composite system

The tensor product of operators is defined on product kets by

(XA ⊗ YB)(|ψ⟩A ⊗ |χ⟩B) = (XA|ψ⟩A)⊗ (YB|χ⟩B), (35.7)
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and then extended linearly. It obeys

(X ⊗ Y )(X ′ ⊗ Y ′) = (XX ′)⊗ (Y Y ′), (35.8)

(X ⊗ Y )† = X† ⊗ Y †. (35.9)

Every operator on a finite-dimensional composite space can be expanded as a sum of
tensor products, since

L =
∑

a,b,a′,b′

Lab,a′b′(|a⟩⟨a′|)⊗ (|b⟩⟨b′|). (35.10)

It is generally a sum of products rather than one product.
An observable acting only on A is represented by XA ⊗ 1B; an observable acting

only on B is 1A ⊗ YB. They commute:

[XA ⊗ 1B,1A ⊗ YB] = 0. (35.11)

If XA|λ⟩ = λ|λ⟩ and YB|ξ⟩ = ξ|ξ⟩, then |λ⟩A ⊗ |ξ⟩B is a simultaneous eigenket. For
example,

∑
λ,ξ

λ|λ, ξ⟩⟨λ, ξ| =

(∑
λ

λ|λ⟩⟨λ|

)
⊗

(∑
ξ

|ξ⟩⟨ξ|

)
(35.12)

= XA ⊗ 1B. (35.13)

Additional degeneracy indices can be included in the same way. Commuting local
observables permit joint measurements, but their outcomes can be correlated through
the joint state. Commutativity does not require the probabilities to factorize.

35.3 Two spins and their total spin

For two spin-1/2 systems use the ordered basis

|00⟩, |01⟩, |10⟩, |11⟩. (35.14)

The first spin’s z component is

SAz =
ℏ
2

(
|00⟩⟨00|+ |01⟩⟨01| − |10⟩⟨10| − |11⟩⟨11|

)
(35.15)

=
ℏ
2
(|0⟩⟨0| − |1⟩⟨1|)⊗ (|0⟩⟨0|+ |1⟩⟨1|) = Sz ⊗ 1. (35.16)

Similarly,

SBz =
ℏ
2

(
|00⟩⟨00| − |01⟩⟨01|+ |10⟩⟨10| − |11⟩⟨11|

)
= 1⊗ Sz. (35.17)

Their matrix representations are

SAz =
ℏ
2
diag(1, 1,−1,−1), SBz =

ℏ
2
diag(1,−1, 1,−1). (35.18)
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The total angular momentum is the vector operator

S = SA + SB, Sz = ℏ diag(1, 0, 0,−1). (35.19)

Its z eigenvalues are ℏ, 0,−ℏ, with a two-dimensional zero-eigenspace. Merely knowing
Sz = 0 does not determine the joint state: |01⟩, |10⟩, and all their normalized
superpositions are allowed.

35.4 The singlet state and anticorrelations

The normalized antisymmetric state is

|Ψ−⟩ = |01⟩ − |10⟩√
2

. (35.20)

It has total spin zero. Indeed, Sz|Ψ−⟩ = 0, while

Sx|01⟩ =
ℏ
2
(|11⟩+ |00⟩), Sx|10⟩ =

ℏ
2
(|00⟩+ |11⟩),

Sy|01⟩ =
iℏ
2
(|11⟩ − |00⟩), Sy|10⟩ =

iℏ
2
(|11⟩ − |00⟩).

Subtracting the members of each pair gives Sx|Ψ−⟩ = Sy|Ψ−⟩ = 0, and hence S 2|Ψ−⟩ =
0.

The same anticorrelation is visible in another spin basis. Expanding the x states,

|+x,−x⟩ = 1

2
(|00⟩ − |01⟩+ |10⟩ − |11⟩), (35.21)

|−x,+x⟩ = 1

2
(|00⟩+ |01⟩ − |10⟩ − |11⟩). (35.22)

Their difference is −|01⟩+ |10⟩, so

|Ψ−⟩ = −|+x,−x⟩ − |−x,+x⟩√
2

. (35.23)

The overall minus sign has no observable effect. For the y basis,

|+y,−y⟩ = 1

2
(|00⟩ − i|01⟩+ i|10⟩+ |11⟩), (35.24)

|−y,+y⟩ = 1

2
(|00⟩+ i|01⟩ − i|10⟩+ |11⟩), (35.25)

so

|Ψ−⟩ = i√
2
(|+y,−y⟩ − |−y,+y⟩). (35.26)

The common phase again does not matter.
More generally, for a two-by-two matrix U ,

(U ⊗ U)(|01⟩ − |10⟩) = (detU)(|01⟩ − |10⟩). (35.27)

This follows by expanding both products: the |00⟩ and |11⟩ coefficients cancel, while the
|01⟩ coefficient is the determinant and the |10⟩ coefficient its negative. A spin rotation
has U ∈ SU(2), so the singlet is invariant under a common rotation. Consequently
measurements along any common axis give opposite results with certainty, and either
observer’s two possible results occur with probability 1/2.
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35.5 Product states and entangled states

Definition 35.1. A pure bipartite state is a product state when |Ψ⟩ = |ψ⟩A ⊗ |χ⟩B.
It is entangled when no such factorization exists.

For product states, the coefficient matrix in (35.6) has the form cab = uavb. Thus
a nonzero pure state is a product precisely when its coefficient matrix has rank one.
For the singlet,

(cab) =
1√
2

(
0 1
−1 0

)
,

which has rank two. Equivalently, attempting (a|0⟩+b|1⟩)⊗ (c|0⟩+d|1⟩) would require
ac = bd = 0 but ad and bc both nonzero, an impossibility.

As another example, suppose orthonormal pairs |λ1⟩, |λ2⟩ and |ξ1⟩,|ξ2⟩ are associ-
ated with local observables. The state

|Ψ⟩ = |λ1⟩A|ξ1⟩B + |λ2⟩A|ξ2⟩B√
2

(35.28)

is entangled. A rank-one measurement on A in the λ basis gives either outcome with
probability 1/2. Conditional on outcome λi, the joint state becomes |λi⟩A|ξi⟩B, and a
later ξ measurement on B has a definite corresponding result.

In fact, a rank-one selective measurement on A always leaves a pure joint state in
product form. The unnormalized branch is

(|a⟩⟨a| ⊗ 1)|Ψ⟩ = |a⟩A ⊗ [(⟨a|A ⊗ 1B)|Ψ⟩] . (35.29)

A degenerate projector need not remove all entanglement. Also, when the outcome is
forgotten, the mixture of product branches can retain classical correlations. These
are distinct statements from the disappearance of entanglement in each rank-one
conditional branch.

For mixed states, a product state has the form ρA ⊗ ρB. The broader class of
separable states consists of convex mixtures

ρAB =
∑
i

piρ
(i)
A ⊗ ρ

(i)
B . (35.30)

Such states can have classical correlations without entanglement. A mixed state is
entangled if no decomposition of this form exists. The distinction between a product
state and a separable correlated state will also matter for entropy.
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36 Reduced states, the partial trace, and no sig-

nalling

36.1 Why a subsystem needs a density operator

The singlet is a completely specified pure state of two spins, yet either spin by itself
gives equal probabilities along every axis. There is no pure qubit state with this
property: every pure qubit has one axis along which its spin is certain. Its local state
must instead be 1/2. This mixedness reflects entanglement with the other spin, not
an unspecified choice of a pure state for the pair.

We seek an operation taking a joint density matrix ρAB to a density matrix ρA
that reproduces every measurement on A. If Πλ is a local measurement projector, its
full-space version is Πλ ⊗ 1B, so the required relation is

TrAB
[
ρAB(Πλ ⊗ 1B)

]
= TrA(ρAΠλ). (36.1)

The partial trace constructs precisely this ρA.

36.2 Definition and basis formula

First note the product-trace identity:

TrAB(XA ⊗ YB) =
∑
a,b

⟨a|X|a⟩⟨b|Y |b⟩ (36.2)

= (TrAXA)(TrB YB). (36.3)

For a product operator, define

TrB(XA ⊗ YB) = XATrB YB, (36.4)

and extend linearly to arbitrary operators. A basis-independent meaning is supplied
by the equivalent formula

TrB L =
∑
b

(1A ⊗ ⟨b|B)L(1A ⊗ |b⟩B). (36.5)

Here 1A ⊗ ⟨b|B is a partial contraction. For example,

(1A ⊗ ⟨b|B)(|ψ⟩A ⊗ |χ⟩B) = |ψ⟩A⟨b | χ⟩B. (36.6)

Applying the right-hand side of (36.5) to a product operator gives XA

∑
b⟨b|Y |b⟩ =

XATrY , so the two definitions agree on a spanning set of operators.
To verify independence of the chosen basis, let |̃b⟩ =

∑
c Ucb|c⟩ for a unitary matrix

U . Then the transformed contraction sum has coefficients∑
b

U∗
cbUdb = δcd,
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and reduces to the original contraction sum. No basis choice is part of the physical
reduced state.

In components, the formula is particularly simple:

(TrB L)aa′ =
∑
b

Lab,a′b. (36.7)

The indices belonging to B are identified and summed. The A indices remain as the
row and column indices of an operator on HA.

36.3 The local-expectation identity

For L =
∑

iXi ⊗ Yi and an operator M on A,

TrAB
[
L(M ⊗ 1B)

]
=
∑
i

TrAB(XiM ⊗ Yi) (36.8)

=
∑
i

TrA(XiM) TrB Yi (36.9)

= TrA

[(∑
i

XiTrB Yi

)
M

]
(36.10)

= TrA[(TrB L)M ] . (36.11)

Thus define the reduced density operator

ρA = TrB ρAB. (36.12)

Equation (36.11) proves both the local Born rule and the local expectation rule

P (λ) = TrA(ρAΠλ), ⟨MA⟩ = TrA(ρAMA). (36.13)

The reduced state contains all information accessible by measurements on A alone,
but not generally the correlations between A and B.

Proposition 36.1. The partial trace of a density operator is a density operator.

Proof. Hermiticity follows by taking the adjoint of each term in (36.5). For any |ψ⟩A,

⟨ψ|ρA|ψ⟩ =
∑
b

⟨ψ, b|ρAB|ψ, b⟩ ≥ 0,

so ρA is positive semidefinite. Finally,

TrA ρA =
∑
a,b

⟨a, b|ρAB|a, b⟩ = TrAB ρAB = 1.

All three density-operator conditions are satisfied.

For a product state,

TrB(ρA ⊗ ρB) = ρATr ρB = ρA. (36.14)

The same operation on a correlated state averages over the inaccessible subsystem
without selecting a measurement outcome on it.
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36.4 Worked partial traces

For a two-qubit matrix in the ordering (00, 01, 10, 11), write

ρAB =


r00,00 r00,01 r00,10 r00,11
r01,00 r01,01 r01,10 r01,11
r10,00 r10,01 r10,10 r10,11
r11,00 r11,01 r11,10 r11,11

 .

Tracing over B gives

ρA =

(
r00,00 + r01,01 r00,10 + r01,11
r10,00 + r11,01 r10,10 + r11,11

)
. (36.15)

Tracing over A instead gives

ρB =

(
r00,00 + r10,10 r00,01 + r10,11
r01,00 + r11,10 r01,01 + r11,11

)
. (36.16)

The two formulas sum different index pairs; they should not be interchanged.
For the singlet, expand the projector:

ρAB = |Ψ−⟩⟨Ψ−| = 1

2

(
|01⟩⟨01|+ |10⟩⟨10| (36.17)

− |01⟩⟨10| − |10⟩⟨01|
)
. (36.18)

The first diagonal term is |0⟩⟨0| ⊗ |1⟩⟨1| and its partial trace is |0⟩⟨0|. The second
yields |1⟩⟨1|. The cross terms vanish because Tr(|1⟩⟨0|) = ⟨0 | 1⟩ = 0. Therefore

ρA = ρB =
1

2
(|0⟩⟨0|+ |1⟩⟨1|) = 1

2
. (36.19)

The contraction method gives the same answer with less expansion:

(1⊗ ⟨0|)|Ψ−⟩ = − |1⟩√
2
, (36.20)

(1⊗ ⟨1|)|Ψ−⟩ = |0⟩√
2
. (36.21)

Taking the two outer products and adding yields 1/2. Notice that these contraction
vectors are not individually normalized. Their squared norms already supply the
correct probabilities.

36.5 Local operations and conditional reduced states

Two partial-trace identities will be used repeatedly. For operators M,N acting on A,

TrB[(M ⊗ 1)L(N ⊗ 1)] =M(TrB L)N. (36.22)

116



This follows immediately by commuting M,N past the partial contractions in (36.5).
For an operator Y acting on the traced subsystem,

TrB[(1⊗ Y )L] = TrB[L(1⊗ Y )]. (36.23)

To prove the second identity, expand L =
∑

iXi ⊗ Yi and use Tr(Y Yi) = Tr(YiY ) in
each term. This is a limited cyclicity rule: arbitrary A operators cannot be cycled
through a partial trace.

If A undergoes an ideal projective measurement with outcome λ, the joint state
changes to

ρAB|λ =
(Πλ ⊗ 1)ρAB(Πλ ⊗ 1)

pλ
.

Using (36.22),

ρA|λ =
ΠλρAΠλ

TrA(ρAΠλ)
. (36.24)

Thus the subsystem follows precisely the same measurement rule as a system described
initially by an ensemble. If A undergoes a unitary UA, its reduced state similarly
obeys

ρ′A = UAρAU
†
A. (36.25)

A selected result on B can also change the conditional state assigned to A. If B
has projectors Qb, then

ρA|b =
TrB[(1⊗Qb)ρAB(1⊗Qb)]

pb
, pb = Tr[ρAB(1⊗Qb)]. (36.26)

For the singlet, conditioning on B being spin up along z gives ρA|+z = |1⟩⟨1|, while
conditioning on spin down gives ρA|−z = |0⟩⟨0|. These conditional states differ from
the unconditioned ρA = 1/2.

36.6 Why remote measurements cannot send a signal

If the result on B is not communicated, the relevant state is the weighted average of
the conditional states. Its numerator is the partial trace of the nonselective joint state:

ρ′A =
∑
b

TrB[(1⊗Qb)ρAB(1⊗Qb)] (36.27)

=
∑
b

TrB[ρAB(1⊗Q2
b)] (36.28)

= TrB

[
ρAB

(
1⊗

∑
b

Qb

)]
= ρA. (36.29)

The second line uses partial cyclicity, the third uses Q2
b = Qb, and the final step uses

completeness. Every local probability on A is unchanged, even though individual
conditional branches can be different.
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A unitary operation on B also has no effect on ρA:

ρ′A = TrB[(1⊗ UB)ρAB(1⊗ U †
B)] (36.30)

= TrB[ρAB(1⊗ U †
BUB)] = ρA. (36.31)

This proves the local-unitary exercise directly. More generally, if the outcomes of an
operation on B have operators Kb with

∑
bK

†
bKb = 1B, the same calculation replaces

Q2
b by K†

bKb and again gives ρ′A = ρA. It is the trace-preserving, unconditioned
operation that cannot signal. Postselection changes a conditional ensemble, but
identifying that ensemble requires a classical record from B.

36.7 The EPR arrangement

Imagine preparing an entangled pair, separating its members into distant laboratories,
and making local measurements while the two measurement events are spacelike
separated. Each laboratory may choose its setting and record its result before a
light-speed message from the other laboratory could arrive. Only later are the two
records brought together and compared.

Figure 44: The EPR arrangement: an entangled pair is distributed to two laboratories,
local measurements are completed without communication between the measurement
events, and the records are compared later. Original handwritten lecture diagram.

Perfect correlations make this arrangement striking. Knowledge of one result
can determine what the corresponding measurement on the other member will yield.
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Nevertheless, neither observer controls the random local result, and the reduced state
is unchanged by an unannounced remote measurement. The arrangement therefore
does not provide faster-than-light communication.

Interaction with an environment can transfer information about the entangled
degrees of freedom into additional systems. Ignoring those systems can suppress the
coherence responsible for the original entanglement. After a rank-one measurement
and conditioning on its result, the two measured systems may be in a product state.
If the result is forgotten, classical correlations can remain. For example, forgetting a z
measurement on one member of a singlet leaves the mixture of |01⟩ and |10⟩: it retains
z anticorrelation, while subsequent x measurements on the two spins are independent.

No signalling resolves the communication question, but it does not settle whether
all the correlations can be explained by preexisting local variables. That is the question
addressed by Bell inequalities.

37 Bell inequalities and quantum correlations

37.1 The experiment and its assumptions

A source produces pairs in the singlet state. The particles travel to two separated
laboratories, where spin is measured along independently selected axes nA and nB.
Label each outcome by a, b ∈ {+1,−1}, corresponding to the spin values aℏ/2 and
bℏ/2. The setting choices and measurements are arranged so that neither measurement
event can receive a light-speed signal carrying the other setting or outcome. If the
separation is L, the relevant setting and measurement interval is shorter than L/c in
the simplified laboratory arrangement.

Figure 45: A singlet source sends the two particles to separated Stern–Gerlach analyzers
with independently chosen axes. The lecture sketch takes the particles along the y
direction and the analyzer axes in the xz plane.
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A local hidden-variable description introduces a variable λ characterizing informa-
tion shared by the pair at preparation. Bell locality is expressed by the conditional
factorization

P (a, b | nA,nB, λ) = PA(a | nA, λ)PB(b | nB, λ). (37.1)

The distribution of λ is also assumed independent of the freely chosen measurement
settings. The observed probabilities are averages over λ. The local probabilities can
be deterministic or stochastic; local random variables can be included in an enlarged λ
to represent the latter as predetermined response functions. The essential assumption
is that one laboratory’s response does not depend on the other laboratory’s setting
once λ is specified.

For a finite list of possible axes, such a model assigns joint probabilities to the
outcomes that would occur for each setting. The following three-setting argument
makes the resulting constraint particularly transparent. It concerns alternative first
measurements on different trials, not a sequence of incompatible measurements on the
same particle.

37.2 Joint probabilities for the singlet

Let the angle between the two analyzer axes be θ. Rotational invariance lets us take
nA = ẑ and nB = (sin θ, 0, cos θ). For the second spin, choose

|+nB⟩ = cos
θ

2
|0⟩+ sin

θ

2
|1⟩, (37.2)

|−nB⟩ = − sin
θ

2
|0⟩+ cos

θ

2
|1⟩. (37.3)

If the first result is +, which occurs with probability 1/2, the second spin is |1⟩. Its
probabilities are

P (+nB | +z) = sin2 θ

2
, P (−nB | +z) = cos2

θ

2
.

If the first result is −, the second spin is |0⟩, interchanging these two conditional
probabilities. Multiplication by the first-result probability gives

P++(θ) = P−−(θ) =
1

2
sin2 θ

2
=

1− cos θ

4
, (37.4)

P+−(θ) = P−+(θ) =
1

2
cos2

θ

2
=

1 + cos θ

4
. (37.5)

At θ = 0 the outcomes are perfectly opposite; at θ = π/2 all four pairs have probability
1/4; at θ = π they have the same numerical sign because the two axis conventions are
opposite.

For arbitrary axes, the singlet projector can be written

ρΨ− =
1

4

(
1⊗ 1−

∑
i=x,y,z

σi ⊗ σi

)
. (37.6)
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For example, σz⊗σz supplies the diagonal distinction between parallel and antiparallel
spins, while σx ⊗ σx + σy ⊗ σy supplies twice the off-diagonal exchanges between |01⟩
and |10⟩. This reproduces (36.18). The local projectors are Πa(n) = (1+ an · σ)/2.
Using Trσi = 0 and Tr(σiσj) = 2δij gives

P (a, b | nA,nB) =
1

4
(1− abnA · nB). (37.7)

The marginal probabilities are 1/2, independent of the remote axis, whereas the
correlation is

E(nA,nB) =
∑
a,b

abP (a, b) = −nA · nB. (37.8)

This calculation displays no signalling and a nontrivial joint correlation in the same
formula.

37.3 A three-setting Bell inequality

Choose three possible axes n1,n2,n3. In a predetermined local description, let σi = ±1
be A’s result if axis i is selected and τi = ±1 be B’s result for that axis. A joint
probability distribution is assigned to

P (σ1, σ2, σ3; τ1, τ2, τ3), (37.9)

with nonnegative entries summing to one. For example, one possible assignment is
(σ1, σ2, σ3) = (+,−,+) and (τ1, τ2, τ3) = (−,+,−).

To reproduce the singlet’s perfect same-axis anticorrelation, every assignment of
nonzero weight must obey

τi = −σi (i = 1, 2, 3). (37.10)

Otherwise a same-axis parallel outcome would have a positive probability; nonnegative
probabilities from other assignments cannot cancel it. There are thus only eight
potentially nonzero assignments.

Abbreviate a sign triple by, for example, +−+. The observable probability of two
positive results along axes 1 and 2 is

P++(1, 2) = P (+−+;−+−) + P (+−−;−++). (37.11)

Indeed σ1 = + and τ2 = + imply σ2 = −, leaving σ3 as the two alternatives. Similarly,

P++(3, 2) = P (+−+;−+−) + P (−−+;+ +−), (37.12)

P++(1, 3) = P (+ +−;−−+) + P (+−−;−++). (37.13)

The sum of these latter probabilities contains both terms in (37.11), plus two additional
nonnegative terms. Therefore every such local model obeys

P++(1, 2) ≤ P++(1, 3) + P++(3, 2). (37.14)

Equivalently, the event {σ1 = +, σ2 = −} is contained in the union of {σ1 = +, σ3 = −}
and {σ3 = +, σ2 = −}: σ3 must be one of its two possible signs. The inequality is
an ordinary probability constraint on a common joint distribution for the alternative
settings.
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37.4 Violation by quantum mechanics

Let θij be the angle between axes i and j. Substitution of (37.5) into the Bell inequality
would require

sin2 θ12
2
≤ sin2 θ13

2
+ sin2 θ23

2
. (37.15)

Choose three coplanar axes with n3 halfway between the other two: θ13 = θ23 = θ and
θ12 = 2θ.

Figure 46: Three analyzer axes with equal neighboring angles θ. Original handwritten
lecture diagram.

The bound becomes

sin2 θ ≤ 2 sin2 θ

2
. (37.16)

But

sin2 θ − 2 sin2 θ

2
= 4 sin2 θ

2
cos2

θ

2
− 2 sin2 θ

2
(37.17)

= 2 sin2 θ

2
cos θ > 0 (0 < θ < π/2). (37.18)

Thus quantum predictions violate the local bound throughout this range. For a
concrete example, take θ = π/3:

P++(1, 2) =
1

2
sin2 π

3
=

3

8
, P++(1, 3) + P++(3, 2) = 2

(
1

2
sin2 π

6

)
=

1

4
. (37.19)

The predicted left-hand side exceeds the bound by 1/8.
The contradiction is not a failure of ordinary probability theory for actual recorded

outcomes. Each fixed quantum experiment has a normalized, nonnegative outcome
distribution. What fails is the attempt to embed all these incompatible measurement
contexts into the particular common local assignment used above.
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37.5 What the Bell result does and does not establish

Bell experiments test inequalities appropriate to their actual apparatus, efficiencies,
and spacetime arrangement. A sequence of experiments, beginning with pioneering
tests in the 1970s and followed by increasingly controlled tests, has observed the
quantum violations. Experiments in 2015 jointly addressed major detection and
locality loopholes. The 2022 Nobel Prize in Physics recognized Alain Aspect, John
Clauser, and Anton Zeilinger for work on entangled photons, Bell inequalities, and
quantum information.

The mathematical conclusion is that the observed quantum correlations cannot
be reproduced while retaining all the assumptions entering a Bell-local, setting-
independent model. It is not a theorem that determinism by itself is impossible.
Nonlocal hidden-variable theories can reproduce quantum correlations; accepting
dependence between hidden variables and measurement settings changes another
assumption. Such alternatives must be assessed as physical theories, with their
assumptions stated explicitly.

Bell locality is stronger than operational no signalling. Quantum theory violates
Bell inequalities while retaining the no-signalling identities proved in Section 36.6.
Relativistic quantum field theory also imposes local commutativity for appropriate
observables at spacelike separation. These statements explain why a violation of a
Bell inequality does not by itself construct a controllable signal outside the light cone.
A nonlocal hidden-variable account, such as a Bohmian account, likewise should not
be identified automatically with a faster-than-light communication protocol.

38 Measurement as an interaction with a detector

38.1 A system qubit and a readout qubit

The projective measurement postulate appears different from unitary evolution: a
selected outcome is random and its state update is noninvertible. To understand
how a detector participates, include it in the Hilbert space. Let the system basis be
|0⟩S, |1⟩S and a two-state detector have pointer basis |0⟩D, |1⟩D.

A tempting detector rule would be

U |i⟩S|j⟩D = |i⟩S|i⟩D for both j = 0, 1. (38.1)

This cannot be unitary. For fixed i, the two orthogonal input states |i, 0⟩ and |i, 1⟩
would map to the same output. Their inner product would change from zero to one.
Equivalently, the proposed map collapses a four-dimensional input space into the
two-dimensional span of |00⟩ and |11⟩, so it is not invertible.

A functioning detector must be initialized in a known ready state. If the initial
detector is |0⟩D, we only need

U |0, 0⟩ = |0, 0⟩, U |1, 0⟩ = |1, 1⟩. (38.2)

These two requirements preserve orthogonality and can be extended to a unitary on
the full four-dimensional space.
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38.2 The controlled-NOT realization

One such extension is the controlled-NOT operator,

UCNOT|i, j⟩ = |i, j ⊕ i⟩, i, j ∈ {0, 1}, (38.3)

where ⊕ is addition modulo two. In the basis (00, 01, 10, 11),

UCNOT =


1 0 0 0
0 1 0 0
0 0 0 1
0 0 1 0

 . (38.4)

Its columns form an orthonormal basis, so U †U = 1. It is also real symmetric and
squares to the identity: applying the controlled bit flip twice restores every basis state.
This explicitly solves the detector-unitarity exercise.

Preparing the detector in |0⟩ is itself a physical process. If the pointer has |0⟩ as a
nondegenerate ground state, coupling it to a sufficiently cold bath can make its initial
state approximately |0⟩⟨0|. At nonzero temperature the preparation generally has
a thermal error. Resetting arbitrary detector states to the same ready state is not
unitary on the detector alone; the bath carries away information and entropy. This
does not conflict with unitarity of the later closed system–detector interaction.

For a superposition, linearity gives

(a|0⟩+ b|1⟩)|0⟩D 7−→ a|0, 0⟩+ b|1, 1⟩, |a|2 + |b|2 = 1. (38.5)

The system and pointer become entangled. Measuring the pointer in its record basis
yields outcome 0 with probability |a|2 and outcome 1 with probability |b|2, and the
corresponding system state is |0⟩ or |1⟩.

38.3 Copying a basis label is not cloning a state

The controlled-NOT operation copies the label of the two orthogonal basis states into
a blank pointer. It does not make two copies of an arbitrary unknown superposition.
The desired cloned output would be

(a|0⟩+ b|1⟩)⊗ (a|0⟩+ b|1⟩) = a2|00⟩+ ab|01⟩
+ ab|10⟩+ b2|11⟩, (38.6)

which differs from (38.5).

Theorem 38.1 (No cloning of arbitrary pure states). A single unitary cannot copy
every unknown pure state into a fixed blank register while retaining the original state.

Proof. Suppose a unitary satisfies

U |ψ⟩|b⟩ = |ψ⟩|ψ⟩, U |ϕ⟩|b⟩ = |ϕ⟩|ϕ⟩
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for normalized states and a fixed normalized blank |b⟩. Preservation of inner products
implies

⟨ψ | ϕ⟩ = (⟨ψ | ϕ⟩)2.
Thus the overlap must be zero or one in these phase conventions. In particular, two
distinct nonorthogonal rays, with 0 < |⟨ψ | ϕ⟩| < 1, cannot both be cloned by that
device. Orthogonal basis states avoid the obstruction, as the controlled-NOT example
shows.

38.4 Why entanglement alone is not a selected outcome

The joint state in (38.5) is still pure. Its density operator contains off-diagonal terms:

ρSD = |a|2|00⟩⟨00|+ |b|2|11⟩⟨11|
+ ab∗|00⟩⟨11|+ a∗b|11⟩⟨00|. (38.7)

By contrast, forgetting the outcome of an ideal measurement gives the joint record
mixture

ρrecordSD = |a|2|00⟩⟨00|+ |b|2|11⟩⟨11|. (38.8)

These are different global states. For instance, the operator |00⟩⟨11|+ |11⟩⟨00| has
expectation 2Re(a∗b) in the coherent state and zero in the mixture. A unitary acting
on the closed pair cannot change its initial rank-one density operator into the rank-two
mixture when both amplitudes are nonzero.

Tracing over the pointer already gives

ρS = |a|2|0⟩⟨0|+ |b|2|1⟩⟨1|, (38.9)

because the orthogonal pointer records remove the cross terms from the partial trace.
Thus the system alone follows the nonselective measurement rule, even while the
combined state retains coherence. A larger detector explains why recovering that
coherence from accessible variables becomes difficult.

38.5 A detector with many records

Let the detector contain N readout qubits, initially in |0⟩⊗N . Define a unitary on the
entire computational basis by

U |i, j1, . . . , jN⟩ = |i, j1 ⊕ i, . . . , jN ⊕ i⟩. (38.10)

This is again a permutation of an orthonormal basis, with U2 = 1. The resulting state
is

|Ω⟩ = a|0⟩S|0⟩⊗N + b|1⟩S|1⟩⊗N . (38.11)

Many detector degrees of freedom now carry the same basis record. No individual
degree of freedom carries an independent copy of the original superposition.

Suppose only the last readout qubit is inaccessible. Let R denote the system plus
the first N − 1 readouts, and write

|R0⟩ = |0⟩S|0⟩⊗(N−1), |R1⟩ = |1⟩S|1⟩⊗(N−1).
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Then |Ω⟩ = a|R0⟩|0⟩N + b|R1⟩|1⟩N . Expanding the projector and tracing the last qubit
gives

ρR = |a|2|R0⟩⟨R0|Tr(|0⟩⟨0|) + |b|2|R1⟩⟨R1|Tr(|1⟩⟨1|)
+ ab∗|R0⟩⟨R1|Tr(|0⟩⟨1|) + a∗b|R1⟩⟨R0|Tr(|1⟩⟨0|) (38.12)

= |a|2|R0⟩⟨R0|+ |b|2|R1⟩⟨R1|. (38.13)

The cross terms vanish because ⟨1 | 0⟩ = 0. Tracing out further readouts preserves the
same form of classical record correlations among the remaining degrees of freedom.

In a less idealized model, let the environment records be |E0⟩, |E1⟩, which need
not be exactly orthogonal:

|Ω⟩ = a|R0⟩|E0⟩+ b|R1⟩|E1⟩. (38.14)

The reduced off-diagonal term is then

ab∗⟨E1 | E0⟩|R0⟩⟨R1|. (38.15)

If the environment consists of many independently correlated factors, |Ei⟩ =⊗N
k=1|e

(k)
i ⟩, its overlap is a product:

⟨E1 | E0⟩ =
N∏
k=1

⟨e(k)1 | e
(k)
0 ⟩. (38.16)

Even moderately distinguishable records can make this product very small. Suppression
of locally accessible interference through such correlations is decoherence.

38.6 The scope of the unitary detector model

The detector model explains how an initially coherent system can acquire a mixed
reduced state, how a pointer becomes correlated with an outcome basis, and why
many accessible records agree. The coefficients of the reduced mixture are the Born
weights |a|2, |b|2. Conditional on reading one pointer outcome, the state assignment
agrees with the corresponding projective update.

The calculation uses the Born rule and the rule for conditional measurements when
interpreting an observed pointer result; it does not derive those rules merely from
a unitary matrix. Nor does taking a partial trace turn the total pure state into a
single selected branch. The difference between an unconditioned reduced state and an
individual observed outcome remains part of the interpretation of measurement.

An interpretation retaining a universally unitary pure state may regard the branches
as relative states of correlated observers and records. Other interpretations treat
the occurrence or description of individual outcomes differently. The reduced-state
calculations above do not require choosing between those interpretations. If a larger
closed system is assumed pure, its subsystems can nevertheless be mixed solely because
they are entangled with the rest. Purification makes that mathematical possibility
precise.
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39 Schmidt decomposition and purification

39.1 The Schmidt decomposition

A general pure state of A⊗B can involve dAdB product-basis coefficients. A suitable
choice of local bases greatly simplifies it.

Theorem 39.1 (Schmidt decomposition). For every normalized bipartite pure state
there are positive numbers p1, . . . , pr summing to one and orthonormal sets {|ui⟩A},
{|vi⟩B} such that

|Ψ⟩ =
r∑
i=1

√
pi |ui⟩A ⊗ |vi⟩B, r ≤ min(dA, dB). (39.1)

The number r is the Schmidt rank. The numbers pi are the nonzero eigenvalues,
including multiplicities, of both reduced density operators.

Proof. Diagonalize the positive operator ρA = TrB|Ψ⟩⟨Ψ|:

ρA =
r∑
i=1

pi|ui⟩⟨ui|, pi > 0. (39.2)

Complete the |ui⟩ to a full orthonormal basis of HA if necessary. For each positive
eigenvalue define

|vi⟩B =
1
√
pi
(⟨ui|A ⊗ 1B)|Ψ⟩. (39.3)

Their inner products are

⟨vi | vj⟩ =
⟨Ψ||ui⟩⟨uj| ⊗ 1B|Ψ⟩√

pipj
(39.4)

=
⟨uj|ρA|ui⟩√

pipj
= δij. (39.5)

If a basis vector |u⟩ belongs to the kernel of ρA, then

∥(⟨u| ⊗ 1)|Ψ⟩∥2 = ⟨u|ρA|u⟩ = 0,

so its contraction vanishes. Inserting the complete A basis into |Ψ⟩ therefore gives

|Ψ⟩ =
r∑
i=1

|ui⟩ ⊗ [(⟨ui| ⊗ 1)|Ψ⟩] =
r∑
i=1

√
pi|ui⟩ ⊗ |vi⟩.

Because there are r orthonormal vectors in each subsystem, r ≤ min(dA, dB). Taking
either partial trace yields

ρA =
∑
i

pi|ui⟩⟨ui|, ρB =
∑
i

pi|vi⟩⟨vi|. (39.6)

Thus the two reduced operators have exactly the same nonzero spectrum.
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This is also a singular-value decomposition of the coefficient matrix cab: the Schmidt
coefficients

√
pi are its nonzero singular values. Degenerate pi allow corresponding

changes of Schmidt bases; the multiset of pi and the Schmidt rank do not depend on
those choices.

Corollary 39.2. A bipartite pure state is a product if and only if either reduced state
is pure. Equivalently, it is a product if and only if its Schmidt rank equals one.

Proof. For r = 1, the Schmidt decomposition is a single product with coefficient one.
Conversely, a product has rank-one reduced operators. If either reduced state is pure,
its only nonzero eigenvalue is one; the shared Schmidt spectrum then has a single
term.

A globally pure state can therefore have mixed marginals only through entan-
glement. The same statement cannot be used for a globally mixed state: classical
correlations can also give mixed marginals.

39.2 Unequal dimensions and maximal entanglement

If dA ≤ dB, the reduced state on B has rank at most dA. When dA < dB, it cannot
equal 1B/dB, which has rank dB. The smaller subsystem can nevertheless be maximally
mixed. Choose orthonormal states |1⟩B, . . . , |dA⟩B and let

|ΦdA⟩ =
1√
dA

dA∑
i=1

|i⟩A|i⟩B. (39.7)

Then

ρA =
1A
dA
, ρB =

1

dA

dA∑
i=1

|i⟩B⟨i|B. (39.8)

The latter is maximally mixed on its dA-dimensional support but has zero eigenvalues
outside that support. Both subsystems are maximally mixed on their entire spaces
only when their dimensions are equal.

For example, a qubit and a three-level system may be in

|Ψ⟩ = |0⟩A|0⟩B + |1⟩A|1⟩B√
2

. (39.9)

Their reduced spectra are (1/2, 1/2) and (1/2, 1/2, 0). The zero in the larger space
does not imply an asymmetry of entanglement; the nonzero spectra, and hence their
entanglement entropies, agree.

39.3 Purifying an arbitrary density operator

Definition 39.3. A purification of ρA is a pure state |Ψ⟩AB on a larger space such
that TrB|Ψ⟩⟨Ψ| = ρA.
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Let the spectral decomposition of a rank-r density operator be

ρA =
r∑
i=1

pi|i⟩A⟨i|A, pi > 0,
∑
i

pi = 1. (39.10)

Choose any auxiliary system B with at least r orthonormal states and define

|Ψ⟩AB =
r∑
i=1

√
pi|i⟩A|i⟩B. (39.11)

The state is normalized because its product kets are orthonormal. Its partial trace is

TrB|Ψ⟩⟨Ψ| =
∑
i,j

√
pipj|i⟩A⟨j|ATrB(|i⟩B⟨j|B) (39.12)

=
∑
i,j

√
pipj|i⟩A⟨j|Aδij = ρA. (39.13)

Thus every density operator admits a purification. Conversely, the Schmidt-rank
bound shows that a purification requires

dimHB ≥ rank ρA. (39.14)

This condition is both necessary and sufficient.
Purification is a mathematical realization of the fact that a mixed state can arise

from ignoring an entangled partner. It does not assert that a specific laboratory en-
semble was prepared by this particular auxiliary system. Local observations determine
ρA, not which of its possible purifications or ensemble realizations occurred.

39.4 Uniqueness up to a unitary on the purifier

Proposition 39.4. If |Ψ⟩ and |Φ⟩ purify the same ρA using the same finite-dimensional
auxiliary space HB, there exists a unitary VB such that

|Φ⟩ = (1A ⊗ VB)|Ψ⟩. (39.15)

Proof. Fix one orthonormal eigenbasis {|ui⟩} for the support of ρA, with positive
eigenvalues pi. Apply the contraction construction (39.3) to each purification using
this same basis. It gives two orthonormal sets in HB:

|Ψ⟩ =
∑
i

√
pi|ui⟩|vi⟩, |Φ⟩ =

∑
i

√
pi|ui⟩|wi⟩.

Complete each set to a full orthonormal basis of HB. The linear map sending the first
completed basis to the second is unitary and satisfies VB|vi⟩ = |wi⟩. Applying it to
the Schmidt expansion proves the result. Degenerate eigenvalues cause no difficulty
because the same fixed eigenbasis was used for both contractions.

The converse is immediate from local-unitary no signalling: a unitary on B leaves ρA
unchanged. For purifying spaces of different dimensions, the corresponding statement
uses an isometry between the supported subspaces, or embeds both purifiers into a
common larger space before extending that isometry to a unitary.

129



40 Entropy and entanglement

40.1 Classical entropy and operator functions

For N equally likely alternatives, the dimensionless entropy is S = logN . For a
general discrete distribution, the corresponding expression is

S(p) = −
∑
i

pi log pi. (40.1)

Natural logarithms are used here. Dividing by log 2 expresses entropy in bits, and
multiplying by Boltzmann’s constant kB gives physical entropy units. The convention
0 log 0 = 0 follows from the limit as p→ 0+.

For a Hermitian operator with spectral decomposition A =
∑

i ai|i⟩⟨i|, a function
is defined spectrally:

f(A) =
∑
i

f(ai)|i⟩⟨i|. (40.2)

In particular, the logarithm of a strictly positive density operator is log ρ =∑
i(log pi)|i⟩⟨i|. If zero eigenvalues are present, ρ log ρ is defined by continuous

extension on its kernel. This leads to the von Neumann entropy

S(ρ) = −Tr(ρ log ρ) = −
∑
i

pi log pi. (40.3)

The probabilities in this spectral formula are the eigenvalues of ρ, not the weights
of an arbitrarily chosen nonorthogonal ensemble decomposition. Different ensembles
describing the same density operator have the same von Neumann entropy, even when
the classical entropy of their preparation labels differs.

For instance, the pure state |0⟩⟨0| may be prepared with a redundant classical
random label attached to identical copies of |0⟩. The label can have positive classical
entropy while the system remains pure and has zero von Neumann entropy. Entropy
of a preparation record and entropy of the quantum system are distinct quantities.

40.2 Basic entropy properties

Because 0 ≤ pi ≤ 1, each term −pi log pi is nonnegative. Thus
S(ρ) ≥ 0, S(ρ) = 0 ⇐⇒ ρ is pure. (40.4)

The equivalence follows because each nonzero term vanishes only when its eigenvalue
is one, and the eigenvalues sum to one.

In dimension d, the largest possible entropy is log d. One way to prove this without
assuming full rank is to let r be the number of positive eigenvalues and use concavity
of the logarithm:

S(ρ) =
r∑
i=1

pi log
1

pi
(40.5)

≤ log

(
r∑
i=1

pi
1

pi

)
= log r ≤ log d. (40.6)
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Equality with log d requires r = d and all 1/pi equal, hence pi = 1/d. Therefore

0 ≤ S(ρ) ≤ log d, S(1/d) = log d. (40.7)

Unitary conjugation preserves the eigenvalues, so

S(UρU †) = S(ρ). (40.8)

The entropy of a closed system undergoing unitary evolution is constant, though
subsystem entropies can change as interactions create or remove entanglement.

For a qubit with Bloch vector length r = |r|, the eigenvalues are (1± r)/2, giving

S(ρ) = −1 + r

2
log

1 + r

2
− 1− r

2
log

1− r
2

. (40.9)

It is zero on the surface of the Bloch sphere and log 2 at the maximally mixed center.

40.3 Entanglement entropy of a pure pair

For a bipartite pure state, define its entanglement entropy by

Sent(|Ψ⟩) = S(ρA), ρA = TrB|Ψ⟩⟨Ψ|. (40.10)

The Schmidt theorem proves that this does not depend on which side is used. Indeed,
the nonzero spectra of ρA and ρB are the same, and any extra zero eigenvalues
contribute zero. Therefore

S(ρA) = S(ρB) = −
∑
i

pi log pi, S(ρAB) = 0 for a pure joint state. (40.11)

This solves the equal-entropy exercise, including unequal subsystem dimensions.
Entanglement entropy vanishes precisely for a pure product state, and is at most
logmin(dA, dB).

Example 40.1 (A continuously variable amount of entanglement). For

|Ψp⟩ =
√
p|00⟩+

√
1− p|11⟩, 0 ≤ p ≤ 1, (40.12)

the Schmidt probabilities are p and 1− p. Hence

Sent = −p log p− (1− p) log(1− p). (40.13)

At p = 0 or p = 1 the state is a product. At p = 1/2 it is maximally entangled and
each marginal is 1/2, with entropy log 2. The singlet has the same Schmidt spectrum
and the same entanglement entropy, although its spin correlations have a different
basis form.
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40.4 Entropy of product states and correlated states

Proposition 40.2 (Additivity for a product state). For normalized density operators
on two subsystems,

S(ρA ⊗ ρB) = S(ρA) + S(ρB). (40.14)

Proof. Let pi and qj be the eigenvalues of the two density operators. Their product
eigenvectors diagonalize ρA⊗ρB, with eigenvalues piqj . Restricting the sum to positive
factors and using log(piqj) = log pi + log qj,

S(ρA ⊗ ρB) = −
∑
i,j

piqj(log pi + log qj)

= −

(∑
j

qj

)∑
i

pi log pi −

(∑
i

pi

)∑
j

qj log qj

= S(ρA) + S(ρB).

Zero eigenvalues contribute zero and do not alter the result.

The product hypothesis is essential. A separable mixture can contain classical
correlations, so the absence of entanglement is not enough to establish additivity.
Consider

ρcc =
1

2
|00⟩⟨00|+ 1

2
|11⟩⟨11|. (40.15)

This is explicitly a mixture of product states. Its joint spectrum is (1/2, 1/2, 0, 0),
while both marginal spectra are (1/2, 1/2). Thus

S(ρcc) = log 2, S(ρA) + S(ρB) = 2 log 2. (40.16)

The same marginals also occur for the pure state (|00⟩+ |11⟩)/
√
2, whose joint entropy

is zero. Consequently a mixed marginal by itself does not establish entanglement
when the joint state is not known to be pure.

The quantity
I(A : B) = S(ρA) + S(ρB)− S(ρAB) (40.17)

is called the quantum mutual information. In these examples it is zero for a product,
log 2 for the classical correlated mixture, and 2 log 2 for the pure maximally entangled
pair. It measures correlations in the joint state rather than the entropy of either part
alone.

40.5 Entropy, environments, and thermodynamic descriptions

If a complete closed system is assumed to be in a pure state, the entropy of any
subsystem’s exact density operator is its entanglement entropy with the complement.
The full entropy remains zero under unitary evolution, while an interaction can raise
the subsystem entropy by distributing information into correlations. The many-record
detector model is an explicit example: the system begins pure, but its reduced entropy
after recording is

−|a|2 log |a|2 − |b|2 log |b|2. (40.18)
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The joint state of system, detector, and all retained environmental degrees of freedom
can still be pure.

This observation provides a useful microscopic perspective on entropy in an open
system. Its application to thermodynamics requires specifying the system–environment
division and the state used in the thermodynamic description. Thermal ensembles or
coarse-grained descriptions may also encode incomplete preparation information or
discarded macroscopic distinctions. Therefore thermodynamic entropy can coincide
with entanglement entropy under appropriate pure-global-state assumptions, but the
identification is not automatic for every statistical description. The density-operator
formalism keeps these possibilities compatible: local predictions depend on the reduced
state regardless of whether it was obtained from an ensemble, a purification, or a
larger entangled system.
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Part VI

Continuous Observables
Chapter 6

41 Canonical commutation relations and infinite-

dimensional spaces

The finite-dimensional formalism describes spin and other systems with a finite set of
independent states. A particle moving on a line requires a larger state space. The
obstruction can be seen before solving any particular Hamiltonian. Classical position
and momentum obey the canonical Poisson bracket {x, p}PB = 1. The canonical
quantum relation is

[X,P ] = iℏ1. (41.1)

Capital letters will denote operators, while lower-case x, p denote their spectral values.
This distinction is useful when an equation contains both an operator and an ordinary
coordinate.

41.1 The trace obstruction

Suppose X and P were matrices on a Hilbert space of finite dimension d > 0. Cyclicity
of the trace would give

Tr(XP − PX) = Tr(XP )− Tr(PX) = 0, (41.2)

whereas tracing the right side of (41.1) would give

Tr(iℏ1) = iℏd ̸= 0. (41.3)

Thus no finite-dimensional matrices satisfy the canonical relation. The conclusion
concerns the exact relation; truncating a particle problem to a finite basis necessarily
modifies the commutator at the truncation.

In infinite dimensions, this trace calculation is not valid. The identity has infinite
trace, and the traces of the unbounded products XP and PX need not exist. One
cannot subtract two divergent traces and then use cyclicity as if they were finite
numbers.

Definition 41.1 (Trace-class operator). An operator A is trace class if

Tr |A| <∞, |A| =
√
A†A. (41.4)

Equivalently, its singular values sn satisfy
∑

n sn < ∞. For a trace-class A and
bounded B, both products are trace class and Tr(AB) = Tr(BA). These hypotheses
do not apply to the attempted trace of the canonical commutator.

Another important difference is that position and momentum are unbounded
operators. They are defined on appropriate dense domains, rather than on every
vector of the Hilbert space. Equation (41.1) holds on a common invariant domain
where the products make sense. The Schwartz space of smooth, rapidly decreasing
wavefunctions will provide such a domain.
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41.2 Algebra first, representation second

For the oscillator, the Hamiltonian and commutator are known before we have chosen
coordinates for states:

H =
P 2

2m
+

1

2
mω2X2, m > 0, ω > 0, [X,P ] = iℏ1. (41.5)

The task is to find a representation of this algebra and determine the energy spectrum.
This resembles the algebraic construction of spin representations, but the oscillator
ladder will have a lowest rung and no highest rung. The state space will be infinite
dimensional.

The construction below separates two statements. The ladder argument classifies
the possible normalizable number eigenstates. The explicit Hermite-function basis
constructed afterward establishes their existence and completeness in the usual position
representation.

42 The harmonic oscillator from ladder operators

42.1 Creation, annihilation, and number operators

Define

a =

√
mω

2ℏ

(
X +

iP

mω

)
, a† =

√
mω

2ℏ

(
X − iP

mω

)
. (42.1)

These operators are dimensionless and are adjoints of one another on their appropriate
domains. Neither is self-adjoint. Their commutator is

[a, a†] =
mω

2ℏ

[
[X,− iP

mω
] + [

iP

mω
,X]

]
=

1

2ℏ
[
−i[X,P ] + i[P,X]

]
= 1. (42.2)

In particular, they are not normal operators, since aa† ̸= a†a.
The number operator is

N = a†a. (42.3)

Expanding the product without interchanging X and P gives

N =
mω

2ℏ

(
X2 +

P 2

m2ω2
+

i

mω
[X,P ]

)
=

1

ℏω

(
P 2

2m
+

1

2
mω2X2

)
− 1

2
1. (42.4)

Therefore

H = ℏω
(
N +

1

2
1

)
. (42.5)

The constant 1/2 comes from noncommutativity. Replacing the operators by commut-
ing classical variables would lose this term.
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For every vector on which the expression is defined,

⟨ψ|N |ψ⟩ = ∥a|ψ⟩∥2 ≥ 0.

Thus N is nonnegative. In the oscillator representation it is a self-adjoint operator
with a domain specified below.

42.2 How the ladder moves an eigenvalue

The product rule for commutators gives

[N, a] = [a†a, a] = a†[a, a] + [a†, a]a = −a, (42.6)

[N, a†] = a†[a, a†] + [a†, a†]a = a†. (42.7)

Let |ν⟩ be a normalized eigenvector of N with eigenvalue ν. Then

N(a|ν⟩) = (aN − a)|ν⟩ = (ν − 1)a|ν⟩, (42.8)

N(a†|ν⟩) = (a†N + a†)|ν⟩ = (ν + 1)a†|ν⟩. (42.9)

Whenever these vectors are nonzero, they are eigenvectors one unit below or above the
original eigenvalue. Their squared norms determine whether a rung can disappear:

∥a|ν⟩∥2 = ⟨ν|a†a|ν⟩ = ν, (42.10)∥∥a†|ν⟩∥∥2 = ⟨ν|aa†|ν⟩ = ⟨ν|N + 1|ν⟩ = ν + 1. (42.11)

Positivity requires ν ≥ 0. The raising operation never vanishes, and the lowering
operation vanishes precisely at ν = 0.

Figure 47: The ladder of number eigenstates. Each application of a or a† changes the
number by one.

42.3 Why the eigenvalues are nonnegative integers

Starting from a number eigenstate, repeatedly lower it. If ν were not an integer,
eventually one would obtain a nonzero eigenvector with an eigenvalue 0 < ν ′ < 1. Its
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lowered vector would still have positive norm ν ′, but its eigenvalue would be ν ′−1 < 0,
contradicting positivity of N . Hence

ν = n ∈ {0, 1, 2, . . .}. (42.12)

The lowest state satisfies
a|0⟩ = 0. (42.13)

Raising it repeatedly produces a state at every nonnegative integer. There is no top
rung because the norm in (42.11) is strictly positive for all these states.

By (42.5), the energy eigenvalues are

En = ℏω
(
n+

1

2

)
, n = 0, 1, 2, . . . . (42.14)

Neighboring levels are separated by ℏω. The ground-state energy E0 = ℏω/2 is the
zero-point energy; the classical equilibrium x = p = 0 would instead have energy
zero.

42.4 Normalization, phases, and the Fock basis

Choose an orthonormal vector at each rung and fix relative phases so that the lowering
coefficient is real and positive:

a|n⟩ = cn|n− 1⟩, cn > 0 (n ≥ 1).

Equation (42.10) gives c2n = n. Taking the adjoint matrix element, or multiplying by
a†, fixes the raising coefficient. Thus

a|n⟩ =
√
n|n− 1⟩, a†|n⟩ =

√
n+ 1|n+ 1⟩. (42.15)

The ground-state convention a|0⟩ = 0 applies separately. Repeated raising gives

|n⟩ = (a†)n√
n!
|0⟩. (42.16)

To verify the normalization, commute one a through (a†)n:

[a, (a†)n] = n(a†)n−1.

Applying this repeatedly to the vacuum gives an(a†)n|0⟩ = n!|0⟩. Different n values
are orthogonal because they have different eigenvalues of the self-adjoint operator N .

On the oscillator Hilbert space, the basis resolves the identity:

1 =
∞∑
n=0

|n⟩⟨n|, |ψ⟩ =
∞∑
n=0

ψn|n⟩, ψn = ⟨n | ψ⟩. (42.17)
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The series converges in Hilbert-space norm and

∥ψ∥2 =
∞∑
n=0

|ψn|2. (42.18)

Consequently,
Hosc

∼= ℓ2(N0), (42.19)

the space of square-summable complex sequences. The algebraic finite linear combina-
tions of number states form a useful dense invariant domain.

42.5 Worked exercise: equal degeneracy of every rung

Let Kn = ker(N − n1) be the eigenspace at level n. For |v⟩ ∈ Kn, (42.10) implies∥∥∥∥a|v⟩√n
∥∥∥∥ = ∥v∥ (n ≥ 1).

Moreover, on Kn, a†a/n = 1, while on Kn−1, aa
†/n = 1. Thus

a√
n
: Kn −→ Kn−1 (42.20)

is a unitary isomorphism with inverse a†/
√
n. Every eigenspace has the same degener-

acy as the vacuum space K0 = ker a.
Choose an orthonormal basis |0, α⟩ of K0 and set

|n, α⟩ = (a†)n√
n!
|0, α⟩. (42.21)

The previous norm calculation gives ⟨m,β | n, α⟩ = δmnδαβ. The map

|n⟩ ⊗ |α⟩ 7−→ |n, α⟩

extends to a unitary identification

H ∼= Hosc ⊗Hint. (42.22)

Here Hint
∼= K0, and X,P, a, a†, N act as the oscillator operator tensored with the

identity on Hint. For an electron in a spin-independent oscillator potential, the
second factor may be the two-dimensional spin space. More general independent
internal degrees of freedom give a larger factor. An irreducible representation of the
position–momentum algebra has only one copy of the oscillator ladder.

42.6 Position and momentum matrix elements

Inverting (42.1),
X = xosc(a+ a†), P = iposc(a

† − a), (42.23)
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where

xosc =

√
ℏ

2mω
, posc =

√
mℏω
2

, xoscposc =
ℏ
2
. (42.24)

Hence

⟨m|X|n⟩ = xosc

(√
n δm,n−1 +

√
n+ 1 δm,n+1

)
, (42.25)

⟨m|P |n⟩ = iposc

(√
n+ 1 δm,n+1 −

√
n δm,n−1

)
. (42.26)

The diagonal entries vanish, so ⟨X⟩n = ⟨P ⟩n = 0. In X2, the terms a2 and (a†)2

connect different levels, while aa† + a†a = 2N + 1. Therefore

⟨X2⟩n =
ℏ

2mω
(2n+ 1), (42.27)

⟨P 2⟩n =
mℏω
2

(2n+ 1), (42.28)

∆Xn∆Pn = ℏ
(
n+

1

2

)
. (42.29)

Only the ground state attains ∆X∆P = ℏ/2.

43 Unbounded operators, domains, and general-

ized states

43.1 Normalizable does not mean every operator can act

A state belongs to ℓ2 when
∑

n |ψn|2 <∞. The ladder operators multiply coefficients
by factors growing as

√
n, so their outputs may fail to be square summable. Explicitly,

a|ψ⟩ =
∞∑
n=0

√
n+ 1ψn+1|n⟩, (43.1)

a†|ψ⟩ =
∞∑
n=1

√
nψn−1|n⟩. (43.2)

Their domains and norms are

D(a) =

{
ψ ∈ ℓ2 :

∞∑
n=0

n|ψn|2 <∞

}
, (43.3)

∥aψ∥2 =
∞∑
n=0

n|ψn|2, (43.4)

D(a†) =

{
ψ ∈ ℓ2 :

∞∑
n=0

(n+ 1)|ψn|2 <∞

}
, (43.5)

∥∥a†ψ∥∥2 = ∞∑
n=0

(n+ 1)|ψn|2. (43.6)
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Since ψ ∈ ℓ2 already, the two convergence conditions are equivalent:

D(a) = D(a†),
∥∥a†ψ∥∥2 − ∥aψ∥2 = ∥ψ∥2 . (43.7)

These statements solve the first two parts of the domain exercise.
For example,

ψn =
C

n+ 1
, C =

√
6

π
, (43.8)

is normalized because
∑∞

n=0(n+ 1)−2 = π2/6. However,

∞∑
n=0

n|ψn|2 = C2

∞∑
n=0

n

(n+ 1)2
=∞,

so neither aψ nor a†ψ is a Hilbert-space vector. Unboundedness is also immediate
from ∥a|n⟩∥ =

√
n: no constant bounds the output norm by the input norm uniformly

over normalized states.
The number operator has the smaller domain

D(N) =

{
ψ ∈ ℓ2 :

∞∑
n=0

n2|ψn|2 <∞

}
. (43.9)

Finite mean number,
∑
n|ψn|2 < ∞, is the quadratic-form condition; it need not

imply that the vector Nψ exists in the Hilbert space. The same distinction applies to
finite mean oscillator energy and the domain of H.

43.2 Worked exercise: cancellation can enlarge the position
domain

If ψ ∈ D(a) = D(a†), the triangle inequality gives

∥Xψ∥ ≤ xosc
(
∥aψ∥+

∥∥a†ψ∥∥) <∞.
Thus aψ normalizable implies Xψ normalizable. The converse fails, because the two
terms in X can cancel in its self-adjoint extension.

Use the sequence suggested in the exercise,

ψn = C
in

n+ 1
. (43.10)

Its absolute values are the same as in the preceding example, so ψ ∈ ℓ2 but ψ /∈ D(a).
The coefficient of Xψ at level n ≥ 1, computed from the tridiagonal position matrix,
is

(Xψ)n = xosc

(√
nψn−1 +

√
n+ 1ψn+1

)
= Cxosci

n−1

[
1√
n
−
√
n+ 1

n+ 2

]
. (43.11)
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For large n, √
n+ 1

n+ 2
=

1√
n

(
1− 3

2n
+O(n−2)

)
,

so (Xψ)n = O(n−3/2). The n = 0 coefficient is finite as well. The resulting sequence
is square summable.

This formal calculation does represent an element of the operator domain. To
see it without subtracting two undefined vectors, truncate ψ(M) =

∑M
n=0 ψn|n⟩. Then

ψ(M) → ψ in norm. The interior coefficients of Xψ(M) converge to (43.11); the two
extra edge coefficients have size O(M−1/2) and disappear in norm. Thus Xψ(M)

converges to a Hilbert-space vector. Closedness of the self-adjoint position operator
implies ψ ∈ D(X).

For the same sequence, the two terms in P add instead of cancelling:

(Pψ)n = Cposci
n

[
1√
n
+

√
n+ 1

n+ 2

]
= O(n−1/2).

Their squared magnitudes are not summable, so ψ /∈ D(P ). The identity X =
xosc(a + a†) can be used as a sum of separate operator actions on their common
domain; extending X beyond that domain requires the limiting construction just
described.

43.3 Generalized eigenvectors and a test-function space

A formal expansion
∑

n cn|n⟩ with
∑

n |cn|2 =∞ is not a normalized physical state.
Some such expansions nevertheless define useful generalized vectors. Choose, for
example, the space Φ of sequences that decrease faster than every inverse power of n.
If the coefficients cn grow at most polynomially, then

⟨c | χ⟩ =
∑
n

c∗nχn (43.12)

converges for χ ∈ Φ and defines a continuous functional on that test space. This is
the sequence version of a distribution.

The inclusions are often summarized as

Φ ⊂ H ⊂ Φ′, (43.13)

with the usual conjugation convention when generalized bras are used. In position
space, one may take Φ to be the Schwartz space and Φ′ its distributional dual. Position
and momentum eigenkets will belong to this generalized setting. A divergent norm is
therefore a signal to use distributions, not permission to treat an infinite norm as a
finite probability normalization. Not every arbitrary nonsummable sequence defines a
continuous functional on a chosen test space.
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44 Diagonalizing position: Hermite functions

44.1 The position eigenvalue recurrence

Seek a generalized eigenket satisfying

X|x⟩ = x|x⟩, x ∈ R, |x⟩ =
∞∑
n=0

fn(x)|n⟩. (44.1)

Projecting onto ⟨n| and using (42.26) gives

xfn(x) =

√
ℏ

2mω

[√
n fn−1(x) +

√
n+ 1 fn+1(x)

]
. (44.2)

For n = 0, the first term is absent. Once f0(x) is given, the recurrence determines
every subsequent coefficient.

Introduce the oscillator length and dimensionless coordinate

ℓ =

√
ℏ
mω

, u =
x

ℓ
, (44.3)

and write

fn(x) =
N (x)√
2nn!

Hn(u), H0(u) = 1. (44.4)

Substitution into (44.2) and cancellation of the common factors reduces it to

Hn+1(u) = 2uHn(u)− 2nHn−1(u). (44.5)

The first polynomials are

H0 = 1, H1 = 2u, (44.6)

H2 = 4u2 − 2, H3 = 8u3 − 12u, (44.7)

H4 = 16u4 − 48u2 + 12. (44.8)

They have degree n, leading coefficient 2n, and parity Hn(−u) = (−1)nHn(u).

44.2 Rodrigues’ formula and the generating function

The recurrence is solved by the physicists’ Hermite polynomials,

Hn(u) = (−1)neu2 dn

dun
e−u

2

. (44.9)

A useful way to derive their identities is to Taylor expand e−(u−t)2 about u:

e2ut−t
2

= eu
2

e−(u−t)2

= eu
2

∞∑
n=0

(−t)n

n!

dn

dun
e−u

2

=
∞∑
n=0

Hn(u)
tn

n!
. (44.10)
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Differentiating with respect to u gives

H ′
n(u) = 2nHn−1(u). (44.11)

Differentiating with respect to t instead gives Hn+1 = 2uHn −H ′
n, which is precisely

(44.5). Combining the two identities yields

H ′′
n − 2uH ′

n + 2nHn = 0. (44.12)

This differential equation will turn into the stationary oscillator Schrödinger equation
after multiplying by the Gaussian factor.

44.3 Orthogonality, with its normalization proved

Consider

Imn =

∫ ∞

−∞
e−u

2

Hm(u)Hn(u) du.

Using (44.9) for Hn and integrating by parts n times,

Imn = (−1)n
∫
Hm(u)

dn

dun
e−u

2

du

=

∫
H(n)
m (u)e−u

2

du. (44.13)

All boundary terms vanish, since a polynomial times a Gaussian tends to zero at
either end. If m < n, the derivative is zero. If m = n, the leading coefficient gives
H

(n)
n = 2nn!, and the Gaussian integral is

√
π. Symmetry in m,n handles the case

m > n. Thus ∫ ∞

−∞
e−u

2

Hm(u)Hn(u) du =
√
π 2nn! δmn. (44.14)

To obtain a continuous resolution of the identity, require∫ ∞

−∞
|x⟩⟨x| dx = 1.

Its number-basis matrix elements are∫
fm(x)fn(x)

∗ dx = δmn.

Comparing with (44.14) after x = ℓu fixes

|N (x)|2 = 1√
πℓ
e−x

2/ℓ2 . (44.15)

There remains a position-dependent phase. The generalized ket can be written as

|x⟩ = eiϕ(x)

π1/4
√
ℓ
e−x

2/(2ℓ2)

∞∑
n=0

Hn(x/ℓ)√
2nn!

|n⟩. (44.16)

Its conjugate coefficient is the wavefunction of the number state:

φn(x) = ⟨x | n⟩ =
e−iϕ(x)

π1/4
√
2nn!ℓ

Hn(x/ℓ)e
−x2/(2ℓ2). (44.17)

The phase convention will be fixed by translations below.
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44.4 Completeness of the Hermite functions

Orthogonality alone does not imply that a family spans its Hilbert space. For
completeness, define the dimensionless Hermite functions

hn(u) =
Hn(u)e

−u2/2

π1/4
√
2nn!

. (44.18)

Suppose g ∈ L2(R) is orthogonal to every hn. Because the polynomials Hn span all
polynomials, this implies∫

g(u)e−u
2/2un du = 0 (n = 0, 1, 2, . . .).

Consider

F (z) =

∫ ∞

−∞
g(u)e−u

2/2ezu du. (44.19)

For z in any bounded subset of the complex plane, Cauchy–Schwarz and the Gaussian
decay control this integral and all its derivatives. Hence F is entire, and the moment
conditions say F (n)(0) = 0 for every n. Its Taylor series is therefore identically zero.
Setting z = −ik shows that the Fourier transform of the integrable function g(u)e−u

2/2

vanishes. Uniqueness of the Fourier transform implies g = 0 almost everywhere. Thus
{hn} is a complete orthonormal basis of L2(R).

This proves that the map

(ψ0, ψ1, . . .) 7−→ ψ(x) =
∞∑
n=0

ψnφn(x) (44.20)

is unitary from ℓ2 to L2(R). It also proves that the oscillator number states exhaust
the usual one-dimensional Hilbert space, rather than merely giving a subset of the
energy spectrum.

The completeness kernel is the distributional identity

∞∑
n=0

e−(u2+v2)/2

√
π 2nn!

Hn(u)Hn(v) = δ(u− v). (44.21)

It means that integrating the kernel against a suitable test function reproduces that
function. It is not an assertion that a pointwise convergent ordinary function equals a
delta function.

44.5 Worked exercise: generalized orthogonality and inde-
pendence

Insert the number-basis identity between two position kets and use (44.21), with
u = x/ℓ, v = y/ℓ:

⟨x | y⟩ =
∑
n

⟨x | n⟩⟨n | y⟩

= ei[ϕ(y)−ϕ(x)]
1

ℓ
δ

(
x− y
ℓ

)
= δ(x− y). (44.22)
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The phase factor equals one on the support of the delta function, and ℓ−1δ((x−y)/ℓ) =
δ(x− y).

If a square-integrable coefficient function satisfies
∫
f(x)|x⟩ dx = 0, project onto

every ⟨n|: ∫
⟨n | x⟩f(x) dx = 0 for all n.

Completeness of the Hermite functions implies f = 0 almost everywhere. This is the
relevant continuous-basis independence statement. Changes at isolated points do not
change an L2 vector or any of these integrals. The same result follows directly by
taking the overlap with ⟨y| and using (44.22).

There is no contradiction between the countable number basis and the uncountable
family of position labels. The number states are actual Hilbert-space vectors. The
position kets are generalized vectors outside that space, with delta normalization
rather than finite norm.

45 Position measurements and projection-valued

measures

45.1 The wavefunction as a representation of the state

The position-space wavefunction is

ψ(x) = ⟨x | ψ⟩, |ψ⟩ =
∫
R
ψ(x)|x⟩ dx. (45.1)

It specifies the components of an abstract state in the position representation. The
vector |ψ⟩ and the function ψ(x) carry the same information after a basis convention
has been chosen, but they are not the same kind of object. Changing the basis changes
components without changing the physical state.

The continuous resolution of identity gives

⟨ψ | χ⟩ =
∫
R
ψ(x)∗χ(x) dx, ∥ψ∥2 =

∫
R
|ψ(x)|2 dx. (45.2)

Thus the position representation is L2(R), with functions identified when they agree
almost everywhere. Its scalar product agrees with the ℓ2 scalar product of the number-
state coefficients.

Projecting X|ψ⟩ onto ⟨x| gives

⟨x | Xψ⟩ = xψ(x). (45.3)

In particular, for a suitable function f and a state with the required finite moment,

⟨f(X)⟩ψ =

∫
R
f(x)|ψ(x)|2 dx. (45.4)

The self-adjoint multiplication operator X has domain

D(X) = {ψ ∈ L2(R) : xψ(x) ∈ L2(R)}. (45.5)

145



An exact position eigenfunction would have support at one point, which has zero
measure. There is therefore no nonzero L2 eigenvector of X; its spectrum is continuous.

45.2 Finite-resolution position measurements

A detector resolves a region R, such as an interval [a, b], rather than an exact point.
The corresponding orthogonal projection is

ΠR =

∫
R

|x⟩⟨x| dx. (45.6)

In the wavefunction representation,

(ΠRψ)(x) = 1R(x)ψ(x), (45.7)

where 1R is the indicator of the region. The probability is

Pr(X ∈ R) = ⟨ψ|ΠR|ψ⟩ =
∫
R

|ψ(x)|2 dx. (45.8)

Thus |ψ(x)|2 is a probability density, not the probability at an exact point. In one
dimension it has units of inverse length, and ψ(x) has units of length to the power
−1/2.

For a small interval [x, x+ ϵ] at a continuity point,

Pr(x ≤ X ≤ x+ ϵ) = |ψ(x)|2ϵ+ o(ϵ).

Conditioned on a successful ideal yes/no measurement of R with nonzero probability,
the normalized state is

|ψR⟩ =
ΠR|ψ⟩√

Pr(X ∈ R)
.

It is still a Hilbert-space state for a finite interval; it need not lie in the domain of
momentum or energy after an ideal sharp-edged projection.

45.3 Worked exercise: the PVM identities

Multiplication by an indicator immediately proves

Π†
R = ΠR, Π2

R = ΠR, (45.9)

ΠR1ΠR2 = ΠR1∩R2 , ΠR = 1, (45.10)

ΠR1∪R2 = ΠR1 +ΠR2 (R1 ∩R2 = ∅). (45.11)

For example, 1R11R2 = 1R1∩R2 gives the product identity. More generally, if the
regions Rj are pairwise disjoint,

Π∪jRj
ψ =

∑
j

ΠRj
ψ, (45.12)

where the sum converges in norm for every state. Its norm convergence follows from the

orthogonality of the disjoint pieces and
∑

j

∥∥ΠRj
ψ
∥∥2 ≤ ∥ψ∥2. These properties define

an orthogonal projection-valued measure, extending a complete set of discrete
spectral projectors to a continuous spectrum.
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45.4 Why the density of a PVM is not a point projector

The formal symbol
π(x) = |x⟩⟨x| (45.13)

is an operator-valued distribution. It is not an orthogonal projector onto an ordinary
one-dimensional subspace of L2. In particular, the formal factor ⟨x | x⟩ = δ(0) is
undefined; it must not be used to calculate π(x)2 as a product of ordinary operators.

Integration against a bounded measurable function w gives an actual bounded
operator,

π[w] =

∫
R
w(x)|x⟩⟨x| dx = w(X), (w(X)ψ)(x) = w(x)ψ(x). (45.14)

Its norm is at most the essential supremum of |w|; choosing w = 1R gives ΠR. For
unbounded w, the multiplication operator instead has the natural domain {ψ : wψ ∈
L2}. This is how the same spectral measure defines both bounded projections and
unbounded observables.

45.5 Example: the oscillator ground-state position distribu-
tion

From (44.17) and H0 = 1,

ψ0(x) =
1

π1/4
√
ℓ
e−x

2/(2ℓ2)e−iϕ(x), |ψ0(x)|2 =
1√
πℓ
e−x

2/ℓ2 . (45.15)

The density is Gaussian, with mean zero and variance ℓ2/2:

⟨X⟩0 = 0, (∆X0)
2 =

ℏ
2mω

. (45.16)

The variance is the square of the standard deviation ∆X0. For example,

Pr(−L ≤ X ≤ L) = erf(L/ℓ), erf(z) =
2√
π

∫ z

0

e−t
2

dt. (45.17)

46 Momentum, translations, and phase conven-

tions

46.1 Commutators with functions of momentum

The identity [A,BC] = [A,B]C +B[A,C] gives, by induction,

[X,P n] = iℏnP n−1. (46.1)

For a power series that converges on a suitable common domain,

[X, f(P )] = iℏf ′(P ). (46.2)
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Figure 48: The Gaussian position density of the oscillator ground state. The width is
set by ∆X =

√
ℏ/(2mω).

This identity provides an algebraic route from the canonical commutator to spatial
translations.

Define the unitary translation group by

T (b) = e−ibP/ℏ, b ∈ R. (46.3)

Self-adjointness of P gives

T (0) = 1, T (b)T (c) = T (b+ c), T (b)† = T (−b) = T (b)−1. (46.4)

Equation (46.2) gives

[X,T (b)] = bT (b), XT (b) = T (b)(X + b1). (46.5)

Thus
X T (b)|x⟩ = (x+ b)T (b)|x⟩.

The translated ket belongs to the generalized position eigenspace at x+ b. For one
spinless particle on a line this eigenspace has multiplicity one, so

T (b)|x⟩ = λ(x, b)|x+ b⟩. (46.6)

Preservation of the delta normalization by T (b) implies |λ(x, b)| = 1.

46.2 Fixing the relative phases of position kets

Choose a phase for the generalized position ket at the origin, |x = 0⟩, and define all
others by

|x⟩ = T (x)|x = 0⟩. (46.7)
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Here |x = 0⟩ is a position eigenket, not the oscillator vacuum |0⟩. The group law then
gives

T (b)|x⟩ = T (b)T (x)|x = 0⟩ = |x+ b⟩. (46.8)

No position-dependent phase factor remains in this translation law.
Taking the adjoint and acting on a state gives

⟨x|T (b) = ⟨x− b|, ⟨x | T (b)ψ⟩ = ψ(x− b). (46.9)

A positive translation of the state shifts its density to the right: |ψ(x− b)|2 is centered
a distance b to the right of |ψ(x)|2. The opposite sign in the argument is required for
this physical shift.

Differentiate (46.9) at b = 0. Since T ′(0) = −iP/ℏ,

− i

ℏ
⟨x | Pψ⟩ = ∂

∂b
ψ(x− b)

∣∣∣∣
b=0

= −dψ

dx
. (46.10)

Therefore the momentum operator in this convention is

(Pψ)(x) = −iℏdψ
dx
. (46.11)

Momentum is the generator of spatial translations, just as the Hamiltonian is the
generator of time evolution.

46.3 What changes under a position-dependent basis phase

If the basis is relabeled by |x⟩new = eiα(x)|x⟩, then the same abstract state has
components ψnew = e−iα(x)ψ. The momentum representation changes along with the
components:

(Pnewψnew)(x) = e−iα(x)

(
−iℏ d

dx

)
[eiα(x)ψnew(x)]

=

(
−iℏ d

dx
+ ℏα′(x)

)
ψnew(x). (46.12)

All physical predictions remain unchanged by a consistent basis change. Once the
translation convention is fixed, changing the phase profile of a wavefunction while
keeping the operators fixed generally changes the physical state. A constant overall
phase still has no observable effect.

46.4 The momentum domain on the line

The self-adjoint momentum operator on L2(R) has domain

D(P ) = {ψ ∈ L2(R) : ψ′ exists weakly and ψ′ ∈ L2(R)}. (46.13)

149



For sufficiently smooth functions with suitable decay, integration by parts shows its
symmetry: ∫

ϕ∗(−iℏψ′) dx = [−iℏϕ∗ψ]∞−∞ +

∫
(−iℏϕ′)∗ψ dx

= ⟨Pϕ, ψ⟩ . (46.14)

The full self-adjoint statement follows also from the unitary Fourier transform below:
P becomes multiplication by the real variable p on its maximal multiplication domain.
Boundary conditions would matter if the configuration space were a finite interval or
a circle; they cannot be ignored merely because the local differential expression looks
the same.

On the common Schwartz domain,

(XP − PX)ψ = x(−iℏψ′) + iℏ(xψ)′ = iℏψ,

which verifies the canonical commutator directly.

47 Momentum eigenstates and the Fourier trans-

form

47.1 Plane waves and delta normalization

For a generalized momentum eigenket, P |p⟩ = p|p⟩, define ψp(x) = ⟨x | p⟩. Equation
(46.11) gives

−iℏdψp
dx

= pψp, ψp(x) =M(p)eipx/ℏ. (47.1)

To impose the continuous resolution of identity in momentum space, take position
matrix elements: ∫

R
⟨x | p⟩⟨p | y⟩ dp = δ(x− y). (47.2)

The Fourier identity in these units is∫
R
eip(x−y)/ℏ dp = 2πℏδ(x− y). (47.3)

It fixes the magnitude ofM. Choosing its phase real and positive gives

⟨x | p⟩ = 1√
2πℏ

eipx/ℏ, ⟨p | x⟩ = 1√
2πℏ

e−ipx/ℏ. (47.4)

The momentum normalization follows by integrating over position:

⟨p | q⟩ =
∫
⟨p | x⟩⟨x | q⟩ dx = δ(p− q),

∫
|p⟩⟨p| dp = 1. (47.5)

Plane waves do not decay at spatial infinity, so they are generalized states rather than
normalizable states on the whole line.
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47.2 The two wavefunction representations

Define the momentum-space wavefunction by

ψ̃(p) = ⟨p | ψ⟩. (47.6)

Insert the position or momentum identity to obtain the unitary transform pair

ψ̃(p) =
1√
2πℏ

∫
R
e−ipx/ℏψ(x) dx, (47.7)

ψ(x) =
1√
2πℏ

∫
R
eipx/ℏψ̃(p) dp. (47.8)

They satisfy Parseval’s identity,∫
ψ(x)∗χ(x) dx =

∫
ψ̃(p)∗χ̃(p) dp. (47.9)

For example, substitute both inverse transforms on the left. The x integral gives
2πℏδ(p−q) and removes one momentum integral, leaving the right side. Normalization
in either representation is thus normalization of the same state.

In momentum representation,

(Pψ̃)(p) = pψ̃(p), (Xψ̃)(p) = iℏ
dψ̃

dp
. (47.10)

The second identity follows by differentiating (47.7) with respect to p. Position and
momentum exchange the roles of multiplication and differentiation, with the signs
required by [X,P ] = iℏ1.

Momentum measurement probabilities use the same PVM construction:

Pr(P ∈ I) =
∫
I

|ψ̃(p)|2 dp, ⟨f(P )⟩ =
∫
f(p)|ψ̃(p)|2 dp.

The dimensions of ψ̃ are momentum to the power −1/2.

47.3 Exact position and exact momentum under Fourier trans-
formation

For the generalized momentum eigenstate |q⟩,

ψq(x) =
eiqx/ℏ√
2πℏ

, ψ̃q(p) = δ(p− q). (47.11)

For the generalized position eigenstate |y⟩,

ψy(x) = δ(x− y), ψ̃y(p) =
e−ipy/ℏ
√
2πℏ

. (47.12)
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Thus a plane wave and a delta function are Fourier descriptions of the same type of
nonnormalizable idealization. Neither is a physical normalized state on the line. A
finite-width wave packet provides the normalizable approximation used in probability
calculations.

A spatial translation multiplies the momentum wavefunction by a phase:

T̃ (b)ψ(p) = e−ibp/ℏψ̃(p).

Conversely, multiplying ψ(x) by eiqx/ℏ shifts its momentum distribution by q. These
two facts connect the phase of a wavefunction with its mean position and momentum.

48 Gaussian wave packets and the uncertainty

bound

48.1 A normalized packet with specified means and width

Let σ > 0, x0, p0 ∈ R, and choose

ψ(x) =
1

(2πσ2)1/4
exp

[
−(x− x0)2

4σ2
+

ip0x

ℏ

]
. (48.1)

The notation in the source eikx is recovered by setting p0 = ℏk. The density is

|ψ(x)|2 = 1√
2πσ

e−(x−x0)2/(2σ2). (48.2)

With y = (x − x0)/σ, the Gaussian integral gives normalization, oddness gives∫
ye−y

2/2 dy = 0, and integration by parts gives
∫
y2e−y

2/2 dy =
√
2π. Consequently,

⟨X⟩ = x0, ⟨X2⟩ = x20 + σ2, ∆X = σ. (48.3)

48.2 The momentum Gaussian, derived by completing the
square

Insert (48.1) into (47.7) and let y = x− x0, q = p− p0:

ψ̃(p) =
e−iqx0/ℏ

√
2πℏ(2πσ2)1/4

∫
R
exp

[
− y2

4σ2
− iqy

ℏ

]
dy. (48.4)

The exponent can be completed as

− y2

4σ2
− iqy

ℏ
= − 1

4σ2

(
y +

2iσ2q

ℏ

)2

− σ2q2

ℏ2
.

Equivalently, apply the convergent complex Gaussian integral
∫
e−ay

2+by dy =√
π/a eb

2/(4a) with a > 0. The result is

ψ̃(p) =

(
2σ2

πℏ2

)1/4

exp

[
−σ

2(p− p0)2

ℏ2
− i(p− p0)x0

ℏ

]
. (48.5)
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Its squared magnitude is a normalized Gaussian centered at p0 with variance ℏ2/(4σ2):

⟨P ⟩ = p0, ∆P =
ℏ
2σ
, ∆X∆P =

ℏ
2
. (48.6)

Increasing the spatial width decreases the momentum width. The phases in the two
representations encode the corresponding shifts of the means.

48.3 The uncertainty inequality and its equality conditions

Let δX = X − ⟨X⟩ and δP = P − ⟨P ⟩, for a state with finite variances and the
common-domain assumptions needed for the following products. Cauchy–Schwarz
gives

(∆X)2(∆P )2 ≥ |⟨ψ|δXδP |ψ⟩|2 . (48.7)

The complex expectation can be separated into its real and imaginary parts:

⟨ψ|δXδP |ψ⟩ = 1

2
⟨{δX, δP}⟩+ 1

2
⟨[X,P ]⟩ = CXP +

iℏ
2
, (48.8)

where CXP is the symmetrized covariance. Thus

(∆X)2(∆P )2 ≥ C2
XP +

ℏ2

4
≥ ℏ2

4
. (48.9)

The product bound is the Heisenberg inequality,

∆X∆P ≥ ℏ
2
. (48.10)

For equality in the simple product bound, equality must hold in Cauchy–Schwarz
and the covariance must vanish. The two Hilbert-space vectors must therefore obey

(P − p0)|ψ⟩ = ic(X − x0)|ψ⟩, c > 0. (48.11)

The sign follows from Im⟨δXδP ⟩ = ℏ/2 > 0. Taking the expectation after multiplica-
tion by δX gives c(∆X)2 = ℏ/2.

48.4 Worked exercise: every minimum-product state is Gaus-
sian

In position representation, (48.11) is a first-order ODE:

−iℏψ′(x)− p0ψ(x) = ic(x− x0)ψ(x).

Divide by −iℏ to obtain
ψ′

ψ
=

ip0
ℏ
− c

ℏ
(x− x0).
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Integration gives

ψ(x) = A exp

[
− c

2ℏ
(x− x0)2 +

ip0x

ℏ

]
. (48.12)

Normalizability requires c > 0. Using c = ℏ/(2σ2) and fixing |A| recovers exactly
(48.1), up to a constant phase. Conversely, differentiating that Gaussian verifies
(48.11), so it saturates the bound.

A Gaussian with an additional quadratic phase generally has nonzero CXP . Such
a state can saturate the stronger first inequality in (48.9) while having ∆X∆P > ℏ/2.
Thus the minimum product condition selects a Gaussian with only a linear spatial
phase in the fixed translation convention.

49 The oscillator ground state and zero-point mo-

tion

49.1 Fixing the remaining phase of the oscillator functions

The Hermite construction initially allowed a phase e−iϕ(x) in all oscillator wavefunctions.
In the translation convention, P = −iℏ∂x. Apply momentum to the vacuum using
ladder operators:

⟨x|P |0⟩ = iposc⟨x | 1⟩ = iposc
√
2
x

ℓ
ψ0(x) = imωxψ0(x). (49.1)

On the other hand, differentiating ψ0 ∝ e−x
2/(2ℓ2)e−iϕ(x) gives

−iℏψ′
0 = [imωx− ℏϕ′(x)]ψ0(x). (49.2)

Agreement requires ϕ′(x) = 0. Choose the remaining constant phase to be zero. The
fully normalized oscillator wavefunctions are therefore

φn(x) =
1

π1/4
√
2nn!ℓ

Hn(x/ℓ)e
−x2/(2ℓ2). (49.3)

Using (44.12), differentiate e−u
2/2Hn(u) twice to find(

−1

2

d2

du2
+

1

2
u2
)
[e−u

2/2Hn(u)] =

(
n+

1

2

)
e−u

2/2Hn(u).

After x = ℓu, this is the stationary Schrödinger equation with the energy (42.14).
The ground state can also be obtained immediately from a|0⟩ = 0:(

x+ ℓ2
d

dx

)
ψ0 = 0, ψ0(x) =

1

π1/4
√
ℓ
e−x

2/(2ℓ2).

Its uncertainties are

∆X0 =

√
ℏ

2mω
, ∆P0 =

√
mℏω
2

. (49.4)
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49.2 Worked exercise: excited states are not Gaussian packets

For n ≥ 1, (49.3) contains the nonconstant factor Hn(x/ℓ). It cannot be absorbed
into the exponential of a real negative quadratic plus a linear imaginary phase. One
can prove this without using the locations of the Hermite zeros. Every normalized
Gaussian packet of the form (48.1) saturates ∆X∆P = ℏ/2, whereas (42.29) gives

∆Xn∆Pn = ℏ
(
n+

1

2

)
>

ℏ
2

(n ≥ 1).

Thus no excited number state is such a Gaussian packet. More generally, Hermite
functions at excited levels have nodes, while a nonzero Gaussian with any finite
quadratic phase has no zeros on the real line.

49.3 A lower bound on energy without ladder operators

For any normalized state with finite oscillator energy, write the second moments as
variance plus squared mean:

⟨H⟩ = (∆P )2 + p20
2m

+
1

2
mω2

[
(∆X)2 + x20

]
≥ (∆P )2

2m
+

1

2
mω2(∆X)2

≥ ℏ2

8m(∆X)2
+

1

2
mω2(∆X)2. (49.5)

The first inequality discards nonnegative energies associated with the means. The
second uses ∆P ≥ ℏ/(2∆X).

Set s = ∆X > 0. The derivative of the final expression is

d

ds

(
ℏ2

8ms2
+

1

2
mω2s2

)
= − ℏ2

4ms3
+mω2s.

The unique minimum occurs at

s2 =
ℏ

2mω
. (49.6)

At this width, each of the two terms is ℏω/4, giving

⟨H⟩ ≥ 1

2
ℏω. (49.7)

Every inequality can be saturated simultaneously: choose x0 = p0 = 0, a minimum-
product Gaussian, and the width just found. This recovers the ground-state energy
and wavefunction without finding any excited states.

The physical competition is explicit. Making the packet narrower reduces its
potential energy near the bottom of the well, but increases its momentum uncertainty
and therefore its kinetic energy. At the optimum,〈

P 2

2m

〉
0

=

〈
1

2
mω2X2

〉
0

=
1

4
ℏω. (49.8)

There is no normalizable state with both zero position uncertainty and zero momentum
uncertainty.
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50 The Schrödinger representation in several di-

mensions

50.1 The Hilbert space is not fixed by the choice of potential

The oscillator provided a convenient algebraic construction of the position and mo-
mentum representation. Once this representation is identified, changing the potential
does not change the Hilbert space of a spinless particle moving on the full line. The
operators act as

H = L2(R), Xψ = xψ, Pψ = −iℏψ′, (50.1)

with their appropriate domains. A Hamiltonian P 2/(2m)+V (X) changes the dynamics
and usually changes the energy basis, but position and momentum remain the same
kinematic observables. Internal spin adds a tensor factor; changing the configuration
space or its boundary conditions is a separate change to the physical problem.

50.2 The scope of the Stone–von Neumann theorem

The exponentiated canonical relations avoid products of unbounded operators. Along
with T (b) = e−ibP/ℏ, introduce M(q) = eiqX/ℏ. In position representation,

(T (b)ψ)(x) = ψ(x− b), (M(q)ψ)(x) = eiqx/ℏψ(x).

Their composition gives the Weyl relation

T (b)M(q) = e−ibq/ℏM(q)T (b). (50.2)

For a finite number of canonical degrees of freedom, a strongly continuous irreducible
unitary representation of these relations with the same nonzero ℏ is unique up to a
unitary transformation. This is the Stone–von Neumann theorem.

The hypotheses matter. Irreducibility rules out extra multiplicity factors such as
Hint. Strong continuity ensures that the unitary groups have self-adjoint generators.
The bare formal commutator on an unspecified domain is not by itself the full theorem,
and its finite-degree-of-freedom uniqueness statement does not extend unchanged to
quantum fields with infinitely many degrees of freedom.

50.3 Joint position and momentum bases in dimension d

For a spinless particle in Rd, the canonical relations are

[Xi, Xj] = 0, [Pi, Pj] = 0, [Xi, Pj] = iℏδij1. (50.3)

The strongly commuting position components have a joint spectral basis, written
|x⟩ = |x1, . . . , xd⟩:

Xi|x⟩ = xi|x⟩, (50.4)

⟨x | y⟩ = δ(d)(x− y), (50.5)∫
Rd

|x⟩⟨x| ddx = 1. (50.6)
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The state space is L2(Rd), and

ψ(x) = ⟨x | ψ⟩, Xψ = xψ, Pψ = −iℏ∇ψ. (50.7)

For example,

⟨X⟩ =
∫
Rd

x |ψ(x)|2 ddx.

The generalized overlap and Fourier pair are

⟨x | p⟩ = eip·x/ℏ

(2πℏ)d/2
, (50.8)

ψ̃(p) =
1

(2πℏ)d/2

∫
Rd

e−ip·x/ℏψ(x) ddx, (50.9)

ψ(x) =
1

(2πℏ)d/2

∫
Rd

eip·x/ℏψ̃(p) ddp. (50.10)

Each coordinate satisfies its own uncertainty relation ∆Xi∆Pi ≥ ℏ/2.

51 Schrödinger’s wave equation

51.1 From the abstract state equation to a PDE

For a nonrelativistic spinless particle with real scalar potential,

H =
P 2

2m
+ V (X, t). (51.1)

The abstract Schrödinger equation is

iℏ
∂

∂t
|ψ(t)⟩ = H|ψ(t)⟩. (51.2)

In the Schrödinger picture the position basis is time independent. Taking the overlap
with ⟨x| therefore gives

iℏ∂tψ(x, t) = ⟨x | Hψ(t)⟩.

The kinetic term uses P 2 = −ℏ2∇2 and the potential acts by multiplication. Hence

iℏ∂tψ(x, t) = −
ℏ2

2m
∇2ψ(x, t) + V (x, t)ψ(x, t). (51.3)

This wave equation is the coordinate representation of the same abstract unitary
evolution law. A self-adjoint Hamiltonian and its domain, including any boundary
conditions, specify the evolution problem.
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51.2 Stationary states and the energy eigenvalue equation

If the potential is time independent and H|E⟩ = E|E⟩, then
|ψ(t)⟩ = e−iEt/ℏ|E⟩, ψ(x, t) = e−iEt/ℏφE(x). (51.4)

Substituting this form into (51.3) gives[
− ℏ2

2m
∇2 + V (x)

]
φE(x) = EφE(x). (51.5)

The time-independent Schrödinger equation is an eigenvalue equation, not a second
independent postulate. A superposition of energies evolves by giving each energy
component its own phase. Its probability density can change because of interference,
even though the density of a single stationary state is time independent.

52 Probability conservation and probability cur-

rent

52.1 Deriving the continuity equation

Define the position probability density

ρ(x, t) = |ψ(x, t)|2. (52.1)

Differentiate and substitute (51.3) and its complex conjugate:

∂tρ = ψ∗∂tψ + ψ∂tψ
∗

=
iℏ
2m

ψ∗∇2ψ − iV

ℏ
|ψ|2 − iℏ

2m
ψ∇2ψ∗ +

iV

ℏ
|ψ|2

=
iℏ
2m

(
ψ∗∇2ψ − ψ∇2ψ∗) . (52.2)

The potential terms cancel because V is real. The vector identity

∇ · (ψ∗∇ψ − ψ∇ψ∗) = ψ∗∇2ψ − ψ∇2ψ∗

follows because the two cross terms cancel. Define

j =
ℏ

2mi
(ψ∗∇ψ − ψ∇ψ∗) =

ℏ
m

Im(ψ∗∇ψ). (52.3)

Then
∂tρ+∇ · j = 0. (52.4)

This is a local statement of probability conservation.
For a fixed region R, integration and the divergence theorem give

d

dt

∫
R

ρ ddx = −
∫
∂R

j · n dS. (52.5)

The probability inside the region changes by the net current through its boundary. On
the whole space, sufficient decay makes the boundary flux vanish and preserves total
norm. In a bounded region, a self-adjoint Hamiltonian imposes boundary conditions
consistent with the corresponding probability balance.
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52.2 A stationary density can carry a current

The equation ∂tρ = 0 requires ∇ · j = 0, not j = 0. For example, the formal traveling
plane wave

ψ(x, t) = Aei(p·x−Et)/ℏ

has constant density |A|2 but

j =
p

m
|A|2. (52.6)

It carries a steady probability flux. A real stationary bound-state wavefunction, on
the other hand, has zero current because Im(φ∗

E∇φE) = 0. Plane waves on the
line are distributional states; a periodic box or a broad normalized packet gives the
corresponding normalizable setting.

52.3 Current and the expectation of momentum

Since −iℏ∇ is momentum,

j(x, t) =
1

m
Re[ψ(x, t)∗(−iℏ∇)ψ(x, t)]. (52.7)

Integration gives ∫
Rd

j(x, t) ddx =
1

m
Re⟨P ⟩ = ⟨P ⟩

m
, (52.8)

where reality follows from self-adjointness and the necessary domain conditions. Equiv-
alently, symmetrizing the integral of ψ∗(−iℏ∇)ψ reproduces the two terms in (52.3).

The same relation follows from the continuity equation:

d

dt
⟨Xi⟩ = −

∫
xi∇ · j ddx =

∫
ji d

dx =
⟨Pi⟩
m

, (52.9)

assuming the surface term vanishes. The quantity mj behaves as a symmetrized
local momentum density in this representation. It is not a positive joint probability
distribution assigning a simultaneously sharp position and momentum to the particle.

53 Wavefunction phase and the classical Hamilton–

Jacobi limit

53.1 Amplitude and phase variables

In a region where ρ > 0, write

ψ(x, t) = R(x, t)eiS(x,t)/ℏ, R =
√
ρ > 0, S ∈ R. (53.1)

The phase can be chosen locally; nodes and nontrivial phase winding may prevent one
global smooth S. Differentiation gives

∇ψ = eiS/ℏ
(
∇R +

i

ℏ
R∇S

)
,
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and therefore

ψ∗∇ψ = R∇R +
i

ℏ
ρ∇S.

The first term is real. Equation (52.3) becomes

j = ρ
∇S
m

. (53.2)

A spatially varying phase produces current; the density alone cannot specify it. Where
ρ > 0, the ratio j/ρ = ∇S/m is a well-defined probability-flow field. Its existence does
not change the quantum restrictions on simultaneous sharp position and momentum
measurements.

53.2 Separating the Schrödinger equation into real and imag-
inary parts

The required derivatives are

∂tψ = eiS/ℏ
(
Rt +

i

ℏ
RSt

)
, (53.3)

∇2ψ = eiS/ℏ
[
∇2R +

2i

ℏ
∇R · ∇S +

i

ℏ
R∇2S − 1

ℏ2
R|∇S|2

]
. (53.4)

Insert these into (51.3), cancel eiS/ℏ, and divide by R:

iℏ
Rt

R
− St = −

ℏ2

2m

∇2R

R
− iℏ
m

∇R
R
· ∇S − iℏ

2m
∇2S

+
|∇S|2

2m
+ V. (53.5)

The imaginary part is

Rt = −
1

m
∇R · ∇S − R

2m
∇2S.

Multiply by 2R and use 2RRt = ρt and 2R∇R = ∇ρ to obtain

∂tρ+∇ ·
(
ρ
∇S
m

)
= 0, (53.6)

which is the same continuity equation as before.
The real part is

St +
|∇S|2

2m
+ V +Q = 0, Q = − ℏ2

2m

∇2√ρ
√
ρ
. (53.7)

These two real equations are exactly equivalent to the Schrödinger equation wherever
the amplitude–phase parametrization is regular. The term Q contains the quantum
correction to the Hamilton–Jacobi equation.
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53.3 The controlled classical limit

If the amplitude and phase vary on scales for which Q is negligible, the leading equation
is

St +
|∇S|2

2m
+ V (x, t) = 0. (53.8)

This is the classical Hamilton–Jacobi equation. The limit is a semiclassical approxima-
tion, not a universal permission to set every factor of ℏ to zero: derivatives can become
large near nodes, turning points, or interference structures, making Q important even
when ℏ is small compared with a characteristic action.

In Hamilton–Jacobi theory,

p = ∇S, v =
p

m
, (53.9)

so (53.2) becomes the classical transport form j = ρv. Along a classical trajectory,

dS

dt
= St + ẋ · ∇S = −H + p · ẋ = L. (53.10)

Therefore the principal function can be interpreted, with suitable initial or endpoint
data and a chosen trajectory branch, as the accumulated classical action

S =

∫
L dt+ constant. (53.11)

This explains the appearance of the phase eiS/ℏ in semiclassical wavefunctions and in
the stationary-phase interpretation of quantum propagation.
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53.4 Time-independent Hamiltonians and the characteristic
function

If H has no explicit time dependence, seek

S(x, t) = W (x)− Et. (53.12)

The Hamilton–Jacobi equation reduces to

|∇W |2

2m
+ V (x) = E, (53.13)

where W is Hamilton’s characteristic function. In one dimension,

W ′(x) = p(x) = ±
√
2m[E − V (x)], W (x) =

∫ x

p(x′) dx′.

Thus the leading oscillatory factor is eiW (x)/ℏ, the phase that appears in the WKB
approximation. The amplitude is fixed by the next transport equation, rather than by
this phase equation alone.

For a more general Hamiltonian operator with a suitable classical principal symbol
Hcl(x,p, t), substituting Re

iS/ℏ and retaining the leading semiclassical terms gives

St +Hcl(x,∇S, t) = 0. (53.14)

At leading order, the transport velocity is ∂Hcl/∂p evaluated at p = ∇S. The exact
current formula (52.3) was derived for the quadratic kinetic energy P 2/(2m) and need
not hold unchanged for an arbitrary Hamiltonian.
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Part VII

Wave Mechanics and Bound States
Chapter 7

54 Stationary states and confinement

54.1 Energy eigenfunctions and their time dependence

For a time-independent scalar Hamiltonian

H =
p2

2m
+ V (x),

the time-dependent Schrödinger equation is solved by expanding in energy eigenfunc-
tions. A stationary state has the form

ΨE(x, t) = e−iEt/ℏψE(x),

[
− ℏ2

2m
∇2 + V (x)

]
ψE = EψE.

Its probability density is independent of time. The word stationary refers to this
density; it does not by itself imply zero probability current.

If the potential and boundary conditions are real, complex conjugation maps an
energy eigenfunction to another eigenfunction with the same real energy. Consequently,
real and imaginary parts are also solutions, and one can choose a real basis within an
eigenspace invariant under complex conjugation. For a real eigenfunction,

j =
ℏ
m

Im(ψ∗∇ψ) = 0.

For a normalizable state in the usual full-space domain, this also gives ⟨p⟩ =
m
∫
j ddx = 0. A complex basis that simultaneously diagonalizes other conserved

observables can be more useful. For example, plane waves diagonalize momentum but
are not real.

54.2 The free particle and continuum normalization

For V = 0, choose simultaneous eigenstates of H and p:

ψp(x) =
1

(2πℏ)d/2
eip·x/ℏ, Ep =

p2

2m
. (54.1)

The normalization is distributional:∫
ψ∗
p(x)ψp′(x) ddx = δ(d)(p− p′).

No individual plane wave is square-integrable over all space. Physical normalizable
states are wavepackets formed by superposing momenta. For p ̸= 0, real combinations
of the opposite momenta give sine and cosine energy eigenfunctions. Such combinations
no longer diagonalize momentum. Complex conjugation reverses momentum while
preserving the free particle energy.
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54.3 A periodic box

Let 0 ≤ xi < Li and impose periodic boundary conditions in every direction. Period-
icity of a plane wave requires

eipiLi/ℏ = 1, pi =
2πℏni
Li

, ni ∈ Z.

The normalized eigenfunctions and energies are

ψn(x) =
1√
V
exp

(
2πi

d∑
i=1

nixi
Li

)
, V =

∏
i

Li, (54.2)

En =
(2πℏ)2

2m

∑
i

n2
i

L2
i

. (54.3)

Finite volume makes the eigenfunctions normalizable and the spectrum discrete. A
one-dimensional periodic box can represent a particle moving on a ring of circumference
L = 2πR.

For a state with s nonzero components of n, independent sign reversals give 2s

states with equal energy. Equal or specially related side lengths can create additional
degeneracy. The ground state n = 0 is unique. Sending every Li to infinity while
keeping pi = 2πℏni/Li fixed recovers the continuum.

Example 54.1 (Symmetry behind the sign degeneracy). On a ring, translations
T (a) and reflection P commute with the kinetic Hamiltonian, but they satisfy
PT (a)P−1 = T (−a). They therefore form a noncommutative symmetry group. Trans-
lation eigenstates with momenta ±p are exchanged by reflection and have the same
energy. In several dimensions the corresponding translations and coordinate reflec-
tions account for the sign multiplets; a cubic box also has coordinate permutations.
Degeneracy can be analyzed through these symmetries without assuming that every
coincident level is explained by rotations alone.

54.4 A hard-walled box and the momentum domain

For an infinite square well on 0 < x < L, the boundary conditions are ψ(0) = ψ(L) = 0.
Inside the well, ψ′′ + k2ψ = 0, so ψ = A sin kx + B cos kx. The first endpoint
gives B = 0, and the second gives kL = nπ, n = 1, 2, . . .. Normalization uses∫ L
0
sin2(nπx/L)dx = L/2, yielding

ψn(x) =

√
2

L
sin

nπx

L
, En =

π2ℏ2n2

2mL2
. (54.4)

For a rectangular d-dimensional box, take tensor products:

ψn(x) =
∏
i

√
2

Li
sin

niπxi
Li

, En =
π2ℏ2

2m

∑
i

n2
i

L2
i

, ni ≥ 1.

The ground energy is positive because confinement prohibits a constant wavefunction.
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There is an important distinction between the kinetic Hamiltonian and the formal
first derivative p = −iℏ∂x. On an interval,

⟨f, pg⟩ − ⟨pf, g⟩ = −iℏ[f ∗g]L0 .

Imposing Dirichlet conditions makes this boundary term zero but does not make
this first-derivative operator self-adjoint: its adjoint has a larger domain. Moreover,
differentiating a Dirichlet function generally gives a function that does not satisfy
Dirichlet conditions. The self-adjoint Hamiltonian with domain H2∩H1

0 is well defined
independently of trying to square a self-adjoint momentum on that same domain.
This is why box energy eigenstates need not be momentum eigenstates.

54.5 Density of states in arbitrary dimension

In a large periodic box, each momentum state occupies a cell of volume (2πℏ)d/V
in momentum space. The states with energy at most E occupy a d-ball of radius
pE =

√
2mE. Since a unit d-ball has volume πd/2/Γ(d/2 + 1),

N(E) ≃ V
(2πℏ)d

πd/2

Γ(d/2 + 1)
(2mE)d/2. (54.5)

Differentiation gives

g(E) =
dN

dE
≃ V

(2πℏ)d
πd/2(2m)d/2

Γ(d/2)
Ed/2−1.

In three dimensions,
g(E)

V
=

m3/2

√
2 π2ℏ3

√
E.

This approximation describes a smoothed high-energy spectrum; it does not replace
the exact discrete levels near the ground state.

For a hard-walled box, momentum labels have spacing πℏ/Li but only positive
integers occur. The smaller cell volume contributes a factor 2d, while restriction to the
positive orthant contributes 2−d. These factors cancel, giving exactly the same leading
density (54.5). For unequal side lengths the allowed region in integer-label space is an
ellipsoid. Rescaling its axes again gives the factor V =

∏
i Li. Boundary conditions

affect subleading surface corrections, while the leading term depends only on volume.

55 Multidimensional harmonic oscillators

55.1 Normal coordinates and the spectrum

Consider

H =
p2

2m
+

1

2
Kijxixj,
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where K is real, symmetric, and positive definite. An orthogonal change of coordinates
diagonalizes K while preserving the kinetic energy and canonical commutators. In
principal axes,

H =
d∑
i=1

(
p2i
2m

+
1

2
mω2

i x
2
i

)
, ωi =

√
Ki/m.

The eigenstates are products of one-dimensional oscillator states:

|n1, . . . , nd⟩ =
⊗
i

|ni⟩, En =
∑
i

ℏωi(ni + 1
2
), ni = 0, 1, 2, . . . .

The one-dimensional Hermite wavefunctions and ladder construction were derived in
the continuous-observables chapter.

For an isotropic oscillator ωi = ω, let N =
∑

i ni. Then

EN = ℏω(N + d/2).

The number of nonnegative integer solutions of
∑

i ni = N is

dN =

(
N + d− 1

d− 1

)
. (55.1)

To count them, arrange N identical excitation symbols and d − 1 separators; the
numbers between successive separators are the ni. For d = 3, dN = (N + 1)(N + 2)/2,
giving 1, 3, 6, 10, 15, 21, . . ..

55.2 Rotation multiplets and the hidden symmetry

A creation operator a†i transforms as a vector under spatial rotations. A level-one
state has coefficients vi in via

†
i |0⟩. A level-two state is Sija

†
ia

†
j|0⟩, and commuting

creation operators mean that only the symmetric part Sij = Sji contributes.
Under a real rotation O, S 7→ OSOT. Its trace is invariant, so the two projections

Strace =
TrS

d
1, Straceless = S − TrS

d
1

span invariant subspaces. In three dimensions the six-dimensional level splits into
a scalar of dimension one and a traceless symmetric tensor of dimension five, corre-
sponding to ℓ = 0 and ℓ = 2. The antisymmetric ℓ = 1 part of 1⊗ 1 = 2⊕ 1⊕ 0 is
absent because the creation operators commute.

More generally, a level-N state is a symmetric rank-N tensor. Removing successive
traces in three dimensions gives

ℓ = N,N − 2, N − 4, . . . ,

ending at zero or one. Thus the first levels decompose as
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N Dimension Orbital angular momenta

0 1 0
1 3 1
2 5 + 1 2,0
3 7 + 3 3,1
4 9 + 5 + 1 4,2,0
5 11 + 7 + 3 5,3,1

The complete oscillator is invariant under O(d), including inversion. At level N ,
inversion contributes (−1)N , consistent with the parity (−1)ℓ of all the angular
multiplets listed above.

Rotations alone do not require different ℓ multiplets to have the same energy. The
additional degeneracy is explained by a larger symmetry. Define Qij = a†iaj. Since

H = ℏω(
∑

i a
†
iai + d/2),

[H,Qij] = 0, [Qij, Qkl] = δjkQil − δilQkj.

These operators generate u(d); the traceless combinations generate su(d). They
transfer excitations between coordinates without changing N . The level-N states form
the symmetric Nth-power representation of this larger group. In three dimensions
this is the hidden SU(3) symmetry that relates the different rotation multiplets.

55.3 High-energy state counting and accessible volume

For d = 3,

N (N) =
N∑
q=0

(q + 1)(q + 2)

2
=

(N + 1)(N + 2)(N + 3)

6
.

At high energy E ≃ Nℏω, hence

N (E) ≃ E3

6(ℏω)3
, g(E) ≃ E2

2(ℏω)3
. (55.2)

In d dimensions, the corresponding expressions are N (E) ≃ Ed/[d!(ℏω)d] and g(E) ≃
Ed−1/[(d− 1)!(ℏω)d].

The density grows faster than in a fixed box because the classically accessible
radius grows as rE =

√
2E/(mω2).

A rough comparison multiplies the free-particle density by the volume 4πr3E/3,
giving

grough(E) =
8

3π

E2

(ℏω)3
.

It captures the E2 scaling but overcounts, because it assigns kinetic energy E every-
where. A precise semiclassical calculation integrates the local kinetic energy:

g(E) =

∫
V (x)<E

m3/2

√
2π2ℏ3

√
E − V (x) d3x.

Substitute r = rEs. Using
∫ 1

0
s2
√
1− s2ds = π/16 recovers the coefficient 1/2 in

(55.2).
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Figure 49: The spatial region accessible at energy E grows with oscillator energy.

56 One-dimensional bound states

56.1 Discrete levels, continua, and thresholds

For a potential tending to zero at infinity, a generic negative-energy state has expo-
nentially decaying exterior tails and can be normalizable. Positive-energy exterior
solutions oscillate and form a continuum of generalized eigenstates. A finite attractive
well therefore has both a discrete bound spectrum and a scattering continuum. A
confining potential that grows without bound has a discrete spectrum, while the free
particle has only the continuum.

The continuum threshold is set by the asymptotic potential, not by the height of a
barrier surrounding a local minimum. If the energy lies above an open asymptotic
channel, a classically trapped state can tunnel out. It then represents an unstable
resonance rather than a normalizable stationary bound state. Specially tuned potentials
can support threshold states or bound states embedded in a continuum, so this
description is a generic one rather than an unrestricted theorem.

Figure 50: A state trapped classically can escape quantum mechanically through a
barrier into an open channel.

56.2 An attractive delta-function well

Let
V (x) = −gδ(x), g > 0.

The coupling g has units energy times length. For E < 0, define κ =
√
−2mE/ℏ.

Away from the origin, ψ′′ = κ2ψ. Normalizability removes the growing exponential on
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each side:

ψ(x) =

{
Ae−κx, x > 0,

Beκx, x < 0.

The wavefunction must be continuous. A jump would create a δ′ term in ψ′′ that the
potential cannot cancel. Thus A = B.

Figure 51: An attractive delta-function potential.

Integrate the Schrödinger equation across [−ϵ, ϵ]:

− ℏ2

2m
[ψ′(ϵ)− ψ′(−ϵ)]− gψ(0) = E

∫ ϵ

−ϵ
ψ(x) dx.

As ϵ→ 0, the integral vanishes and

ψ′(0+)− ψ′(0−) = −2mg

ℏ2
ψ(0). (56.1)

Substitution gives −2κA = −2mgA/ℏ2, hence

κ =
mg

ℏ2
, E = −mg

2

2ℏ2
.

Normalization gives 1 = 2|A|2
∫∞
0

e−2κxdx = |A|2/κ, so

ψ(x) =
√
κ e−κ|x|. (56.2)

There is exactly one bound state. An odd state would have ψ(0) = 0 and would
reduce to a globally smooth, decaying free solution, which must vanish identically.
Positive-energy scattering states remain present.

56.3 Parity reduction for the finite square well

Consider

V (x) =

{
−V0, |x| < a,

0, |x| > a,
V0 > 0.

Since V (−x) = V (x), energy eigenfunctions can be chosen even or odd. At x = 0,
an even solution satisfies ψ′(0) = 0; an odd solution satisfies ψ(0) = 0. Thus it is
sufficient to solve on x ≥ 0. For −V0 < E < 0, define

k =

√
2m(V0 + E)

ℏ
, κ =

√
−2mE
ℏ

.
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The normalizable solutions are

ψ+(x) =

{
A cos kx, 0 < x < a,

Be−κx, x > a,

ψ−(x) =

{
A sin kx, 0 < x < a,

Be−κx, x > a.

At a finite step, both ψ and ψ′ are continuous. Even matching gives

A cos ka = Be−κa, −kA sin ka = −κBe−κa,

and division yields k tan ka = κ. Odd matching similarly yields −k cot ka = κ. These
are the quantization conditions.

56.4 Graphical quantization, level count, and energy bounds

Introduce

z = ka, q = κa, z0 =
a
√
2mV0
ℏ

, z2 + q2 = z20 .

The two equations become

z tan z =
√
z20 − z2 (even), −z cot z =

√
z20 − z2 (odd). (56.3)

The positive branches alternate. On each admissible half-period the left side increases
from zero to infinity, while the semicircle on the right decreases. Each intersection
gives one bound state.

There is always an even ground state for every z0 > 0. Numbering states n =
1, 2, . . . from the ground state,

(n− 1)π

2
< zn <

nπ

2
, zn < z0.

A new bound state appears when z0 exceeds (n− 1)π/2. Thus

Nb =

⌈
2z0
π

⌉
, z0 > 0. (56.4)

Away from integer values of 2z0/π, this equals 1 + ⌊2z0/π⌋. Exactly at a threshold
the zero-energy solution has a nondecaying exterior tail and is not an additional
square-integrable bound state.

Since En = ℏ2z2n/(2ma2)− V0,

ℏ2(n− 1)2π2

8ma2
− V0 < En <

ℏ2n2π2

8ma2
− V0, En < 0.

For a deep well and fixed low n, zn → nπ/2. The upper bound becomes the hard-wall
spectrum of a box of length 2a, shifted by −V0.
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Figure 52: Even and odd square-well levels are the intersections of the transcendental
matching curves.

56.5 Normalization, tail probability, and signs

Choose the interior coefficient A real and positive. For an even state,

1 = 2A2

∫ a

0

cos2 kx dx+ 2B2

∫ ∞

a

e−2κx dx

= A2

[
a+

sin 2ka

2k
+

cos2 ka

κ

]
.

Using k tan ka = κ simplifies the bracket to a + 1/κ. For odd states the analogous
expression is a − sin(2ka)/(2k) + sin2(ka)/κ, which simplifies to the same result.
Therefore

A =

√
κ

1 + κa
, B =

{
Aeκa cos ka, even,

Aeκa sin ka, odd.
(56.5)

For the nth state, the sign of B is (−1)⌊(n−1)/2⌋ under this phase convention. Its
magnitude is

|B| = eκa

√
κk2

(k2 + κ2)(1 + κa)
.

The exterior probability is

Pout =
B2e−2κa

κ
=

k2

(k2 + κ2)(1 + κa)
, Pin = 1− Pout. (56.6)

These probabilities lie between zero and one. Weak binding increases the fraction
outside; it does not make a probability diverge.
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56.6 A shallow well and the delta-function limit

If z0 ≪ 1, only the even ground state exists. Since z ≤ z0, z tan z = z2 +O(z4), so

q ≃ z2, z4 + z2 − z20 ≃ 0.

The positive root gives

z2 ≃ −1 +
√

1 + 4z20
2

= z20 − z40 +O(z60).

The leading z20 term cancels the well depth in the energy. The next term is essential:

E ≃ − ℏ2z40
2ma2

= −2ma2V 2
0

ℏ2
= −mg

2

2ℏ2
, g = 2aV0.

This is exactly the attractive delta-well energy with the same integrated strength. A
narrow well with fixed area approaches that point interaction.

56.7 A state approaching the continuum

Let z0 = zc + ϵ, where zc = Nπ/2 with N ≥ 1 and 0 < ϵ≪ 1. Write the newest root
as z = zc+ δ. On the appropriate even or odd branch, the matching equation becomes

q ≃ zδ, q2 = (z0 − z)(z0 + z).

To leading nontrivial order,

2zc(ϵ− δ) ≃ z2c δ
2, δ = ϵ− zc

2
ϵ2 +O(ϵ3).

Thus q ≃ zcϵ and

E = − ℏ2q2

2ma2
≃ −ϵ2V0.

The decay length κ−1 = a/q diverges as the threshold is approached. Using (56.6),
Pin ∼ κa→ 0.

Parity gives ⟨x⟩ = 0. The exterior contribution to the second moment is evaluated
exactly by putting x = a+ y:

⟨x2⟩out = 2B2e−2κa

∫ ∞

0

(a+ y)2e−2κydy

= Pout

(
a2 +

a

κ
+

1

2κ2

)
.

For completeness, its interior counterpart can also be evaluated without an ap-
proximation. Write s = +1 for even parity and s = −1 for odd parity. Since
2 cos2 kx = 1 + cos 2kx and 2 sin2 kx = 1− cos 2kx,

⟨x2⟩in = A2

∫ a

0

x2[1 + s cos(2kx)] dx

= A2

{
a3

3
+ s

[
a2 sin(2ka)

2k
+
a cos(2ka)

2k2
− sin(2ka)

4k3

]}
.
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The antiderivative follows by integrating x2 cos(2kx) twice by parts. Together with
the exact exterior expression this gives the variance of any bound level:

(∆x)2 = ⟨x2⟩in + Pout

(
a2 +

a

κ
+

1

2κ2

)
.

The interior contribution is bounded by a2Pin. Therefore

(∆x)2 ∼ 1

2κ2
−→∞.

Conditioned on finding the particle outside the well, the distance y = |x| − a has
density 2κe−2κy and mean 1/(2κ). This makes the growing tail directly measurable.

56.8 Nondegeneracy, nodes, and a threshold example

For two square-integrable solutions of a regular one-dimensional real potential with the
same energy, the Wronskian W = ψ1ψ

′
2 − ψ′

1ψ2 has derivative zero by the Schrödinger
equation. The decaying boundary conditions imply W = 0, so the solutions are
proportional. Bound levels are therefore nondegenerate under the usual separated
boundary conditions. The Sturm oscillation theorem orders them by nodes: the
ground state has none, and the nth state has n− 1 interior nodes. In a symmetric
well this makes parity alternate.

The finite-range square well has no normalizable threshold state, but slower-
decaying potentials can. To construct one, choose a nodeless normalizable function
and solve the zero-energy equation for V :

V (x) =
ℏ2

2m

ψ′′(x)

ψ(x)
.

For

ψ(x) =
1√
πa

1√
1 + (x/a)2

,

normalization follows from
∫∞
−∞ dx/(1 + x2/a2) = πa. Direct differentiation gives

V (x) =
ℏ2

2m

2x2 − a2

(a2 + x2)2
, E = 0.

This potential tends to zero but supports a square-integrable state right at the
threshold. More generally, writing ψ = eu(x) gives ψ′′/ψ = u′′ + (u′)2, a useful inverse
construction. A Gaussian choice instead produces a confining quadratic potential.

57 Central potentials and the radial Schrödinger

equation

57.1 Rotational symmetry and orbital angular momentum

A central potential depends only on r = |x|: H = p2/(2m)+V (r). Define Li = ϵijkxjpk.
There is no ordering ambiguity because the antisymmetric tensor selects different
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Cartesian indices, for which xj and pk commute. The canonical commutators give

[Li, xj] = iℏϵijkxk, [Li, pj] = iℏϵijkpk, [Li, Lj] = iℏϵijkLk.

The first two identities imply [Li,x
2] = [Li,p

2] = 0; hence [H,Li] = 0 for a central
potential. We can diagonalize H,L2, Lz simultaneously.

In spherical coordinates,

∇2 =
1

r2
∂r(r

2∂r) +
1

r2 sin θ
∂θ(sin θ ∂θ) +

1

r2 sin2 θ
∂2ϕ,

where

L2 = −ℏ2
[

1

sin θ
∂θ(sin θ ∂θ) +

1

sin2 θ
∂2ϕ

]
, Lz = −iℏ∂ϕ.

The angular eigenfunctions are spherical harmonics:

L2Yℓm = ℏ2ℓ(ℓ+ 1)Yℓm, LzYℓm = ℏmYℓm.

A scalar orbital wavefunction carries integer ℓ = 0, 1, . . ., with m = −ℓ, . . . , ℓ; half-
integer spin requires additional internal degrees of freedom.

With the Condon–Shortley phase included in Pm
ℓ ,

Yℓm(θ, ϕ) =

√
2ℓ+ 1

4π

(ℓ−m)!

(ℓ+m)!
Pm
ℓ (cos θ)eimϕ.

They obey∫
S2

Y ∗
ℓmYℓ′m′dΩ = δℓℓ′δmm′ ,

∑
ℓ,m

Yℓm(Ω)Y
∗
ℓm(Ω

′) = δS2(Ω,Ω′).

Here dΩ = sin θdθdϕ, and the angular delta function is defined with this measure.

57.2 Removing the radial measure

Set ψ(r,Ω) = R(r)Yℓm(Ω). The radial equation is

− ℏ2

2mr2
d

dr
(r2R′) +

[
V (r) +

ℏ2ℓ(ℓ+ 1)

2mr2

]
R = ER.

Define χ(r) = rR(r). Since (r2R′)′ = rχ′′, the equation simplifies to

− ℏ2

2m
χ′′(r) + Uℓ(r)χ(r) = Eχ(r), Uℓ(r) = V (r) +

ℏ2ℓ(ℓ+ 1)

2mr2
. (57.1)

The extra positive term is the centrifugal barrier. The problem is one-dimensional on
the half-line, but with an angular-momentum-dependent potential.

Normalization becomes∫
|ψ|2d3x =

∫ ∞

0

r2|R|2dr
∫
|Yℓm|2dΩ =

∫ ∞

0

|χ|2dr = 1.
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Thus |χ(r)|2dr is the probability in a spherical shell of thickness dr. For the standard
regular central-potential domain, χ(0) = 0. A nonzero constant χ(0) would make
R ∼ 1/r and introduce an inadmissible singularity without a suitable point interaction.
Singular potentials and contact interactions require their own domain analysis rather
than automatic use of this condition.

A general wavefunction has the decomposition

ψ(x) =
∑
ℓ,m

χℓm(r)

r
Yℓm(Ω),

∑
ℓ,m

∫ ∞

0

|χℓm|2dr = 1.

Central symmetry decouples these angular sectors. This differs from Cartesian sep-
arability: a sum of one-dimensional finite wells creates semi-infinite troughs along
coordinate directions and is not the same potential as a bounded spherical or square-
shaped well.

57.3 The infinite spherical well

Let V = 0 for r < a and impose a hard wall at r = a. Inside,

−χ′′ +
ℓ(ℓ+ 1)

r2
χ = k2χ, E =

ℏ2k2

2m
.

Its solutions are χ = Arjℓ(kr) +Bryℓ(kr). Rayleigh’s formulas are

jℓ(z) = (−z)ℓ
(
1

z

d

dz

)ℓ
sin z

z
, yℓ(z) = −(−z)ℓ

(
1

z

d

dz

)ℓ
cos z

z
.

For example,

j0 =
sin z

z
, j1 =

sin z

z2
− cos z

z
, y0 = −

cos z

z
, y1 = −

cos z

z2
− sin z

z
.

Near zero, jℓ(z) ∼ zℓ/(2ℓ+ 1)!! and yℓ(z) ∼ −(2ℓ− 1)!!/zℓ+1. Regularity eliminates B.
The outer wall requires

jℓ(ka) = 0.

If zℓn is its nth positive zero, then

Enℓ =
ℏ2z2ℓn
2ma2

, Rnℓ(r) =

√
2

a3/2|jℓ+1(zℓn)|
jℓ(zℓnr/a). (57.2)

The normalization follows from
∫ a
0
r2jℓ(zℓnr/a)

2dr = a3jℓ+1(zℓn)
2/2.

For ℓ = 0, z0n = nπ and χn0 =
√
2/a sin(nπr/a). The ground energy

is E0 = ℏ2π2/(2ma2). The first angular sectors in increasing energy are
0, 1, 2, 0, 3, 1, 4, 2, 5, 0, . . .. Each radial level retains its 2ℓ + 1 magnetic degener-
acy, even though different radial-angular pairs generally have different energies.

Example 57.1 (Sphere versus cube). For a cube of side L, Ecube = 3π2ℏ2/(2mL2). If
L = 2a, the cube has 3/4 of the sphere’s ground energy; the cube also has the larger
volume. If the volumes are equal, L = (4π/3)1/3a, and

Ecube

Esphere

=
3

(4π/3)2/3
> 1.

At equal volume the sphere has the lower ground energy.
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Figure 53: The zeros of the spherical Bessel functions determine the radial levels.

58 The Coulomb spectrum by factorization

58.1 Two-body reduction and natural scales

For V (r) = −K/r, K > 0, the hydrogenic value is K = Ze2/(4πϵ0) in SI units. If the
nucleus is not treated as infinitely heavy, separate the center of mass from the relative
coordinate:

R =
mere +mNrN
me +mN

, r = re − rN .

The kinetic energy becomes P 2/[2(me+mN )]+p2/(2µ), where µ = memN/(me+mN ).
The internal problem therefore uses the reduced mass. In the following, m denotes
this mass.

Define

a0 =
ℏ2

mK
, ER =

mK2

2ℏ2
=

ℏ2

2ma20
, ε =

2mE

ℏ2
.

For ordinary hydrogen, a0 is approximately 5.29 × 10−11m and ER approximately
13.6 eV, with small reduced-mass corrections. The radial equation is

hℓχ = εχ, hℓ = −
d2

dr2
+
ℓ(ℓ+ 1)

r2
− 2

a0r
. (58.1)

We seek square-integrable solutions with ε < 0.
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58.2 Factorization and the lowest state at fixed angular mo-
mentum

Let A = d/dr +W (r) with real W . Integration by parts on radial functions whose
boundary term vanishes gives A† = −d/dr +W . Acting on a test function,

A†Af = (−∂r +W )(f ′ +Wf)

= −f ′′ −W ′f −Wf ′ +Wf ′ +W 2f

=
[
−∂2r +W 2 −W ′] f.

Choose

Wℓ(r) = −
ℓ+ 1

r
+

1

(ℓ+ 1)a0
.

Then

A†
ℓAℓ = hℓ + cℓ, cℓ =

1

(ℓ+ 1)2a20
. (58.2)

Since ⟨χ,A†
ℓAℓχ⟩ = ∥Aℓχ∥2 ≥ 0, ε ≥ −cℓ. Equality is possible exactly when Aℓχ = 0:

χ′

χ
=
ℓ+ 1

r
− 1

(ℓ+ 1)a0
.

Integration gives
χℓ+1,ℓ(r) = Nrℓ+1e−r/[(ℓ+1)a0].

Using
∫∞
0
rqe−brdr = q!/bq+1,

χℓ+1,ℓ(r) =

√
2

(ℓ+ 1)a0(2ℓ+ 2)!

[
2r

(ℓ+ 1)a0

]ℓ+1

e−r/[(ℓ+1)a0], (58.3)

with energy E = −ER/(ℓ+ 1)2. The overall ground state has

χ10 =
2r

a
3/2
0

e−r/a0 , ψ100(x) =
1√
πa30

e−r/a0 , E1 = −ER.

The first-order equation has only one solution up to scale, establishing uniqueness of
the fixed-ℓ lowest radial state.

58.3 Shape invariance and quantization of every bound energy

Reversing the factors changes the sign of W ′:

AℓA
†
ℓ = −∂

2
r +

(ℓ+ 1)(ℓ+ 2)

r2
− 2

a0r
+ cℓ = hℓ+1 + cℓ.

Therefore
AℓA

†
ℓ − cℓ = A†

ℓ+1Aℓ+1 − cℓ+1. (58.4)

This is called shape invariance: the partner operator has the same functional form
with a shifted angular-momentum parameter.
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If hℓχ = εχ, then
hℓ+1(Aℓχ) = εAℓχ.

The norm is
∥Aℓχ∥2 = (ε+ cℓ)∥χ∥2.

An excited state in the ℓ sector has ε > −cℓ, so the new state is nonzero, normalizable,
and has angular momentum ℓ+ 1 at the same energy.

Repeat this operation. A fixed negative ε cannot satisfy ε ≥ −cj for arbitrarily
large j, because cj → 0. The chain must therefore terminate at a state annihilated by
one of the Aj. If its final angular momentum is j = n− 1, its energy is

εn = − 1

n2a20
, En = −ER

n2
, n = 1, 2, 3, . . . . (58.5)

The starting angular momentum satisfies 0 ≤ ℓ ≤ n− 1. This argument obtains the
entire allowed set of bound energies from positivity and the terminating ladder.

58.4 Descending in angular momentum and normalization
factors

For ℓ > 0, the adjoint operator A†
ℓ−1 maps an ℓ-sector state to one with ℓ− 1 and the

same energy. Its squared norm factor is

∥A†
ℓ−1χ∥

2 = (ε+ cℓ−1)∥χ∥2 =
n2 − ℓ2

n2ℓ2a20
∥χ∥2 > 0.

Thus every ℓ = 0, . . . , n− 1 occurs. With a compatible phase convention,

A†
ℓ−1|n, ℓ⟩ =

√
n2 − ℓ2
nℓa0

|n, ℓ− 1⟩, (58.6)

Aℓ|n, ℓ⟩ =
√
n2 − (ℓ+ 1)2

n(ℓ+ 1)a0
|n, ℓ+ 1⟩. (58.7)

The second formula follows either from its norm or by taking the adjoint matrix
element of the first with ℓ replaced by ℓ+ 1.

The procedure stops at ℓ = 0. The formal expression A−1 contains 1/(ℓ+1) and is
undefined, and a scalar orbital wavefunction does not have an ℓ = −1 angular sector.

There is one radial state for each pair (n, ℓ). To see this directly, map any such
state repeatedly to the unique highest-ℓ state ℓ = n − 1. The maps have nonzero
norm factors on all intermediate sectors, so they are injective there. Two independent
states could not both map into a one-dimensional final space. Including m, the orbital
degeneracy at principal number n is

n−1∑
ℓ=0

(2ℓ+ 1) = n2.

This count excludes electron spin and any relativistic corrections.
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Figure 54: Coulomb radial states of equal energy are connected by the factorization
operators.

58.5 Explicit radial polynomials and their recurrence

Set u = 2r/(na0) and write

χnℓ(r) =

√
2

na0
fnℓ(u), fn,n−1(u) =

une−u/2√
(2n)!

.

Substitution into (58.6) gives

fn,ℓ−1(u) =
1√

n2 − ℓ2

[
n− 2ℓ

(
d

du
+
ℓ

u

)]
fnℓ(u). (58.8)

Every application reduces the lowest power of u by one but leaves the highest power
un unchanged. Hence

fnℓ(u) = uℓ+1P 2ℓ+1
n−ℓ−1(u)e

−u/2.

Use k = n− ℓ− 1 and α = 2ℓ+ 1. Then

Pα−2
k+1 (u) =

(k + α)uPα
k (u)− (α− 1)[u(Pα

k )
′(u) + αPα

k (u)]√
(k + 1)(k + α)

, Pα
0 =

1√
(α + 1)!

.

(58.9)
The first three polynomials are

Pα
0 (u) =

1√
(α + 1)!

,

Pα
1 (u) =

u− (α + 1)√
(α + 3)(α + 1)!

,

Pα
2 (u) =

u2 − 2(α + 2)u+ (α + 1)(α + 2)√
2(α + 5)(α + 2)!

.
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A closed finite-sum solution is

Pα
k (u) = (−1)k

√
k!(α + k)!

α + 2k + 1

k∑
p=0

(−u)p

(k − p)!p!(p+ α)!
. (58.10)

To verify the recurrence, insert this sum into its right-hand side and collect the
coefficient of up. The multiplication-by-u term uses the coefficient at p − 1, while
u∂u + α multiplies the coefficient at p by p + α. Putting these over the common
denominator (k + 1 − p)!p!(p + α − 2)! yields exactly the coefficient in Pα−2

k+1 ; the

square-root prefactor changes by
√

(k + 1)(k + α). At k = 0 the formula reduces to
the prescribed constant, completing the induction.

58.6 Laguerre form, normalization, and low states

Define generalized Laguerre polynomials by Rodrigues’ formula

L
(α)
k (u) =

u−αeu

k!

dk

duk
(
uk+αe−u

)
.

Leibniz differentiation gives

L
(α)
k (u) =

k∑
p=0

(−1)p(k + α)!

(k − p)!p!(p+ α)!
up,

so

Pα
k = (−1)k

√
k!

(α + k)!(α + 2k + 1)
L
(α)
k .

Dropping an overall state-dependent sign, the conventional normalized radial function
is

Rnℓ(r) =

(
2

na0

)3/2
√

(n− ℓ− 1)!

2n(n+ ℓ)!
e−u/2uℓL

(2ℓ+1)
n−ℓ−1(u), u =

2r

na0
. (58.11)

The full states are ψnℓm = RnℓYℓm. The polynomial equation follows by substitution
into (58.1):

uL′′ + (2ℓ+ 2− u)L′ + (n− ℓ− 1)L = 0.

For example,

R10 = 2a
−3/2
0 e−r/a0 ,

R20 =
1

2
√
2 a

3/2
0

(2− r/a0)e−r/(2a0),

R21 =
1

2
√
6 a

3/2
0

(r/a0)e
−r/(2a0).

The 2s state has one radial node, whereas the 2p state has none.
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Orthonormality is inherited from the self-adjoint radial problem and the normalized
ladders. It also gives a useful identity for the P polynomials. With ρ = 2r/a0 and
fixed ℓ, ∫ ∞

0

ρ2ℓ+2P 2ℓ+1
n−ℓ−1(ρ/n)P

2ℓ+1
n′−ℓ−1(ρ/n

′)e−ρ/(2n)−ρ/(2n
′)dρ = n2ℓ+3δnn′ .

Here n, n′ ≥ ℓ + 1. Although the argument and exponential scale depend on n,
the identity follows immediately by inserting the normalized radial functions into∫∞
0
χnℓχn′ℓdr = δnn′ .

59 Propagators and free-particle wavepackets

59.1 The kernel of time evolution

Insert position completeness into an initial state:

|Ψ(t0)⟩ =
∫

ddx′Ψ(x′, t0)|x′⟩.

Apply U(t, t0) and project onto ⟨x|:

Ψ(x, t) =

∫
ddx′K(x, t;x′, t0)Ψ(x′, t0), K = ⟨x|U(t, t0)|x′⟩. (59.1)

The propagator is a position-space matrix element of the evolution operator. It
satisfies the Schrödinger equation in its first arguments and the initial condition
K(x, t0;x

′, t0) = δ(d)(x− x′). Composition of time evolution gives

K(x, t;y, t0) =

∫
ddz K(x, t; z, t1)K(z, t1;y, t0).

For a time-independent Hamiltonian, write τ = t− t0 and insert a complete energy
basis:

K(x,y; τ) =
∑
n

e−iEnτ/ℏψn(x)ψ
∗
n(y), (59.2)

with integrals over continuum labels when present. A retarded Green function for
iℏ∂t −H is GR = (iℏ)−1Θ(t− t0)K.

59.2 The free kernel by a Gaussian integral

For the free particle, momentum completeness gives

K0(x,y; τ) =

∫
ddp

(2πℏ)d
exp

[
− ip2τ

2mℏ
+

ip · (x− y)

ℏ

]
.

Complete the square:

− iτ

2mℏ

[
p− m(x− y)

τ

]2
+

im|x− y|2

2ℏτ
.
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Using the Gaussian integral with a small damping factor and then taking its limit
yields

K0(x,y; τ) =
( m

2πiℏτ

)d/2
exp

[
im|x− y|2

2ℏτ

]
. (59.3)

For positive τ , choose the branch obtained continuously from the regularized integral.
Negative times follow by K0(x,y;−τ) = K0(y,x; τ)

∗. The limit τ → 0 is a delta
distribution, not an ordinary pointwise limit of the oscillating expression.

59.3 Gaussian spreading, current, and momentum uncer-
tainty

Take a normalized initial packet with variance σ2
0 in each Cartesian coordinate:

Ψ(x, 0) =
1

(2πσ2
0)
d/4

exp

[
− x2

4σ2
0

]
.

Convolution with (59.3) gives another Gaussian. Define b(t) = σ2
0 + iℏt/(2m). Before

integration, the exponent is

im

2ℏt
|x− y|2 − y2

4σ2
0

=
imb(t)

2ℏσ2
0t

(
y − σ2

0

b(t)
x

)2

− x2

4b(t)
.

The square here is the algebraic dot product, without complex conjugation; the shifted
center is generally complex. The original real integration contour can be shifted
because the Gaussian is entire and damped. Its integral is∫

Rd

exp

[
imb(t)

2ℏσ2
0t

(
y − σ2

0

b(t)
x

)2
]
ddy =

(
2πiℏσ2

0t

mb(t)

)d/2
.

Multiplying this by the kernel prefactor and initial normalization gives

Ψ(x, t) =
1

(2π)d/4

(
σ0
b(t)

)d/2
exp

[
− x2

4b(t)

]
. (59.4)

The square root is continued from t = 0. Taking the absolute square,

|Ψ|2 = 1

[2πσ(t)2]d/2
exp

[
− x2

2σ(t)2

]
, σ(t)2 = σ2

0 +

(
ℏt

2mσ0

)2

.

The dispersion time is td = 2mσ2
0/ℏ. At long times, σ(t) ∼ ℏ|t|/(2mσ0). A narrower

initial packet spreads faster because its momentum uncertainty is larger: ∆pi = ℏ/(2σ0).
Momentum is conserved, so the long-time width is precisely |t|∆pi/m.

To obtain the current, differentiate the logarithm of (59.4):

∇Ψ = − x

2b(t)
Ψ, j = |Ψ|2 ℏ2t

4m2σ4
0 + ℏ2t2

x.

For t > 0, probability flows outward from the center. The associated velocity field is
(σ̇/σ)x, which is exactly the velocity required to expand a Gaussian of width σ(t).
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59.4 A moving Gaussian and a general quadratic phase

For initial mean position x0 and momentum p0,

Ψ(x, 0) =
1

(2πσ2
0)
d/4

exp

[
−|x− x0|2

4σ2
0

+
ip0 · (x− x0)

ℏ

]
.

Let v0 = p0/m. The evolved solution is

Ψ(x, t) = ei[p0·(x−x0)−p20t/(2m)]/ℏΨ0(x− x0 − v0t, t),

where Ψ0 is the zero-mean packet in (59.4). The center follows ⟨x⟩ = x0 + v0t, while
the width evolves as before.

A complex Gaussian in one dimension can initially be written

Ψ(x, 0) = N exp[−A0(x− x0)2 + ip0(x− x0)/ℏ], ReA0 > 0.

Separate the translating center and its plane-wave phase, and write the remaining
packet as C(t) exp[−A(t)(x− v0t− x0)2]. Matching the quadratic and constant terms
in the free Schrödinger equation gives

Ȧ = −2iℏ
m
A2,

Ċ

C
= − iℏ

m
A.

The first equation integrates to A(t)−1 = A−1
0 + 2iℏt/m; inserting it into the second

gives

A(t) =
A0

1 + 2iℏA0t/m
,

C(t)

C(0)
= (1 + 2iℏA0t/m)−1/2.

The imaginary part of A0 is an initial position-momentum correlation. Equivalently,
the Heisenberg identity x(t) = x(0) + p(0)t/m gives

(∆x(t))2 = (∆x0)
2 +

2t

m
Cov(x, p)0 +

t2

m2
(∆p0)

2.

A negatively correlated packet may initially contract before spreading.

59.5 Propagator on a circle

On a circle of circumference L, the momentum labels are pn = 2πℏn/L. Therefore

KL(x, y; t) =
1

L

∑
n∈Z

exp

[
2πin(x− y)

L
− iℏt

2m

(
2πn

L

)2
]
.

Alternatively, sum the free-space kernel over winding numbers:

KL(x, y; t) =
∑
w∈Z

K0(x, y + wL; t).
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To verify the equality directly, put X = x− y and expand the periodic image sum in
Fourier modes. Its nth coefficient is

cn(t) =
1

L

∫ L

0

∑
w∈Z

K0(X − wL, 0; t)e−2πinX/L dX

=
1

L

∫ ∞

−∞
K0(X, 0; t)e

−2πinX/L dX

=
1

L
exp

[
− iℏt
2m

(
2πn

L

)2
]
.

In the second step, translating each interval by wL does not change the Fourier phase,
and the translated intervals cover the real line. In the last step, the Fourier transform
of the free kernel is the free evolution phase. These are exactly the coefficients in the
spectral formula. The image representation makes periodicity explicit; the spectral
one makes the discrete energies explicit. Both reduce to the periodic delta function at
t = 0.

60 Oscillator propagation, coherent states, and

squeezing

60.1 Mehler’s formula and the oscillator kernel

The normalized Hermite eigenfunctions are

ψn(x) =
(mω
πℏ

)1/4 Hn(u)e
−u2/2

√
2nn!

, u =
√
mω/ℏx.

Their spectral sum is

K(x, y; t) =

√
mω

πℏ
e−(u2+v2)/2−iωt/2

∞∑
n=0

ρnHn(u)Hn(v)

2nn!
, ρ = e−iωt.

Mehler’s formula, initially valid for |ρ| < 1, is

∞∑
n=0

ρnHn(u)Hn(v)

2nn!
=

1√
1− ρ2

exp

[
2ρuv − ρ2(u2 + v2)

1− ρ2

]
.

Apply it with a small damping regulator, then take its boundary value. Since
1− ρ2 = 2ie−iωt sinωt and 1 + ρ2 = 2e−iωt cosωt, one obtains, for 0 < ωt < π,

K(x, y; t) =

√
mω

2πiℏ sinωt
exp

[
imω

2ℏ
(x2 + y2) cosωt− 2xy

sinωt

]
. (60.1)

The short-time limit reproduces the free kernel.
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The square root must be followed continuously through successive intervals; using
the principal square root independently at every time loses phases. For positive
noncaustic times, put n = ⌊ωt/π⌋. An unambiguous equivalent prefactor is√

mω

2πℏ| sinωt|
exp[−iπ/4− inπ/2].

At t = nπ/ω, the kernel becomes the distribution

K(x, y;nπ/ω) = e−inπ/2δ
(
x− (−1)ny

)
.

In particular, U(π/ω) = −iP and U(2π/ω) = −1. Hence the propagator is antiperiodic
after one classical period, while physical rays and all expectation values return to their
initial values. The minus sign is due to the zero-point energy.

60.2 A coherent Gaussian moving without distortion

Take an initial Gaussian centered at x0, at rest, with the ground-state width σg =√
ℏ/(2mω):

Ψ(x, 0) =
1

(2πσ2
g)

1/4
exp[−(x− x0)2/(4σ2

g)].

Insert this into the kernel integral and put θ = ωt. Using mω/(2ℏ) = 1/(4σ2
g), the

exponent of the integrand is

S(y) =
i[(x2 + y2) cos θ − 2xy]

4σ2
g sin θ

− (y − x0)2

4σ2
g

.

Complete the square explicitly:

S(y) = − eiθ

4iσ2
g sin θ

[
y − (x+ ix0 sin θ)e

−iθ
]2

− (x− x0e−iθ)2

4σ2
g

− ix20e
−iθ sin θ

4σ2
g

.

The integral of the first factor contributes [4πiσ2
g sin θ e

−iθ]1/2. Together with the kernel

prefactor this leaves the phase e−iθ/2, on the branch continued from t = 0. Thus an
intermediate form of the result is

Ψ(x, t) =
e−iθ/2

(2πσ2
g)

1/4
exp

[
−(x− x0e−iθ)2

4σ2
g

− ix20e
−iθ sin θ

4σ2
g

]
.

Separating the real and imaginary parts of its exponent gives

Ψ(x, t) =
e−iωt/2

(2πσ2
g)

1/4
exp

[
−(x− x0 cosωt)2

4σ2
g

]
× exp

[
− ixx0 sinωt

2σ2
g

+
ix20 sinωt cosωt

4σ2
g

]
. (60.2)

185



The absolute square is a Gaussian of fixed width σg, with

⟨x(t)⟩ = x0 cosωt, ⟨p(t)⟩ = −mωx0 sinωt.

The second expression follows by differentiating the spatial phase. These are exactly
the classical oscillator trajectory and momentum. The current is j = (⟨p⟩/m)|Ψ|2,
translating the complete profile.

Figure 55: A coherent Gaussian follows the classical oscillator motion while retaining
its width.

For arbitrary initial (x0, p0), replace the center and momentum by

xc(t) = x0 cosωt+
p0
mω

sinωt, pc(t) = p0 cosωt−mωx0 sinωt.

The state remains a minimum-uncertainty Gaussian. In ladder notation it is an
eigenstate of a with α =

√
mω/(2ℏ)x0 + ip0/

√
2mℏω, and time evolution sends

α 7→ αe−iωt, apart from the common zero-point phase.

60.3 A squeezed packet and its breathing width

If the initial real Gaussian has width σ0 ̸= σg, the center still follows the same classical
orbit, but the width changes. The Heisenberg equations give

x(t) = x(0) cosωt+
p(0)

mω
sinωt,

p(t) = p(0) cosωt−mωx(0) sinωt.

Initially Cov(x, p) = 0 and (∆p0)
2 = ℏ2/(4σ2

0). Thus

(∆x(t))2 = σ2
0 cos

2 ωt+
ℏ2

4m2ω2σ2
0

sin2 ωt, (60.3)

(∆p(t))2 =
ℏ2

4σ2
0

cos2 ωt+m2ω2σ2
0 sin

2 ωt, (60.4)

Cov(x, p)t =

(
ℏ2

4mωσ2
0

−mωσ2
0

)
sinωt cosωt. (60.5)
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The width oscillates at frequency 2ω. At a quarter period, position and momentum
squeezing exchange roles. Although ∆x∆p generally exceeds ℏ/2, the full covariance
relation remains saturated:

(∆x)2(∆p)2 − Cov(x, p)2 =
ℏ2

4
.

For a zero-mean state, define b(t) = cosωt+i[σ2
g/σ

2
0] sinωt. The full Gaussian solution

is

Ψ(x, t) =
b(t)−1/2

(2πσ2
0)

1/4
exp

[
− x2

4σ2
0

cosωt+ i(σ2
0/σ

2
g) sinωt

cosωt+ i(σ2
g/σ

2
0) sinωt

]
.

The continuous square-root branch supplies the correct global phase. Setting σ0 = σg
reduces this to the stationary ground-state Gaussian with phase e−iωt/2.
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Part VIII

Scattering and Resonances
Chapter 8

61 Stationary scattering amplitudes and probabil-

ity flux

61.1 Incoming and outgoing solutions

Consider a real one-dimensional potential that vanishes outside 0 < x < L. At a
positive energy E = ℏ2k2/(2m), k > 0, an energy eigenfunction has the exterior form

ψ(x) =

{
Aeikx +Be−ikx, x < 0,

Ceikx +De−ikx, x > L.
(61.1)

The solution inside the interaction region is obtained from the Schrödinger equation
and matched at the boundaries. As a second-order ODE it has two independent
solutions: specifying the two left coefficients (A,B) determines (C,D), subject to the
usual matching conditions.

Figure 56: A localized potential with free-particle regions on both sides.

With the time factor e−iEt/ℏ understood, eikx travels to the right and e−ikx to the
left. Thus A,D are incoming amplitudes and B,C outgoing amplitudes.

61.2 The conserved current and flux normalization

A stationary density obeys ∂xj = 0, with

j =
ℏ
m

Im(ψ∗ψ′).

In the left exterior region,

ψ∗ψ′ = ik|A|2 − ik|B|2 + ikB∗Ae2ikx − ikA∗Be−2ikx.

The two cross terms have a real sum, so they do not contribute to its imaginary part.
Therefore

jleft =
ℏk
m

(|A|2 − |B|2), jright =
ℏk
m

(|C|2 − |D|2).
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Conservation gives
|A|2 + |D|2 = |B|2 + |C|2. (61.2)

The total incoming flux equals the outgoing flux. The simple squared amplitudes apply
because both asymptotic regions have the same velocity. If asymptotic potentials
differ, a transmitted probability includes the ratio of transmitted to incoming group
velocities.

For incidence only from the left, set A = 1, D = 0 and define

ψLk (x) =

{
eikx + r(k)e−ikx, x < 0,

t(k)eikx, x > L.
(61.3)

Then
R(k) = |r(k)|2, T (k) = |t(k)|2, R(k) + T (k) = 1. (61.4)

The quantities r, t are complex amplitudes; their absolute squares are reflection and
transmission probabilities. Their phases carry additional information about the motion
of wavepackets.

61.3 Recovering arbitrary incidence from one scattering solu-
tion

For real V and real k, ψL∗k is another solution. Form

ψRk =
ψL∗k − r∗ψLk

t∗
.

On the left, its right-going component cancels, leaving

ψRk (x) =
1− |r|2

t∗
e−ikx = te−ikx, x < 0.

On the right,

ψRk (x) = e−ikx − r∗t

t∗
eikx.

Thus the right-incidence transmission amplitude equals t, while the right reflection
amplitude is rR = −r∗t/t∗. A general incoming combination AψLk +DψRk gives

B = rA+ tD, C = tA− r∗t

t∗
D. (61.5)

Equivalently, (
B
C

)
= S(k)

(
A
D

)
, S(k) =

(
r t
t −r∗t/t∗

)
.

Its columns have unit norm and zero mutual inner product, so S†S = 1. This is
unitarity expressed in the basis of incoming and outgoing channels. For a finite
nonsingular potential and k > 0, t is nonzero; limiting cases with an impenetrable
barrier can be taken separately. Spatial reflection symmetry, when the origin is chosen
at the center of the potential, further equates the two reflection amplitudes.
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62 Scattering of localized wavepackets

62.1 Building a packet from stationary scattering states

To interpret the stationary amplitudes, form a packet initially far to the left:

Ψ(x, t) = N
∫ ∞

0

dk e−ℓ
2(k−k0)2−ikx0−iℏk2t/(2m)ψLk (x), (62.1)

where k0 > 0, x0 < 0, k0ℓ ≫ 1, and |x0| ≫ ℓ. In the narrow-band, far-left limit,
normalization gives N = (ℓ2/(2π3))1/4. Indeed, the squared modulus of the initial
Gaussian integrates to |N |2(π/ℓ2)

√
2πℓ = 1. Since the Gaussian is exponentially small

near k = 0, integrals may be extended to the whole real axis with exponentially small
error.

Figure 57: A narrow momentum packet approaches the localized scattering region
from the left.

At t = 0, the incoming contribution for x < 0 is proportional to∫ ∞

−∞
e−ℓ

2(k−k0)2+ik(x−x0)dk =

√
π

ℓ
e−(x−x0)2/(4ℓ2)+ik0(x−x0).

It is the desired Gaussian centered at x0 with position variance ℓ2. If r(k) is nearly
constant over its momentum width, the reflected piece initially has the form

r(k0)

√
π

ℓ
e−(x+x0)2/(4ℓ2)−ik0(x+x0).

Its formal center is −x0 > 0, outside the region x < 0 where this exterior formula
applies. Consequently it is exponentially small in the left region at the initial time.
The transmitted exterior contribution is also initially exponentially small for x > L.
The superposition therefore describes a single incoming packet rather than three
simultaneously present distant packets.

62.2 Exact free dispersion and the separated outgoing packets

The Gaussian integral underlying the time-dependent pieces is

I(Y, t) =

∫ ∞

−∞
dk e−ℓ

2(k−k0)2+ikY−iℏk2t/(2m)

=

√
π

A(t)
eik0Y−iℏk20t/(2m) exp

[
−(Y − v0t)2

4A(t)

]
.

(62.2)
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where

A(t) = ℓ2 +
iℏt
2m

, v0 =
ℏk0
m
.

To derive it, put k = k0+q, collect the quadratic term −Aq2 and linear term iq(Y −v0t),
complete the square, and use

∫
e−Aq

2
dq =

√
π/A with ReA > 0.

The width becomes
√
ℓ2 + [ℏt/(2mℓ)]2. If the collision occurs near tc = |x0|/v0,

dispersion during the encounter is small when

tc ≪
2mℓ2

ℏ
, or approximately

|x0|
k0
≪ ℓ2 ≪ x20.

The last inequality also guarantees initial separation from the scatterer. In the leading
narrow-band approximation,

Ψin ≃ N I(x− x0, t),
Ψref ≃ N r(k0)I(−x− x0, t),

Ψtrans ≃ N t(k0)I(x− x0, t).

After the interaction, the reflected center is −x0 − v0t and the transmitted center is
x0 + v0t. They move away from the interaction region in opposite directions.

Figure 58: After scattering, the outgoing packets have reflection and transmission
amplitudes r(k0) and t(k0).

Integrating the probability in each separated packet gives R(k0) and T (k0) when
the initial packet has unit norm. More generally, a packet with nonnegligible momen-
tum width samples the weighted averages of |r(k)|2 and |t(k)|2 over its momentum
distribution.

62.3 Phase derivatives and time delays

To retain the leading variation in transmission amplitude, expand its logarithm near a
nonzero t(k0):

log t(k) = log t(k0) + (α + iβ)(k − k0) +O((k − k0)2),

where

α = Re
t′(k0)

t(k0)
, β = Im

t′(k0)

t(k0)
=

d arg t

dk

∣∣∣∣
k0

.
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The real linear term shifts the Gaussian momentum center to k̃0 = k0 + α/(2ℓ2). The
imaginary term replaces x0 by x̃0 = x0 − β. Thus

xtrans(t) ≃ x0 − β +
ℏ
m

(
k0 +

α

2ℓ2

)
t.

For sufficiently narrow momentum width and times short compared with strong
dispersive reshaping, the velocity-filtering term is negligible. The packet is then shifted
backward by β, which corresponds to the transmission delay

τt(k) =
m

ℏk
Im

d

dk
log t(k) = ℏ

d arg t

dE
. (62.3)

The reflection calculation is identical after reversing the outgoing coordinate:

τr(k) =
m

ℏk
Im

d

dk
log r(k).

These delays are measured relative to free reference propagation with the same
exterior phase convention. Near zeros or very rapid variation of an amplitude, a single
translated packet may not be a good description; filtering and distortion must then
be kept.

63 A delta scatterer and analytic continuation

63.1 Exact reflection and transmission

Let V (x) = gδ(x), where g may have either sign, and define κ0 = mg/ℏ2. For left
incidence,

ψ(x) =

{
eikx + re−ikx, x < 0,

teikx, x > 0.

Continuity and the derivative jump give

1 + r = t, ψ′(0+)− ψ′(0−) = 2κ0ψ(0),

so
ik(t− 1 + r) = 2κ0t.

Using t = 1 + r, solve for

r(k) =
κ0

ik − κ0
=
−iκ0
k + iκ0

, t(k) =
ik

ik − κ0
=

k

k + iκ0
. (63.1)

Hence

R =
κ20

k2 + κ20
, T =

k2

k2 + κ20
.

At high energy T → 1. At low energy T → 0 for every nonzero g, including an
attractive delta. Strong reflection is therefore not limited to a classical barrier higher
than the incident energy.
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Since
d

dk
log t =

1

k
− 1

k + iκ0
,

the phase derivative is κ0/(k
2 + κ20). The same imaginary part occurs for r. Thus

τr = τt =
mκ0

ℏk(k2 + κ20)
. (63.2)

A repulsive delta gives a positive delay, an attractive one a negative shift relative to
the chosen free reference.

63.2 The high-energy classical limit

At large p0 = ℏk,

τ ∼ m2g

p30
.

For a smooth localized potential with |V | ≪ p20/(2m), the classical travel-time differ-
ence is

τcl =

∫ [
m√

p20 − 2mV (x)
− m

p0

]
dx.

Expand (1− z)−1/2 = 1 + z/2 +O(z2) to obtain

τcl ≃
m2

p30

∫
V (x) dx.

The delta result agrees when g is identified with the integrated potential strength.
This comparison concerns the high-energy limit of a narrow potential, rather than a
literal classical trajectory through a singular delta distribution.

63.3 A pole is not automatically a bound state

The delta amplitudes have a pole at

k∗ = −iκ0, E∗ = −
ℏ2κ20
2m

.

For g > 0, the pole lies on the negative imaginary axis. The Hamiltonian is nonnegative,
so it has no negative-energy bound state. This pole is a virtual or antibound state,
not a normalizable eigenstate. For g < 0, the pole lies on the positive imaginary axis,
with κ = −κ0 > 0. The associated solution is

ψ(x) =
√
κ e−κ|x|, E = −ℏ2κ2

2m
,

precisely the attractive delta bound state. The sign of the imaginary momentum
determines whether the exterior exponentials decay or grow.
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64 Poles, bound states, and a double-delta poten-

tial

64.1 Why upper-half-plane poles give bound states

For compactly supported sufficiently regular real potentials, the solutions and scat-
tering amplitudes can be continued in complex k. The differential equation depends
analytically on k2, even though normalization and conjugation identities require sepa-
rate attention. A generic complex-k scattering solution grows at at least one spatial
infinity and is not a physical Hilbert-space eigenvector.

Suppose a common pole occurs at k∗ = iκ with κ > 0. Divide the left-incidence
solution by t(k) and take the pole limit:

ψLk (x)

t(k)
=

{
t(k)−1eikx + [r(k)/t(k)]e−ikx, x < 0,

eikx, x > L.

At the pole, the incoming coefficient vanishes. The limiting solution is purely outgoing
in the analytic sense:

ψ∗(x) ∝

{
cLe

κx, x < 0,

cRe
−κx, x > L.

Both tails decay, so it is normalizable. For a nonsingular finite interaction, a bound
state cannot vanish on an entire exterior interval: zero value and derivative at an
endpoint would force the ODE solution to vanish everywhere. This is why the physical
bound-state pole appears in both reflection and transmission, though their residues
differ.

If a pole in the upper half-plane had k = a+ ib with a ̸= 0, its outgoing tails would
still decay but its energy ℏ2(a2 − b2 + 2iab)/(2m) would be nonreal. Self-adjointness
rules this out. Hence physical upper-half-plane poles lie on the positive imaginary
axis. Negative-imaginary-axis poles instead have growing tails and do not represent
bound states.

64.2 Exact amplitudes for two identical delta functions

Consider
V (x) = g[δ(x) + δ(x− L)], κ0 =

mg

ℏ2
.

For a single delta write t1 = k/(k + iκ0) and r1 = −iκ0/(k + iκ0). A wave transmitted
through both barriers may make any number of round trips between them. A round
trip contributes r21e

2ikL. Summing the geometric series gives

t =
t21

1− r21e2ikL
.

For reflection, include direct reflection from the first delta and every path that transmits
through it twice and reflects from the second:

r = r1 +
t21r1e

2ikL

1− r21e2ikL
.
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Thus

t(k) =
k2

(k + iκ0)2 + κ20e
2ikL

, (64.1)

r(k) = −iκ0
k + iκ0 + (k − iκ0)e

2ikL

(k + iκ0)2 + κ20e
2ikL

. (64.2)

The lack of an overall eikL in t reflects the convention that the transmitted wave is teikx

in the original global coordinate. The pole equation factors into two parity branches:

k = −iκ0(1± eikL). (64.3)

A zero of a denominator must still be checked against its numerator; in particular, the
universal algebraic root k = 0 is not automatically a pole of the scattering amplitudes.

64.3 Imaginary poles and the number of bound states

Put k = iκ, y = κL, and λ = κ0L. Then

y = −λ(1± e−y), λ = − y

1± e−y
. (64.4)

These curves determine the imaginary-axis poles graphically.

Figure 59: Imaginary-axis poles of the double-delta amplitudes as the coupling changes.

For attraction, let a = −λ > 0. The even branch is y = a(1 + e−y) and always has
one positive solution. The odd branch is y = a(1− e−y). Near zero its right-hand side
has slope a; it has a nonzero positive solution only when a > 1. Consequently there is
one bound state for −1 ≤ λ < 0 and two for λ < −1. At λ = −1, the second state
is at threshold and is not square-integrable. For −1 < λ < 0, the corresponding odd
pole lies on the negative imaginary axis.
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For repulsion λ > 0, all imaginary poles have y < 0 and are virtual states. Let
u = −y > 0 on the plus branch. Then λ = u/(1 + eu). Its maximum occurs when

(u− 1)eu = 1.

Writing W for the Lambert function, defined by W (z)eW (z) = z, this gives

λc = W (e−1) ≃ 0.27846.

For 0 < λ < λc there are two negative imaginary poles. At λc they merge, and for
λ > λc they leave the imaginary axis as a resonance pair. The free case λ = 0 must
be treated separately because numerator cancellations remove the interaction poles.

64.4 The infinite families of complex poles

Define χ = λ− ikL. Equation (64.3) becomes

χeχ = ±λeλ.

Thus, formally,

k =
i

L

[
Wn(±λeλ)− λ

]
, n ∈ Z,

with cancelled roots excluded. The infinitely many branches display the infinite
resonance families produced by repeated propagation between the two scatterers.

To obtain the graphical relation in real variables, let η = Re(kL) and ξ = λ +
Im(kL), so χ = ξ − iη. The imaginary part of χeχ must vanish:

ξ sin η + η cos η = 0, ξ = −η cot η.

Its real part is then −ηe−η cot η/ sin η. Therefore

λeλ = ±ηe
−η cot η

sin η
, Im(kL) = −η cot η − λ. (64.5)

The case η = 0 is handled by the imaginary-axis analysis above.
All poles with nonzero real part lie in the lower half-plane for this self-adjoint scat-

tering problem. Reality of the potential implies t(−k∗) = t(k)∗ and the corresponding
relation for r, so resonances occur in pairs k = kR − iγ and k = −kR − iγ, γ > 0.

65 Resonances, time delay, and unstable trapped

states

65.1 A narrow pole produces a Lorentzian peak

Focus on a pole k∗ = kR − iγ with kR > 0 and small γ > 0. Near it,

t(k) =
c−1

k − kR + iγ
+ a regular background.
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Figure 60: The graphical construction of double-delta resonance poles. The horizontal
coordinate determines the real part of kL and the curve difference determines its
imaginary part.

If the pole term dominates and the background changes slowly,

T (k) ≃ |c−1|2

(k − kR)2 + γ2
.

The complete amplitude still obeys T ≤ 1; the residue and background are constrained
by unitarity. The phase derivative is

Im
d

dk
log t ≃ γ

(k − kR)2 + γ2
.

Thus
τt(k) ≃

m

ℏk
γ

(k − kR)2 + γ2
, τmax ≃

m

ℏkRγ
. (65.1)

A narrow resonance has a long delay: the particle can remain near the scatterer before
escaping.

The complex pole energy is

E∗ =
ℏ2

2m
(k2R − γ2 − 2ikRγ) = Eres −

i

2
ΓE, ΓE =

2ℏ2kRγ
m

. (65.2)

For γ ≪ kR, the energy-space Lorentzian has full width ΓE. The amplitude time
factor is e−iErest/ℏe−ΓEt/(2ℏ). The survival probability therefore has decay time

τdecay =
ℏ
ΓE

=
m

2ℏkRγ
. (65.3)

For a pure isolated pole, the peak phase delay is twice this probability lifetime. Both
become large as the pole approaches the real axis.
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65.2 Outgoing resonance functions and self-adjointness

At the pole, the incoming wave disappears after suitable rescaling, and the formal
stationary solution has outgoing tails

ψ∗(x) =

{
CLe

−ik∗x = CLe
−ikRx−γx, x < 0,

CRe
ik∗x = CRe

ikRx+γx, x > L.

They grow exponentially as |x| → ∞. This function is not a normalizable eigenvector
of the self-adjoint Hamiltonian. Its complex energy consequently does not contradict
the reality of the Hilbert-space spectrum. It is a resonance solution with outgoing
boundary conditions, not an ordinary stationary state prepared with unit probability.

The role of the boundary is seen directly. On a finite interval [a, b], multiply the
stationary equation by ψ∗ and integrate:

E

∫ b

a

|ψ|2dx =

∫ b

a

[
ℏ2

2m
|ψ′|2 + V |ψ|2

]
dx− ℏ2

2m
[ψ∗ψ′]ba.

Taking imaginary parts gives

ImE = −ℏ
2

j(b)− j(a)∫ b
a
|ψ|2dx

. (65.4)

For a normalizable eigenfunction in the self-adjoint domain, the boundary form vanishes
as the endpoints go to infinity, so ImE = 0. For the outgoing resonance, outward flux
and a growing exterior norm remain; the limiting argument for a normalizable state
does not apply.

There can be no nontrivial purely outgoing solution at a strictly positive real k
for a real potential with equal exterior channels. The current would be negative on
the left and positive on the right, whereas stationary current conservation requires
them to be equal. Both amplitudes would have to vanish. This rules out real positive
scattering poles; the threshold k = 0 needs separate treatment.

65.3 Why the formal spatial growth has a physical interpre-
tation

Multiply the resonance function by its complex-energy time factor. On the right its
magnitude is proportional to

exp[γx− ℏkRγt/m] = exp[γ(x− vRt)], vR = ℏkR/m.

The left outgoing branch has the analogous dependence on −x − vRt. At a fixed
location, probability decays as exp(−t/τdecay). Farther outgoing particles were emitted
earlier. Because the trapped population was larger at earlier times, the formal outgoing
profile grows with distance.

The decay rate per surviving trapped particle is constant in the exponential regime,
but the number of surviving particles decreases. The bare outgoing solution extends
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Figure 61: The outgoing resonance profile grows with distance because distant parts
correspond to earlier emission. A physical packet supplies an outer envelope.

that history indefinitely into the past and is therefore not normalizable. A real
scattering experiment has a finite incoming packet and a finite excitation time. Its
outgoing resonance contribution must be cut off by a moving envelope. The next
calculation constructs that envelope explicitly.

66 A normalizable scattering packet near a reso-

nance

66.1 Separating the pole from the smooth background

Expand the transmission amplitude near a lower-half-plane pole:

t(k) =
c−1

k − k∗
+ c0 +O(k − k∗).

The smooth terms produce the ordinary transmitted packet and its phase-dependent
shift. The pole contribution to the transmitted packet is

Ψpole(x, t) = N c−1

∫ ∞

−∞

exp[−ℓ2(k − k0)2 + ik(x− x0)− iℏk2t/(2m)]

k − k∗
dk, x > L.

(66.1)
As before, extending the lower endpoint from zero to minus infinity is justified by
k0ℓ ≫ 1. The pole expansion is useful when the packet samples the neighborhood
where this term controls the rapid variation.

66.2 Deriving the Gaussian-pole integral

For ReA > 0 and Im z < 0, define

I(A,B, z) =

∫ ∞

−∞

e−Au
2+Bu

u− z
du.
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Because Im(u− z) > 0 on the real axis,

1

u− z
= −i

∫ ∞

0

ei(u−z)s ds.

Insert this representation and perform the Gaussian u integral:

I = −i
√
π

A

∫ ∞

0

exp

[
−izs+ (B + is)2

4A

]
ds

= −i
√
π

A
eB

2/(4A)

∫ ∞

0

exp

[
− s2

4A
+ i

(
B

2A
− z
)
s

]
ds.

Complete the square in s. The remaining half-line Gaussian is expressed through the
complementary error function:

erf w =
2√
π

∫ w

0

e−v
2

dv, erfcw = 1− erf w.

For complex arguments this definition is understood by analytic continuation. The
result is

I(A,B, z) = −iπe−Az2+Bz erfc
[
i(2Az −B)

2
√
A

]
. (66.2)

The square root is the branch with positive real part, continued from positive real A.
The lower-half-plane condition on z fixes the contour prescription and the sign in this
formula.

66.3 The exact pole packet

Set X = x − x0, A = ℓ2 + iℏt/(2m), and B = 2ℓ2k0 + iX. There is also an overall
factor e−ℓ

2k20 from expanding the initial Gaussian. Applying (66.2) gives

Ψpole(x, t) = −iπN c−1e
−ℓ2(k∗−k0)2+ik∗X−iℏk2∗t/(2m) erfcZ(x, t), (66.3)

Z(x, t) =
2iℓ2(k∗ − k0) +X − ℏtk∗/m

2
√
ℓ2 + iℏt/(2m)

.

The first exponential is exactly the formal outgoing resonance solution, multiplied by
the incident packet’s spectral weight at the complex pole. The error-function factor
provides the missing spatial envelope.

Choose the incident central momentum to match the resonance: k0 = kR, k∗ =
kR − iγ, and vR = ℏkR/m. Then

−ℓ2(k∗ − k0)2 = ℓ2γ2,

Z(x, t) = γ
√
A(t) +

x− x0 − vRt
2
√
A(t)

. (66.4)

This form keeps all dispersive effects. In the regime ℏ|t|/(2m)≪ ℓ2, replace
√
A by ℓ

to obtain

Z(x, t) ≃ ℓγ +
x− x0 − vRt

2ℓ
.
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For real z ≫ 1, erfc z is exponentially small; for z ≪ −1 it is approximately two.
Define the moving front

x1(t) = x0 + vRt− 2ℓ2γ. (66.5)

Away from a transition region of width of order ℓ,

Ψpole(x, t) ≃

{
−2πiN c−1e

ℓ2γ2+ik∗(x−x0)−iℏk2∗t/(2m), L < x ≲ x1(t),

0, x ≳ x1(t).

Behind the front, the pole wave has the exponentially decaying time behavior of the
trapped state. Ahead of it, the error-function envelope suppresses the unphysical
growing tail. When x1(t) < L, this outgoing resonance region has not yet emerged on
the transmitted side.

The exact integral (66.1) is a superposition with Gaussian momentum weighting
and no real-axis singularity because Im k∗ < 0. It is therefore compatible with a
normalizable wavepacket. The full scattering state also contains the incident, reflected,
and smooth transmitted pieces, whose interference describes formation and decay of
the trapped component. The resonant eigenfunction is thus a useful intermediate
description of a physical time-dependent process, even though that eigenfunction by
itself is not a normalizable stationary state.
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Part IX

Approximation Methods
Chapter 9

67 The variational method

Exactly solvable Hamiltonians are useful both as physical models and as starting
points for approximations. Three approaches will be developed here. The variational
method bounds energies by optimizing trial states. Perturbation theory expands
about a solvable Hamiltonian. The WKB method uses the slow spatial variation of
the local classical momentum. Their assumptions differ, and their answers should be
interpreted accordingly: a variational energy is an upper bound, whereas a truncated
perturbative or semiclassical expression need not bound the exact answer.

67.1 The ground-state energy as a minimum

Suppose that H is self-adjoint and bounded below, and that its lowest energy is E0.
For any nonzero trial state in the domain of H, define the Rayleigh quotient

E [ψ] = ⟨ψ|H|ψ⟩
⟨ψ | ψ⟩

. (67.1)

In a discrete orthonormal energy basis, |ψ⟩ =
∑

n cn|n⟩, this is

E [ψ] =
∑

n |cn|2En∑
n |cn|2

= E0 +

∑
n |cn|2(En − E0)∑

n |cn|2
≥ E0. (67.2)

The same argument uses a spectral integral when continuous spectrum is present: the
spectral measure is nonnegative and supported at energies at least E0.

A parameterized trial family ψ(x;α1, . . . , αr) converts an infinite-dimensional
minimization into an ordinary one. Every member gives an upper bound, so the
smallest value within the family is its best energy bound. An overall nonzero multiplier
of ψ has no effect on (67.1). Normalizing the trial states is convenient, but unnecessary
if the denominator is retained.

67.2 A Gaussian trial state for the quartic oscillator

Consider

H =
p2

2m
+ λx4, λ > 0. (67.3)

There is no harmonic term. Choose the normalized even Gaussian

ψℓ(x) =
1

(2πℓ2)1/4
exp

(
− x2

4ℓ2

)
, ℓ > 0. (67.4)

Its probability distribution has variance ℓ2. Gaussian integration gives

⟨x2⟩ = ℓ2, ⟨x4⟩ = 3ℓ4.
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For the kinetic energy, differentiation yields

ψ′
ℓ = −

x

2ℓ2
ψℓ, ψ′′

ℓ =

(
x2

4ℓ4
− 1

2ℓ2

)
ψℓ.

Consequently, 〈
p2

2m

〉
= − ℏ2

2m

(
⟨x2⟩
4ℓ4
− 1

2ℓ2

)
=

ℏ2

8mℓ2
, (67.5)

E(ℓ) = ℏ2

8mℓ2
+ 3λℓ4. (67.6)

A narrow wavefunction lowers the potential energy but raises the kinetic energy. The
optimum balances these two effects:

dE
dℓ

= − ℏ2

4mℓ3
+ 12λℓ3 = 0, ℓopt =

(
ℏ2

48mλ

)1/6

.

Substitution gives

E0 ≤ Emin =

(
3

4

)4/3 ℏ4/3λ1/3

m2/3
≃ 0.6814

ℏ4/3λ1/3

m2/3
. (67.7)

The numerical ground-state coefficient is approximately 0.6680, so this one-parameter
trial state already gives a fairly accurate energy. The combination ℏ4/3λ1/3m−2/3 is
fixed by dimensions; the nontrivial output is the dimensionless coefficient.

67.3 Why an approximate state can give a better energy

Let |0⟩ be a normalized ground state and let |ϕ⟩ be a normalized orthogonal state.
Write a nearby normalized trial state as

|ψ⟩ = |0⟩+ ϵ|ϕ⟩√
1 + |ϵ|2

, ⟨0 | ϕ⟩ = 0.

Because H|0⟩ = E0|0⟩ and H is self-adjoint, ⟨0|H|ϕ⟩ = ⟨ϕ|H|0⟩ = 0. Therefore

E [ψ]− E0 =
|ϵ|2

1 + |ϵ|2
(
⟨ϕ|H|ϕ⟩ − E0

)
. (67.8)

The state error begins at order ϵ, but its energy error begins at order |ϵ|2. This
stationarity of the Rayleigh quotient explains why energy estimates are often more
accurate than the trial wavefunctions that produce them. It does not imply comparable
accuracy for every observable.

203



67.4 Excited-state bounds and parity

If a trial state is orthogonal to the first r exact energy eigenstates, its expansion starts
at Er, and the same weighted-average argument gives E [ψ] ≥ Er. Orthogonality is
essential: minimizing over unrestricted states returns the ground state.

Symmetry can enforce the needed orthogonality without knowing the ground
wavefunction. For a one-dimensional even confining potential, the nondegenerate
ground state is even, whereas the lowest odd state is the first excited state. For the
quartic oscillator choose

ψodd
ℓ (x) =

1

(2πℓ2)1/4
x

ℓ
exp

(
− x2

4ℓ2

)
. (67.9)

Its normalization follows from ⟨x2⟩ψℓ
= ℓ2. For the potential term,

⟨x4⟩odd =
⟨x6⟩ψℓ

ℓ2
= 15ℓ4.

Differentiating (67.9), or integrating ℏ2|ψ′|2/(2m), gives〈
p2

2m

〉
odd

=
ℏ2

2mℓ2

〈(
1− x2

2ℓ2

)2
〉
ψℓ

=
3ℏ2

8mℓ2
.

Thus

Eodd(ℓ) =
3ℏ2

8mℓ2
+ 15λℓ4, (67.10)

ℓoddopt =

(
ℏ2

80mλ

)1/6

, (67.11)

E1 ≤ Eodd,min =
951/3

28/3
ℏ4/3λ1/3

m2/3
≃ 2.424

ℏ4/3λ1/3

m2/3
. (67.12)

The numerical coefficient is approximately 2.394, about 1.3% below this bound. The
odd trial function has the required node at the origin.

68 Nondegenerate stationary perturbation theory

Consider a Hamiltonian

H = H0 + ϵH1, H0|n(0)⟩ = E(0)
n |n(0)⟩. (68.1)

The parameter ϵ keeps track of orders; after the calculation it can be set to one if its
smallness has been included in H1. We first assume the unperturbed level of interest
is isolated and nondegenerate. Small denominators signal the need to reconsider this
assumption.
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Figure 62: An odd Gaussian trial wavefunction for the first excited state of an even
potential.

68.1 Intermediate normalization and two exact equations

Let |n⟩ be the exact eigenstate continuously associated with |n(0)⟩. As long as their
overlap is nonzero, its scale and phase can be chosen so that

⟨n(0) | n⟩ = 1. (68.2)

This is intermediate normalization; it does not set ⟨n | n⟩ = 1. Write

|n⟩ = |n(0)⟩+ |n∆⟩, ⟨n(0) | n∆⟩ = 0, En = E(0)
n +∆n.

The exact eigenvalue equation becomes

(E(0)
n −H0)|n∆⟩ = (ϵH1 −∆n)|n⟩. (68.3)

Multiplication by ⟨n(0)| gives the exact energy relation

∆n = ϵ⟨n(0)|H1|n⟩. (68.4)

To extract the orthogonal component of the state, the zero eigenvalue of E
(0)
n −H0

must be treated carefully.

68.2 The pseudoinverse and the reduced resolvent

For a normal operator with spectral decomposition N =
∑

j λj|j⟩⟨j|, define its spectral
pseudoinverse by

N+ =
∑
λj ̸=0

λ−1
j |j⟩⟨j|.

The symbol + here denotes the pseudoinverse, not the Hermitian adjoint. If Π0

projects onto the null space, then

N+N = NN+ = 1− Π0.

Thus applying N+ to N |x⟩ = |y⟩ determines the component of |x⟩ outside the null
space. A component in the null space remains undetermined. For the self-adjoint
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operators used here, the solvability condition is that the source have zero projection
onto the null space.

Define the reduced resolvent

Rn = (E(0)
n −H0)

+ =
∑
m̸=n

|m(0)⟩⟨m(0)|
E

(0)
n − E(0)

m

. (68.5)

It annihilates |n(0)⟩, and Rn(E
(0)
n −H0) = 1− |n(0)⟩⟨n(0)|. Applying it to (68.3) yields

|n∆⟩ = Rn(ϵH1 −∆n)|n⟩. (68.6)

Equations (68.4) and (68.6) are an exact coupled formulation of the eigenvalue problem
near the chosen state.

68.3 Expansion and recursion

Expand

En = E(0)
n + ϵE(1)

n + ϵ2E(2)
n + · · · , (68.7)

|n⟩ = |n(0)⟩+ ϵ|n(1)⟩+ ϵ2|n(2)⟩+ · · · , ⟨n(0) | n(k)⟩ = 0 (k ≥ 1). (68.8)

Substituting in the exact equations and comparing powers of ϵ gives

E(k)
n = ⟨n(0)|H1|n(k−1)⟩ (k ≥ 1), (68.9)

and

|n(k)⟩ = Rn

[
H1|n(k−1)⟩ −

k−1∑
j=1

E(j)
n |n(k−j)⟩

]
. (68.10)

The term with j = k would be proportional to |n(0)⟩ and is annihilated by Rn. In
particular,

E(1)
n = ⟨n(0)|H1|n(0)⟩, (68.11)

|n(1)⟩ = RnH1|n(0)⟩, (68.12)

E(2)
n = ⟨n(0)|H1RnH1|n(0)⟩, (68.13)

|n(2)⟩ = Rn(H1 − E(1)
n )RnH1|n(0)⟩. (68.14)

In the unperturbed energy basis these formulas read

|n(1)⟩ =
∑
m ̸=n

⟨m(0)|H1|n(0)⟩
E

(0)
n − E(0)

m

|m(0)⟩, (68.15)

E(2)
n =

∑
m ̸=n

∣∣⟨m(0)|H1|n(0)⟩
∣∣2

E
(0)
n − E(0)

m

. (68.16)

For the ground state all denominators in the second-order energy are negative, so
E

(2)
0 ≤ 0. For an excited state, levels above and below it contribute with opposite

signs.
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A necessary practical smallness condition is that the mixing coefficients∣∣∣∣ϵ⟨m(0)|H1|n(0)⟩
E

(0)
n − E(0)

m

∣∣∣∣
be small for states coupled appreciably to |n(0)⟩. The overall size of a matrix element
alone is insufficient; the energy separation matters.

Intermediate-normalized states can be converted to unit norm at the end. To
second order,

⟨n | n⟩ = 1 + ϵ2⟨n(1) | n(1)⟩+O(ϵ3),

so the normalized state acquires the additional component −1
2
ϵ2⟨n(1) | n(1)⟩|n(0)⟩. This

component is a normalization effect, not additional mixing.

68.4 A longitudinal perturbation of a two-state system

Let

H0 =
E0

2
σz, H1 =

E1

2
σz, E0 > 0, |E1| ≪ E0,

and absorb the bookkeeping parameter into E1. The unperturbed states |↑⟩, |↓⟩ have
energies E0/2,−E0/2. The first-order shifts are

E
(1)
↑ =

E1

2
, E

(1)
↓ = −E1

2
.

For example,

R↑ =
1

E0

|↓⟩⟨↓|, R↑H1|↑⟩ = 0.

There is no state mixing and all higher energy shifts vanish. Indeed, H = (E0+E1)σz/2
is diagonal in the same basis and has the exact energies ±(E0 + E1)/2.

68.5 A transverse perturbation and exact comparison

Now take

H =
E0

2
σz +

E1

2
σx.

The diagonal matrix elements of H1 vanish, while ⟨↓ |H1| ↑⟩ = E1/2. Hence

E
(1)
↑ = E

(1)
↓ = 0, (68.17)

E
(2)
↑ =

E2
1

4E0

, E
(2)
↓ = − E2

1

4E0

, (68.18)

|↑(1)⟩ = E1

2E0

|↓⟩, |↓(1)⟩ = − E1

2E0

|↑⟩. (68.19)

Diagonalizing the 2× 2 matrix directly gives

E± = ±1

2

√
E2

0 + E2
1 = ±

(
E0

2
+

E2
1

4E0

+O(E4
1/E

3
0)

)
.

This agrees with perturbation theory.
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Exercise 68.1 (Exact eigenvectors and their expansion). Compare the exact eigen-
vectors with the perturbative state correction.

Define θ by

cos θ =
E0√

E2
0 + E2

1

, sin θ =
E1√

E2
0 + E2

1

,

taking the branch with θ → 0 as E1 → 0. Normalized eigenvectors are

|+⟩ = cos
θ

2
|↑⟩+ sin

θ

2
|↓⟩, |−⟩ = − sin

θ

2
|↑⟩+ cos

θ

2
|↓⟩.

With η = E1/E0, their expansions are

|+⟩ =
(
1− η2

8

)
|↑⟩+ η

2
|↓⟩+O(η3),

|−⟩ = −η
2
|↑⟩+

(
1− η2

8

)
|↓⟩+O(η3).

Dividing the first by cos(θ/2) gives its intermediate-normalized form |↑⟩+ tan(θ/2)|↓⟩.
The first-order coefficient is η/2, exactly as obtained from (68.15).

68.6 The anharmonic oscillator

Take

H =
p2

2m
+

1

2
mω2x2 + λx4 = H0 +H1. (68.20)

Writing

x =

√
ℏ

2mω
(a+ a†), H0 = ℏω

(
a†a+

1

2

)
gives

E(1)
n = λ

(
ℏ

2mω

)2

⟨n|(a+ a†)4|n⟩.

For the ground state,
(a+ a†)2|0⟩ = |0⟩+

√
2|2⟩.

Since (a+ a†)2 is Hermitian,

⟨0|(a+ a†)4|0⟩ =
∥∥(a+ a†)2|0⟩

∥∥2 = 1 + 2 = 3.

Equivalently, commuting each annihilation operator to the right in the fourth power
leaves three vacuum contractions. The needed commutations follow from aa† = a†a+1:
for example ⟨0|a2(a†)2|0⟩ = 2 and ⟨0|aa†aa†|0⟩ = 1, while the other surviving-order
possibilities either vanish against the vacuum or reduce to these terms. Therefore

E0 =
ℏω
2

+ 3λ

(
ℏ

2mω

)2

+ · · · . (68.21)
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Exercise 68.2 (The shift of an arbitrary oscillator level). Compute ⟨n|x4|n⟩ and
determine when the first-order energy shift becomes comparable to the unperturbed
energy.

Apply the square of a+ a† first:

(a+ a†)2|n⟩ =
√
n(n− 1)|n− 2⟩+ (2n+ 1)|n⟩ (68.22)

+
√
(n+ 1)(n+ 2)|n+ 2⟩.

The squared norm is

n(n− 1) + (2n+ 1)2 + (n+ 1)(n+ 2) = 6n2 + 6n+ 3.

Consequently,

E(1)
n = λ

(
ℏ

2mω

)2

(6n2 + 6n+ 3). (68.23)

At large n, comparison with E
(0)
n ≃ nℏω gives

E
(1)
n

E
(0)
n

≃ 3λℏn
2m2ω3

.

The correction becomes order one when n ∼ 2m2ω3/(3λℏ). Thus a perturbation
that is small for low states need not be small throughout the spectrum. The same
conclusion follows from the oscillator size ⟨x2⟩n = (n+ 1

2
)ℏ/(mω): sufficiently energetic

states explore positions where λx4 competes with the quadratic term.
For λ > 0, evaluating the full Hamiltonian in the unperturbed ground state

gives precisely the first two terms displayed in (68.21). The variational principle
therefore makes this particular truncation a ground-state upper bound. More generally,
whenever the full Hamiltonian is bounded below and the unperturbed ground state is
an admissible trial vector,

Egs(H) ≤ ⟨0(0)|H|0(0)⟩ = E
(0)
0 + ϵE

(1)
0 .

Thus the ground-state energy truncated after first order is a variational upper bound,
irrespective of convergence of the perturbation series. A generic higher-order truncation
does not have this property.

68.7 Analyticity is a separate question

If an eigenvalue is analytic in the perturbation parameter, the perturbation series is
its Taylor series. The formal recursion alone does not prove analyticity or convergence.
The quartic oscillator illustrates why this matters. For λ < 0, the potential tends to
−∞ as |x| → ∞, and there is no ground-state energy bounded below. A harmonic-
looking central well can support metastable resonances, but these are described by
outgoing boundary conditions and complex resonance energies rather than normalizable
ground-state eigenvectors.

Even for positive λ, the perturbation is not uniformly small in position: the
quartic term eventually dominates the quadratic term at large |x|. Useful perturbative
information can therefore exist without an ordinary convergent Taylor expansion
around λ = 0.
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69 Asymptotic expansions

69.1 The meaning of an asymptotic series

A function has the asymptotic expansion

f(x) ∼
∞∑
n=0

anx
n (x→ 0+)

if, for each fixed integer N ≥ 0,

lim
x→0+

f(x)−
∑N

n=0 anx
n

xN
= 0. (69.1)

The limit is taken with N fixed. It makes no claim that the infinite sum converges
at a nonzero value of x. Taylor expansions of sufficiently regular functions provide
familiar examples, but the definition also includes divergent series. The direction of
approach, such as x→ 0+ rather than x→ 0−, is part of the statement.

At large x one often uses inverse powers: f(x) ∼ a0 + a1/x+ a2/x
2 + · · · . More

generally, let {gn(x)} be an asymptotic scale satisfying gn+1(x)/gn(x) → 0 in the
specified limit. Then

f(x) ∼
∞∑
n=0

angn(x)

means that the remainder after gN is o(gN). Powers are only one possible scale;
logarithms, exponentials, and products of these also arise.

69.2 Stirling’s expansion and optimal truncation

For large positive x, the gamma function has the expansion

Γ(x) ∼
√
2π xx−

1
2 e−x

(
1 +

1

12x
+

1

288x2
− 139

51840x3
+ · · ·

)
. (69.2)

It is useful to divide out the rapidly varying leading factor:

f(x) =
Γ(x)ex
√
2π xx−

1
2

.

The first approximations are 1, 1 + 1/(12x), and 1 + 1/(12x) + 1/(288x2). Each
additional fixed-order approximation becomes more accurate in its appropriate large-x
limit.

For comparison, the rational function

g(x) =
x2

1 + x2
= 1− 1

x2
+

1

x4
− 1

x6
+ · · · (69.3)

has a geometric expansion convergent for |x| > 1. At x = 2, adding terms in this geo-
metric series improves the result indefinitely. At the same fixed argument, sufficiently
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Figure 63: The scaled gamma function and successive low-order Stirling approximations.
The asymptotic regime is large positive x.

Figure 64: Errors of successive truncations at a fixed argument: the convergent
geometric series continues to improve, whereas the asymptotic Stirling series has an
optimal truncation order.

211



high-order Stirling terms eventually worsen the approximation: its coefficients grow
so rapidly that the terms cease to decrease.

The distinction is between two limits. In an asymptotic statement, x approaches
the expansion limit at fixed N . In a convergence statement, N → ∞ at fixed x.
For a divergent asymptotic series, one usually stops near the smallest term. As the
parameter approaches the asymptotic limit, the useful truncation order generally
increases. These properties explain how perturbation theory can be quantitatively
valuable even when summing arbitrarily many terms would not converge.

70 Degenerate perturbation theory

70.1 Choosing the zeroth-order state

Suppose E(0) is a degenerate eigenvalue of H0, and let P0 project onto its entire
eigenspace. Write Q0 = 1 − P0. A perturbation generally selects particular linear
combinations within this eigenspace. Therefore the zeroth-order vector cannot be
chosen arbitrarily and then kept fixed.

Let |ψ(0)⟩ ∈ ranP0 be the leading state, with

|ψ⟩ = |ψ(0)⟩+ ϵ|ψ(1)⟩+ ϵ2|ψ(2)⟩+ · · · , E = E(0) + ϵE(1) + ϵ2E(2) + · · · .

Choose ⟨ψ(0) | ψ⟩ = 1. Set ∆ = E − E(0) and define

R0 = (E(0) −H0)
+ =

∑
E

(0)
m ̸=E(0)

|m(0)⟩⟨m(0)|
E(0) − E(0)

m

. (70.1)

The sum excludes the whole degenerate eigenspace, not just one chosen basis vector.
The full Schrödinger equation is equivalent to

P0(ϵH1 −∆)|ψ⟩ = 0, (70.2)

Q0|ψ⟩ = R0(ϵH1 −∆)|ψ⟩. (70.3)

The first is the condition in the null space of E(0) − H0; the second solves the
complementary equation. Together they recover the full equation.

At first order, (70.2) gives

D1|ψ(0)⟩ = E(1)|ψ(0)⟩, D1 = P0H1P0. (70.4)

Thus one diagonalizes H1 restricted to the degenerate eigenspace. If {|α(0)⟩}dα=1 is any
orthonormal basis of that space, the finite matrix is

(D1)αβ = ⟨α(0)|H1|β(0)⟩.

Its eigenvalues are the first-order shifts, and its eigenvectors specify the zeroth-order
combinations that evolve into perturbed energy states.
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70.2 Second-order splitting of residual degeneracy

The complementary equation first gives

Q0|ψ(1)⟩ = R0H1|ψ(0)⟩. (70.5)

It does not determine P0|ψ(1)⟩. Intermediate normalization only requires orthogonality
to the single vector |ψ(0)⟩, so mixing into other vectors of ranP0 is still allowed.

At second order, projection onto the original eigenspace yields

P0(H1 − E(1))|ψ(1)⟩ = E(2)|ψ(0)⟩.

Substitute (70.5) and define A = P0H1R0H1P0. The result is

(D1 − E(1)P0)P0|ψ(1)⟩+ A|ψ(0)⟩ = E(2)|ψ(0)⟩. (70.6)

Let P1 project onto the eigenspace of D1 with eigenvalue E(1) inside ranP0. Then

P0P1 = P1P0 = P1, P1(D1 − E(1)P0) = 0.

Applying P1 to (70.6) gives

D2|ψ(0)⟩ = E(2)|ψ(0)⟩, D2 = P1H1R0H1P1. (70.7)

If the first-order correction leaves a degeneracy, D2 must be diagonalized within the
remaining subspace. In an orthonormal basis {|a⟩} ⊂ ranP1, its matrix is

(D2)ab =
∑

E
(0)
m ̸=E(0)

⟨a|H1|m(0)⟩⟨m(0)|H1|b⟩
E(0) − E(0)

m

. (70.8)

The intermediate states lie outside the original degenerate eigenspace.
If P1 has rank one, its only normalized vector, up to phase, is |ψ(0)⟩. There is then

no further diagonalization, and

E(2) = ⟨ψ(0)|H1R0H1|ψ(0)⟩. (70.9)

This resembles the nondegenerate formula, but the state and the excluded subspace
have first been chosen by degenerate perturbation theory.

70.3 The first-order state within the original eigenspace

Define the restricted pseudoinverse

S1 = (E(1)P0 −D1)
+
ranP0

,

extended by zero on ranQ0. If |b⟩ are eigenvectors of D1 with first-order eigenvalues

E
(1)
b , it is

S1 =
∑

E
(1)
b ̸=E(1)

|b⟩⟨b|
E(1) − E(1)

b

.
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Rearranging (70.6) and applying S1 gives

(P0 − P1)|ψ(1)⟩ = S1H1R0H1|ψ(0)⟩. (70.10)

Consequently, the full first-order correction is

|ψ(1)⟩ = R0H1|ψ(0)⟩+ S1H1R0H1|ψ(0)⟩+ P1|ψ(1)⟩. (70.11)

If P1 is one-dimensional, intermediate normalization sets the last term to zero. If it
is still degenerate, its component orthogonal to |ψ(0)⟩ is determined by higher-order
equations. In particular, if the degeneracy is first lifted at second order, determining
that part of the first-order state generally requires the third-order equations. It cannot
in general be discarded merely because it lies in the original degenerate space.

For a nondegenerate first-order branch a, the internal contribution can also be
written

(P0 − P1)|ψ(1)
a ⟩ =

∑
b̸=a

⟨b|H1R0H1|a⟩
E

(1)
a − E(1)

b

|b⟩.

Here the sum is over different first-order branches in the same unperturbed eigenspace.
This makes the sign and the first-order energy denominator explicit.

70.4 A practical sequence of calculations

1. Find the degenerate eigenspace of H0, its projector P0, and the reduced resolvent
R0 excluding that entire eigenspace.

2. Diagonalize D1 = P0H1P0 to find all first-order shifts and the corresponding
subspaces P1.

3. Within each remaining degenerate first-order subspace, diagonalize D2 =
P1H1R0H1P1. This chooses the leading vectors at second order.

4. Compute mixing outside the original eigenspace using Q0|ψ(1)⟩ = R0H1|ψ(0)⟩.

5. Compute mixing between distinct first-order branches using (70.10); if degeneracy
remains, use higher-order solvability equations for the unresolved component.

A conserved symmetry can make these steps easier. If both H0 and H1 commute
with a symmetry operator, different symmetry sectors do not mix. Degenerate levels
in different sectors can then be treated separately. The reason is a vanishing matrix
element enforced by symmetry, rather than an assumption that arbitrary vectors in a
degenerate eigenspace remain eigenstates.

71 Two coupled harmonic oscillators

71.1 Degeneracy and the oscillator symmetry

Consider

H0 =
p2x + p2y
2m

+
1

2
mω2(x2 + y2), H1 = ∆xy, (71.1)
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with |∆| ≪ mω2. The bookkeeping parameter is included in ∆. Product states
|nx, ny⟩ have unperturbed energies

E(0)
nx,ny

= ℏω(nx + ny + 1).

At fixed N = nx + ny, there are N + 1 states. Rotations of the x, y plane give an
evident SO(2) symmetry. The equal-frequency oscillator also has a larger symmetry:
if a = (ax, ay)

T, then
H0 = ℏω(a†a+ 1)

is invariant under a 7→ Ua for U ∈ U(2). The nontrivial SU(2) part is generated by

Jz =
1

2
(a†xax − a†yay), J+ = a†xay, J− = a†yax.

They obey [Jz, J±] = ±J±, [J+, J−] = 2Jz, commute with N , and act within a fixed
energy eigenspace. At total occupation N , the magnetic quantum number runs from
−N/2 to N/2, so the representation has j = N/2 and dimension 2j + 1 = N + 1.

The perturbation is

H1 = g(ax + a†x)(ay + a†y), g =
ℏ∆
2mω

. (71.2)

It changes each occupation number by one, with either sign when allowed. Its diagonal
matrix elements in the product basis vanish.

71.2 First-order splitting of the first excited level

The ground state |0, 0⟩ is nondegenerate. The first excited energy 2ℏω has basis
|1, 0⟩, |0, 1⟩. Restricted to that space,

D1 =

(
⟨1, 0|H1|1, 0⟩ ⟨1, 0|H1|0, 1⟩
⟨0, 1|H1|1, 0⟩ ⟨0, 1|H1|0, 1⟩

)
= g

(
0 1
1 0

)
.

Thus

|±(0)⟩ = |1, 0⟩ ± |0, 1⟩√
2

, E
(1)
± = ±g = ± ℏ∆

2mω
. (71.3)

The perturbation selects symmetric and antisymmetric combinations. Applying the
nondegenerate formula directly to |1, 0⟩ would instead encounter a zero denominator
associated with |0, 1⟩.

71.3 Second-order energy shifts

Because the first-order branches are nondegenerate for ∆ ̸= 0,

E
(2)
± =

∑
nx+ny ̸=1

∣∣⟨nx, ny|H1|±(0)⟩
∣∣2

2ℏω − ℏω(nx + ny + 1)
.
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Figure 65: The first excited oscillator doublet splits at first order into symmetric and
antisymmetric combinations.

To find the nonzero terms, apply the perturbation before taking overlaps:

H1|1, 0⟩ = g
(
|0, 1⟩+

√
2|2, 1⟩

)
, (71.4)

H1|0, 1⟩ = g
(
|1, 0⟩+

√
2|1, 2⟩

)
. (71.5)

The components |0, 1⟩ and |1, 0⟩ lie inside the original degenerate space and are
excluded by R0. Outside it,

Q0H1|±(0)⟩ = g(|2, 1⟩ ± |1, 2⟩).

Both intermediate states have energy 4ℏω. Therefore

E
(2)
± =

g2 + g2

−2ℏω
= − g

2

ℏω
= − ℏ∆2

4m2ω3
. (71.6)

The same negative shift is added to both first-order branches:

E± = 2ℏω ± ℏ∆
2mω

− ℏ∆2

4m2ω3
+ · · · . (71.7)

The second-order effective matrix on the original doublet is proportional to the
identity. Hence there is no first-order internal mixing between |+(0)⟩ and |−(0)⟩, while
the external correction is

Q0|±(1)⟩ = − g

2ℏω
(|2, 1⟩ ± |1, 2⟩).

For completeness, the ground state couples only to |1, 1⟩: H1|0, 0⟩ = g|1, 1⟩. Its
first-order shift vanishes and its second-order shift is

E(2)
gs =

g2

ℏω − 3ℏω
= − ℏ∆2

8m2ω3
. (71.8)
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Figure 66: The two first-order branches receive the same second-order downward
displacement.

71.4 Exact normal modes and perturbative comparison

Introduce an orthogonal change of coordinates and momenta,

u =
x+ y√

2
, v =

x− y√
2
, pu =

px + py√
2

, pv =
px − py√

2
.

Since x2 + y2 = u2 + v2 and xy = (u2 − v2)/2, the full Hamiltonian becomes

H =
p2u
2m

+
1

2
mω2

uu
2 +

p2v
2m

+
1

2
mω2

vv
2, ωu =

√
ω2 +

∆

m
, ωv =

√
ω2 − ∆

m
. (71.9)

Both modes are stable when |∆| < mω2. The exact energy spectrum is

Enu,nv = ℏωu
(
nu +

1

2

)
+ ℏωv

(
nv +

1

2

)
.

At ∆ = 0, the states |1u, 0v⟩ and |0u, 1v⟩ reduce to the symmetric and antisymmetric
combinations in (71.3). Expanding

ωu,v = ω

[
1± ∆

2mω2
− ∆2

8m2ω4
+O

(
∆3

m3ω6

)]
gives

E1,0 =
3

2
ℏωu +

1

2
ℏωv = 2ℏω +

ℏ∆
2mω

− ℏ∆2

4m2ω3
+ · · · ,

E0,1 =
1

2
ℏωu +

3

2
ℏωv = 2ℏω − ℏ∆

2mω
− ℏ∆2

4m2ω3
+ · · · .

The exact ground-state energy similarly gives

ℏ
2
(ωu + ωv) = ℏω − ℏ∆2

8m2ω3
+ · · · ,

confirming (71.8).
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72 The semiclassical WKB expansion

72.1 A local momentum and the phase equation

For a particle in one dimension, the time-independent Schrödinger equation can be
written

ψ′′(x) +
p(x)2

ℏ2
ψ(x) = 0, p(x)2 = 2m[E − V (x)]. (72.1)

For constant positive p, its solutions are plane waves exp(±ipx/ℏ). If p varies slowly,
one expects waves whose local phase gradient is approximately ±p/ℏ.

Write

ψ(x) = exp

(
i

ℏ
W (x)

)
,

where W can be complex so that its imaginary part describes amplitude variation.
Differentiating twice gives

ψ′′

ψ
=

i

ℏ
W ′′ − (W ′)2

ℏ2
.

The Schrödinger equation is therefore equivalent to the Riccati equation

(W ′)2 − iℏW ′′ = p2. (72.2)

The WKB method, named for Wentzel, Kramers, and Brillouin, solves this equation
as a semiclassical expansion.

72.2 Leading phase, amplitude, and the next correction

Expand W = W0 + ℏW1 + ℏ2W2 + · · · . Equating successive powers of ℏ in (72.2) gives

(W ′
0)

2 = p2, (72.3)

2W ′
0W

′
1 = iW ′′

0 , (72.4)

2W ′
0W

′
2 + (W ′

1)
2 = iW ′′

1 . (72.5)

Let s = ±1 denote the direction of the leading wave. Then

W ′
0 = sp, W0 = s

∫ x

p(y) dy,

up to an irrelevant constant. The next equation gives

W ′
1 =

i

2

p′

p
, W1 =

i

2
log p.

Thus the first two terms yield

ψs(x) ≃
Cs√
p(x)

exp

(
si

ℏ

∫ x

p(y) dy

)
. (72.6)
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The factor p−1/2 is essential. Its squared magnitude scales as the time a classical
particle spends in a given interval, since v = p/m. A single traveling component has
current

j =
ℏ
m

Im(ψ∗
sψ

′
s) =

s|Cs|2

m

to this order, independent of position.

Exercise 72.1 (The second phase correction). FindW2 and identify the first correction
beyond the p−1/2 amplitude.

Using

W ′′
1 =

i

2

(
p′′

p
− p′2

p2

)
, (W ′

1)
2 = − p

′2

4p2

in the last equation of (72.5) gives

2spW ′
2 = −

p′′

2p
+

3p′2

4p2
.

Hence

W ′
2 = s

(
− p′′

4p2
+

3p′2

8p3

)
, (72.7)

W2 = −s
[
p′

4p2
+

1

8

∫ x p′(y)2

p(y)3
dy

]
. (72.8)

The integration uses (p′/p2)′ = p′′/p2 − 2p′2/p3. The exponent through this order is

iW

ℏ
=
si

ℏ

∫ x

p dy − 1

2
log p− siℏ

[
p′

4p2
+

1

8

∫ x p′2

p3
dy

]
+ · · · . (72.9)

72.3 Validity and turning points

The leading hierarchy requires the momentum to vary little over a reduced local
wavelength ℏ/|p|: ∣∣∣∣ℏp′p2

∣∣∣∣≪ 1. (72.10)

Since p′ = −mV ′/p, this becomes

ℏ2(V ′)2 ≪ 8m|E − V |3. (72.11)

Higher derivatives must also be controlled. Direct substitution of (72.6) into (72.1)
leaves a relative residual

ψ′′
s + (p2/ℏ2)ψs

ψs
=

3p′2

4p2
− p′′

2p
.

For a slowly varying smooth potential, its magnitude is small relative to p2/ℏ2. This
gives a useful direct check on an approximate solution.
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In a classically forbidden region, define a positive real quantity

κ(x) =
√

2m[V (x)− E].

The continuation p = iκ turns oscillation into exponential behavior:

ψ(x) ≃ C+√
κ(x)

e
1
ℏ
∫ x κ dy +

C−√
κ(x)

e−
1
ℏ
∫ x κ dy. (72.12)

At a turning point x0 where V (x0) = E, both p and κ vanish. The WKB amplitude
diverges and (72.11) fails. A separate local solution is needed to connect the two
regions.

72.4 Counterpropagating waves and the phase around a well

Within a classically allowed well, a bound-state wavefunction contains both right-
moving and left-moving components. Reflection at each turning point converts one
into the other.

Figure 67: Counterpropagating semiclassical waves in a potential well. Reflection at
the turning points closes the classical orbit.

Ignoring the reflection phases for a moment, consistency after a complete round
trip would suggest

exp

(
2i

ℏ

∫ x2

x1

p dx

)
= 1,

∫ x2

x1

p dx = nπℏ.

This is the motivation for action quantization, often written
∮
p dx = nh with h = 2πℏ.

A smooth turning point contributes an additional phase, however. The missing phases
are responsible for the half-integer shift in the correct two-turning-point rule. They
must be derived by matching to a nonsingular local solution.
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73 Turning points, Airy functions, and bound-state

quantization

73.1 Reduction to the Airy equation

Consider a simple right turning point x0 with V (x0) = E and F = V ′(x0) > 0.
Sufficiently close to it,

V (x) = E + F (x− x0) +O((x− x0)2).
The linearized Schrödinger equation is

− ℏ2

2m
ψ′′ + F (x− x0)ψ = 0.

Introduce

z = α(x− x0), α =

(
2mF

ℏ2

)1/3

. (73.1)

Then
d2ψ

dz2
= zψ, ψ = AAi(z) +B Bi(z). (73.2)

The Airy functions are finite at z = 0. Their large-|z| forms overlap with WKB in a
region sufficiently far from the turning point for WKB to apply but sufficiently close
that linearizing the potential remains accurate.

Figure 68: A simple turning point with V ′(x0) > 0: the classically allowed region is
on the left and the forbidden region is on the right.

For s, z > 0 and large,

Ai(−s) ∼ 1√
π s1/4

sin

(
2

3
s3/2 +

π

4

)
, (73.3)

Bi(−s) ∼ 1√
π s1/4

cos

(
2

3
s3/2 +

π

4

)
, (73.4)

Ai(z) ∼ 1

2
√
π z1/4

exp

(
−2

3
z3/2

)
, (73.5)

Bi(z) ∼ 1√
π z1/4

exp

(
2

3
z3/2

)
. (73.6)

Both the phase π/4 and the factor of two in the decaying solution are needed in the
connection formulas.
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Figure 69: The Airy functions oscillate for negative argument. For positive argument,
Ai decays and Bi grows.

73.2 Deriving the connection at a right turning point

Define positive action distances from the turning point:

θ(x) =
1

ℏ

∫ x0

x

p(y) dy (x < x0), Z(x) =
1

ℏ

∫ x

x0

κ(y) dy (x > x0).

For the linearized potential, these integrals are θ = 2
3
(−z)3/2 and Z = 2

3
z3/2. Also

p = ℏα
√
−z (z < 0), κ = ℏα

√
z (z > 0).

Thus |z|−1/4 differs from p−1/2 or κ−1/2 by the same constant (ℏα)1/2 on each side.
Matching the Airy asymptotics term by term gives

C√
κ
e−Z ←→ 2C

√
p
sin
(
θ +

π

4

)
, (73.7)

D√
κ
eZ ←→ D

√
p
cos
(
θ +

π

4

)
. (73.8)

Here the forbidden expression is on the right of the turning point and the oscillatory
expression is on the left. The arrows specify the asymptotic forms of the same local
solution; they are not propagation in time.

Exercise 73.1 (Matching all coefficients). Starting from AAi(z) +B Bi(z), recover
the two connection formulas, including the relative factor two.

On the forbidden side, the coefficient of e−Z/
√
κ is A(ℏα)1/2/(2

√
π), whereas

the coefficient of eZ/
√
κ is B(ℏα)1/2/

√
π. On the allowed side, the sine and cosine

coefficients are respectively A(ℏα)1/2/
√
π and B(ℏα)1/2/

√
π. Their ratios give (73.7)

and (73.8) directly.
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73.3 A left turning point and signed action conventions

For V ′(x0) < 0, the forbidden region is on the left and the allowed region is on
the right. Reverse the local coordinate, or repeat the Airy reduction with z =
(2m|V ′|/ℏ2)1/3(x0 − x). With

ZL(x) =
1

ℏ

∫ x0

x

κ dy, θR(x) =
1

ℏ

∫ x

x0

p dy,

both positive in their respective regions, the formulas become

C√
κ
e−ZL ←→ 2C

√
p
sin
(
θR +

π

4

)
, (73.9)

D√
κ
eZL ←→ D

√
p
cos
(
θR +

π

4

)
. (73.10)

The decaying exponential again has twice its coefficient in the allowed sine wave.

Figure 70: A left turning point, with V ′(x0) < 0. Its matching formulas follow by
reflecting the right-turning-point problem.

For calculations with several turning points it is helpful to use actions whose
derivatives are always positive:

Ii(x) =
1

ℏ

∫ x

xi

p(y) dy, Ki(x) =
1

ℏ

∫ x

xi

κ(y) dy. (73.11)

The first is defined in the relevant allowed interval and the second in the relevant
forbidden interval. They can be negative to the left of their reference point, although
I ′i = p/ℏ > 0 and K ′

i = κ/ℏ > 0. Absorb a common factor
√
ℏ into coefficients so that

amplitudes are written 1/
√
I ′i and 1/

√
K ′
i.

At a turning point with positive slope, the connection formulas are then

cos(Ii + π/4)√
I ′i

←→ e−Ki

2
√
K ′
i

, (73.12)

sin(Ii + π/4)√
I ′i

←→ eKi√
K ′
i

. (73.13)
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Indeed, the positive allowed distance is θ = −Ii, and sin(−Ii + π/4) = cos(Ii + π/4).
At a negative-slope turning point, the corresponding formulas are

cos(Ii + π/4)√
I ′i

←→ e−Ki√
K ′
i

, (73.14)

sin(Ii + π/4)√
I ′i

←→ eKi

2
√
K ′
i

. (73.15)

Here Ki < 0 on the forbidden side, so eKi is the decaying solution. These signed forms
will make scattering and resonance calculations compact.

73.4 Action differences and classical travel times

For two turning points bounding an allowed interval, define

Iij(E) =
1

ℏ

∫ xj(E)

xi(E)

p(x,E) dx, xi < xj. (73.16)

Within that interval, Ii − Ij = Iij. Since ∂Ep = m/p = 1/v, differentiation gives

ℏ
∂Iij
∂E

=

∫ xj

xi

m

p(x,E)
dx =

∫ xj

xi

dx

v(x,E)
. (73.17)

The right-hand side is the classical time to travel from one turning point to the
other. The endpoint terms in differentiating the original action vanish because
p(xi) = p(xj) = 0. The derivative integrand behaves as |x − xi|−1/2 near a simple
turning point and is integrable.

For a forbidden interval, define

Kij(E) =
1

ℏ

∫ xj(E)

xi(E)

κ(x,E) dx. (73.18)

Then Ki −Kj = Kij and

∂Kij

∂E
= −1

ℏ

∫ xj

xi

m

κ(x,E)
dx. (73.19)

This is a real derivative of the forbidden action, not a real classical travel time through
the forbidden region.

73.5 Bound states between two simple turning points

Suppose the potential has an allowed region x1 < x < x2, with forbidden regions
extending outward on both sides. Normalizability selects a decaying exponential in
each exterior region.

Write

θ1(x) =
1

ℏ

∫ x

x1

p dy, θ2(x) =
1

ℏ

∫ x2

x

p dy, θ1 + θ2 = I12.
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Figure 71: A bound-state well with two simple turning points. The exterior solutions
decay in regions I and III, while region II is oscillatory.

Matching a decaying exterior solution at the left endpoint gives

ψin(x) =
2CL√
p
sin
(
θ1 +

π

4

)
.

Matching the right decay gives, in the same interval,

ψin(x) =
2CR√
p
sin
(
θ2 +

π

4

)
.

Set A = θ1 + π/4. The second sine is sin(I12 + π/2− A). Expanding,

sin(I12 + π/2− A) = sin(I12 + π/2) cosA− cos(I12 + π/2) sinA.

For this to be proportional to sinA throughout the interval, its cosA coefficient must
vanish. Therefore∫ x2

x1

√
2m[En − V (x)] dx = πℏ

(
n+

1

2

)
, n = 0, 1, 2, . . . . (73.20)

The relative coefficients satisfy CR = (−1)nCL. Equivalently,
∮
p dx = 2πℏ(n + 1

2
).

The half-integer shift is the combined effect of the two smooth turning points. Hard
walls and singular endpoints require their own boundary phases.

73.6 The harmonic oscillator

For V (x) = mω2x2/2, the turning points are ±x0 with x20 = 2E/(mω2), and

p(x) = mω
√
x20 − x2.

The action is the area of a semicircle multiplied by mω:∫ x0

−x0
p dx = mω

πx20
2

=
πE

ω
.
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The phase rule without turning-point corrections would give En = nℏω. The correctly
matched rule gives

En = ℏω
(
n+

1

2

)
, (73.21)

which is the exact harmonic-oscillator spectrum. The WKB wavefunctions still need
local turning-point treatment; exact energies do not make the leading WKB expression
uniformly exact.

Figure 72: The harmonic-oscillator action integral is proportional to the area of a
semicircle in the (x, p) plane.

73.7 The pure quartic oscillator

Return to V (x) = λx4. Let x0 = (E/λ)1/4. Then

p(x) =
√
2mλ

√
x40 − x4.

With u = x/x0, ∫ x0

−x0
p dx =

√
2mλx30K, (73.22)

K =

∫ 1

−1

√
1− u4 du =

1

2
B

(
1

4
,
3

2

)
≃ 1.748. (73.23)

Solving the quantization condition for E gives

EWKB
n =

[
π(n+ 1

2
)

√
2K

]4/3 ℏ4/3λ1/3
m2/3

. (73.24)

For the first two states, the dimensionless coefficients are approximately 0.546 and
2.36, compared with numerical values 0.668 and 2.394. The lowest state is poorly
semiclassical, whereas the first excited state is already much closer. The approximation
improves for highly excited states, whose action is large compared with ℏ.

The comparison with the variational method is instructive:

Energy coefficient Ground state First excited state

Gaussian variational bound 0.6814 2.424
Leading WKB 0.546 2.36
Numerical value 0.668 2.394

All entries multiply ℏ4/3λ1/3/m2/3. The variational estimates are upper bounds; the
WKB values are asymptotic approximations without that ordering guarantee.
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74 Tunneling through a smooth potential barrier

74.1 Scattering boundary conditions and phase conventions

Let a localized barrier have two simple turning points x1 < x2 at energy E > 0.
Regions I and III are allowed, while x1 < x < x2 is forbidden. Assume V (x) → 0
sufficiently rapidly as x→ ±∞, so the same asymptotic wave number k =

√
2mE/ℏ

applies on both sides. Unit-amplitude incidence from the left means

ψ(x) ∼

{
eikx + r(E)e−ikx, x→ −∞,
t(E)eikx, x→ +∞.

(74.1)

Since the incident and transmitted velocities are equal, the transmission probability is
T = |t|2 and the reflection probability is R = |r|2.

Figure 73: A smooth tunneling barrier with allowed exterior regions I and III and a
forbidden interval II between x1 and x2.

To retain the asymptotic scattering phases, define

I−∞(x) = kx+
1

ℏ

∫ x

−∞
[p(y)− ℏk] dy in region I, (74.2)

I+∞(x) = kx+
1

ℏ

∫ x

+∞
[p(y)− ℏk] dy in region III. (74.3)

Their derivatives are p/ℏ, and each approaches kx at its indicated infinity. The
corresponding WKB states are

ψI =

√
k√
I ′

(
eiI−∞ + re−iI−∞

)
, (74.4)

ψIII =

√
k√
I ′
teiI+∞ . (74.5)

The factor
√
k ensures the plane-wave amplitudes in (74.1).

Let I1 and I2 be the signed turning-point actions from (73.11). The constant
differences are

A(E) = I−∞ − I1 = kx1 +
1

ℏ

∫ x1

−∞
(p− ℏk) dx, (74.6)

B(E) = I2 − I+∞ = −kx2 +
1

ℏ

∫ ∞

x2

(p− ℏk) dx. (74.7)
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The forbidden action is

K = K12(E) =
1

ℏ

∫ x2

x1

κ(x,E) dx. (74.8)

74.2 Matching from the transmitted wave back to the incident
wave

Start on the right, where there is only an outgoing wave. With C = t
√
k e−iB−iπ/4, it

can be written

ψIII =
C√
I ′
ei(I2+π/4) =

C√
I ′

[cos(I2 + π/4) + i sin(I2 + π/4)] .

The slope at x2 is negative. Using (73.15), the forbidden solution is

ψII =
C√
K ′

(
e−K2 +

i

2
eK2

)
. (74.9)

Because K2 = K1 −K, this is also

ψII =
C√
K ′

(
eKe−K1 +

i

2
e−KeK1

)
.

At x1 the slope is positive. Matching again yields

ψI =
C√
I ′

[
2eK cos(I1 + π/4) +

i

2
e−K sin(I1 + π/4)

]
. (74.10)

To identify incoming and reflected amplitudes, put θ = I1 + π/4:

2eK cos θ +
i

2
e−K sin θ =

(
eK +

1

4
e−K

)
eiθ +

(
eK − 1

4
e−K

)
e−iθ.

The incident coefficient must agree with
√
k eiAeiI1 in (74.5). Comparing both traveling

components gives

t ≃ ei(A+B)

eK + 1
4
e−K

, (74.11)

r ≃ −i e2iA
eK − 1

4
e−K

eK + 1
4
e−K

. (74.12)

These are the amplitudes obtained from the leading Airy connection formulas while
retaining both exponential components. Their reflected and transmitted fluxes sum
to one because (

eK +
1

4
e−K

)2

−
(
eK − 1

4
e−K

)2

= 1.

The connection approximation is not uniform when the two turning points approach
each other near the top of the barrier.
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For a thick barrier, K ≫ 1, the terms suppressed by e−2K can be discarded in
these amplitudes:

t ≃ ei(A+B)e−K , r ≃ −i e2iA. (74.13)

In particular,

T ≃ e−2K = exp

[
−2

ℏ

∫ x2

x1

√
2m[V (x)− E] dx

]
. (74.14)

The reflected wave has nearly unit magnitude. The exponentially small transmitted
amplitude is determined by the forbidden action.

74.3 The transmission phase and wave-packet delay

For a narrow incident packet, the energy derivative of the transmission phase controls
the displacement of the transmitted peak. To see this, write the transmitted packet
far to the right as

ψtr(x, t) =

∫
a(k) |t(k)| exp{i[kx− ω(k)t+ ϕt(k)]} dk, ω(k) =

ℏk2

2m
.

Stationary phase near its central wave number gives x − v0t + ∂kϕt = 0, where
v0 = ℏk/m. Relative to free propagation, the phase delay is therefore

τph =
1

v0

∂ϕt
∂k

= ℏ
∂ϕt
∂E

=
m

ℏk
∂ϕt
∂k

. (74.15)

At leading thick-barrier order, ϕt = A+B; the forbidden action changes the magnitude
of t, not its real phase.

Exercise 74.1 (Differentiating the exterior phase). Differentiate A(E) and B(E),
including the energy dependence of the turning points, and express the answer in
terms of classical velocities.

Since ℏ ∂Ek = 1/v0 and ∂Ep = 1/v, differentiating A gives

ℏA′ =
x1
v0

+ ℏkx′1 +
∫ x1

−∞

(
1

v
− 1

v0

)
dx+ [p(x1)− ℏk]x′1

=
x1
v0

+

∫ x1

−∞

(
1

v
− 1

v0

)
dx.

The endpoint terms cancel because p(x1) = 0. Similarly,

ℏB′ = −x2
v0

+

∫ ∞

x2

(
1

v
− 1

v0

)
dx.

Thus

τph =

∫ x1

−∞

(
1

v
− 1

v0

)
dx+

∫ ∞

x2

(
1

v
− 1

v0

)
dx− x2 − x1

v0
. (74.16)
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The first two terms are the classical excess travel times in the allowed exterior regions.
The last subtracts the free travel time across the width of the forbidden interval.

This result says that the leading WKB forbidden-region action contributes attenu-
ation without a real propagation phase. It does not define a literal zero time spent
inside the barrier. A peak delay is a property of an outgoing packet relative to a
reference packet; energy filtering and reshaping can change that peak. Other questions
about tunneling duration require an explicit operational definition and need not give
the same quantity. Furthermore, the Schrödinger equation used here is nonrelativistic.
Its phase-delay result cannot by itself establish a relativistic signal or front velocity.

75 Euclidean trajectories and the tunneling action

75.1 The inverted-potential problem

The forbidden action has a useful classical interpretation after analytic continuation
to imaginary time. At fixed energy E, consider the Euclidean action

SE[x] =

∫ [
m

2

(
dx

dτ

)2

+ V (x)− E

]
dτ. (75.1)

Here τ is Euclidean time. The Euler–Lagrange equation is

m
d2x

dτ 2
= V ′(x). (75.2)

It is the Newton equation for the inverted potential UE(x) = E − V (x). A region
forbidden at the original real energy becomes accessible to a Euclidean trajectory.

Figure 74: The inverted-potential description of tunneling. The Euclidean trajectory
connects the turning points through the region forbidden to the original real-time
motion.

Because the Euclidean Lagrangian has no explicit τ dependence,

EE =
m

2

(
dx

dτ

)2

− V (x) + E (75.3)
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is conserved. A trajectory starting at a turning point with zero Euclidean velocity
has EE = 0, and therefore

m

2

(
dx

dτ

)2

= V (x)− E. (75.4)

For motion from x1 to x2, choose the positive square root,

dx

dτ
=

√
2[V (x)− E]

m
=
κ(x)

m
.

The turning points of the original and inverted problems coincide.

75.2 Instanton and bounce actions

Evaluate (75.1) on this trajectory. The two terms in its integrand are equal by (75.4),
so

Sinst =

∫
m

(
dx

dτ

)2

dτ (75.5)

=

∫ x2

x1

m
dx

dτ
dx =

∫ x2

x1

√
2m[V (x)− E] dx = ℏK12. (75.6)

Consequently,
|t| ≃ e−Sinst/ℏ, T ≃ e−2Sinst/ℏ. (75.7)

A Euclidean trajectory that goes across the forbidden region and returns is a bounce.
Its action is Sbounce = 2Sinst, so the same probability suppression can be written
e−Sbounce/ℏ.

This is the semiclassical origin of the connection between tunneling and Euclidean
path integrals: stationary Euclidean trajectories determine exponential suppressions.
The same construction extends to field configurations, where bounce solutions describe
processes such as decay of a metastable vacuum. The Euclidean trajectory determines
a tunneling amplitude; its imaginary-time parametrization is not an ordinary real-time
history of a particle moving through the barrier.

76 Metastable states and resonance lifetimes

76.1 A symmetric well between two barriers

Consider an even potential V (−x) = V (x) with a central well separated from the
asymptotic exterior by two barriers. At the energy of interest there are four turning
points

x1 < x2 < 0 < x3 < x4, x1 = −x4, x2 = −x3.

The central interval (x2, x3) and both exterior regions are allowed; the intervals (x1, x2)
and (x3, x4) are forbidden.

If the barriers were impenetrable, the central well would have ordinary bound
states. Finite transmission lets probability escape, producing long-lived resonances
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Figure 75: A symmetric central well bounded by two tunneling barriers. The five
regions alternate between allowed and forbidden motion.

when the barriers are sufficiently opaque. Their real energies approximately obey the
bound-state quantization rule for the inner turning points, while their small imaginary
parts determine the escape rate.

For an even potential, solutions may be chosen to have definite parity. It is sufficient
to solve on x ≥ 0 with

ψ′(0) = 0 for even parity, ψ(0) = 0 for odd parity. (76.1)

The resonance boundary condition is purely outgoing:

ψ(x) ∝ eikx (x→ +∞), ψ(x) ∝ e−ikx (x→ −∞).

A decaying resonance has k = k0 − ik1 with k0, k1 > 0 and an energy below the
real axis. Its outgoing spatial solution grows at infinity and is not a normalizable
stationary eigenvector of the self-adjoint Hamiltonian. It represents the pole governing
an approximately exponential decay of a physical state localized in the well.

76.2 Matching the outgoing solution through the right barrier

Use the signed actions Ii, Ki of (73.11). An overall normalization is irrelevant, so
choose the outgoing solution in region V as

ψV =
1√
I ′
ei(I4+π/4). (76.2)

At x4 the slope is negative. Matching its cosine and sine pieces gives

ψIV =
1√
K ′

(
e−K4 +

i

2
eK4

)
. (76.3)

Let

K34(E) =
1

ℏ

∫ x4

x3

κ(x,E) dx. (76.4)

Since K4 = K3 −K34, the same function near the inner edge of the barrier is

ψIV =
1√
K ′

[
eK34e−K3 +

i

2
e−K34eK3

]
.
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At x3 the slope is positive. The positive-slope connection formulas give the central-well
solution

ψIII =
1√
I ′

[
2eK34 cos(I3 + π/4) +

i

2
e−K34 sin(I3 + π/4)

]
. (76.5)

The second term is exponentially small compared with the first, but it must be retained:
it is the only source of the imaginary energy at this order. Discarding it would recover
perfectly reflecting barriers and an infinite lifetime.

76.3 Even and odd resonance conditions

Define the action measured from the centre,

I0(x) =
1

ℏ

∫ x

0

p(y, E) dy, I03(E) =
1

ℏ

∫ x3

0

p(y, E) dy.

Then I3 = I0 − I03. Since p is even, I0 is odd and I ′′0 (0) = p′(0)/ℏ = 0. In particular,
differentiating the WKB amplitude 1/

√
I ′ makes no contribution at the centre.

Put
α = I03 −

π

4
, K = K34.

At x = 0, the angle I3 + π/4 is −α. Apart from nonzero common factors, the value
and derivative of (76.5) are

ψ(0) ∝ 2eK cosα− i

2
e−K sinα, (76.6)

ψ′(0) ∝ 2eK sinα +
i

2
e−K cosα. (76.7)

Therefore the even condition is

tan
(
I03 −

π

4

)
= − i

4
e−2K34 , (76.8)

and the odd condition is

cot
(
I03 −

π

4

)
=

i

4
e−2K34 . (76.9)

In the opaque-barrier limit, the right-hand sides vanish. For even states, I03−π/4 =
ℓπ, so

I23 = 2I03 = (2ℓ+ 1
2
)π.

For odd states, I03 − π/4 = ℓπ + π/2, so

I23 = (2ℓ+ 3
2
)π.

Combining both parities gives

I23(En) =

(
n+

1

2

)
π, n = 0, 1, 2, . . . . (76.10)

Even n corresponds to even parity, and odd n to odd parity. These are the usual real
WKB levels of the central well.
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76.4 Expanding around a real level

For small leakage, write the angle as its real root plus a small complex displacement.
Near an even root tanα ≃ α− ℓπ. Near an odd root cotα ≃ −[α− (ℓ+ 1

2
)π]. Both

parity equations therefore reduce to

I03(E)−
(
n

2
+

1

4

)
π ≃ − i

4
e−2K34(E). (76.11)

Equivalently,

I23(E)−
(
n+

1

2

)
π ≃ − i

2
e−2K34(E). (76.12)

Parameterize the complex energy by

E = ER −
iΓ

2
, Γ > 0. (76.13)

Here Γ is the energy width. Expanding the left-hand side of (76.11),

I03(E) = I03(ER)−
iΓ

2
I ′03(ER) +O(Γ2).

The forbidden action similarly satisfies

K34(E) = K34(ER)−
iΓ

2
K ′

34(ER) +O(Γ2),

and thus
e−2K34(E) = e−2K34(ER)

[
1 + iΓK ′

34(ER) +O(Γ2)
]
.

The correction on the right is of higher exponential order because Γ itself is proportional
to the barrier transmission. To leading order it may be omitted.

The real part of the resonance equation gives I23(ER) = (n + 1
2
)π, so ER ≃ En.

The imaginary part gives
Γ

2
I ′03(En) =

1

4
e−2K34(En).

Using I ′23 = 2I ′03, the width is

Γn ≃
e−2K34(En)

I ′23(En)
. (76.14)

Since I ′23 > 0, the width is positive and the imaginary part of the energy is negative,
as required for decay.

76.5 Lifetime and the classical escape picture

The time-dependent resonance factor is

e−iEt/ℏ = e−iERt/ℏe−Γt/(2ℏ).
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The amplitude decreases with exponent Γ/(2ℏ); the probability decreases twice as
rapidly:

P (t) ∝ e−Γt/ℏ = e−t/τ , τ =
ℏ
Γ
. (76.15)

Combining this with (76.14),

τn ≃ ℏI ′23(En) e2K34(En). (76.16)

By the action-time identity,

tc = ℏI ′23(En) =
∫ x3

x2

dx

v(x,En)

is the one-way classical travel time across the central well. The full oscillation period
is 2tc. Each barrier has transmission probability T ≃ e−2K34 , so

τ ≃ tc
T

=
full classical period

2T
. (76.17)

Figure 76: The escape interpretation: a particle traverses the central well between
successive encounters with its two weakly transmitting barriers.

This result can be recovered by counting barrier encounters. After N encounters,
the survival probability is approximately

PN = (1− T )N .

For T ≪ 1,
logPN = N log(1− T ) ≃ −NT.

There is one encounter after each time interval tc, since the particle alternates between
the two walls. Thus N ≃ t/tc and

P (t) ≃ exp

(
−Tt
tc

)
,

which gives (76.17). Counting only one escape attempt per full period would miss the
second barrier and produce an incorrect factor two.

For a large well, this picture can be made especially direct by following a wave
packet between the barriers: a small piece escapes at every encounter. The stationary
resonance calculation does not require a sharply localized packet at every stage; its
controlled ingredients are the semiclassical connection formulas, weak leakage, and
the separation of the lifetime from the much shorter oscillation time.
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Source-to-topic index

The fourteen source PDFs are incorporated as follows. When printed and handwritten
lectures cover the same argument, it is developed once; additional examples and
derivations are included in the relevant section.

Source Location in these notes

1: Motivation (19 pages) Motivation and experimental
foundations

2: Hilbert Spaces (10 pages) Finite-dimensional Hilbert spaces

3: Postulates (13 pages) Quantum states, measurements, and
evolution

4: Time Evolution and Symmetries (31 pages) Time evolution and symmetries

5: Quantum Information (10 pages) Quantum information and
entanglement

5B: Quantum Information, handwritten (37
pages)

Quantum information and
entanglement

6: Continuous Observables (12 pages) Continuous observables

6B: Continuous Observables, handwritten (22
pages)

Continuous observables

7: Wave Mechanics (29 pages) Wave mechanics and bound states

7C: Bound States (12 pages) Wave mechanics and bound states

8: Scattering (19 pages) Scattering and resonances

8B: Note on Resonances (2 pages) Scattering and resonances

9: Approximation Methods (52 pages) Approximation methods

9B: Degenerate Perturbation Theory (4 pages) Approximation methods
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